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f=x4+x>+---+x" € Zx]
C(f, k): linear code generated by f ox, fox?, ..., fox

efor f=x+x2+---+x"
fOXJ:XJ+X2'l+"+XnJ

@ a codeword in C: foxPr+...4 foxbm

(x+x2+3+xNox+ (x+x2+x3+xM)ox®=x+x3+x8+xB

k
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@ (Zy[x],+,0) is a near-ring

@ not left distributive
o effective linear codes

@ block designs
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dmin(C) = min w, minimal weight of a codeword in C '

o A={ai,as,...,ap} and B={b1,bo,..., by}
e AxB = {a1b1, azbl, cooy a,,bl}A s A{albk, agbk, socy a,,bk}
@ Ax B: the set of elements that occur odd many times in A- B
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mKin IN % K| = dmin(C)

o dmin(C) =n
@ Is it true that if N = {1,2,...,n}, then |N x K| > n for all finite K?
@ Is it true that [{1,2,...,n} x{1,2,... k}| > n?
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e |N x K| > |N]| is not true for arbitrary N
N={1,2,22....2"1), K={12} = KxN={1,2"}
(x4+x24+x* 4+ xT Nox+(x+x2+x*+- - 4+x2")ox? = x+x?’

@ |Nx K| > min(|N|,|K]|) is not true
N={21,222% 22} K={1}JUN = K=xN={21,22""}
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e |{1,2,...,n} x{a}| =|{a,2a,...,na}| =n

o [{1,2,...,n}x{1,2,...,n} = |{12,22,...,n°}| =n
o [{1,2,...,2k} *{1,2}| = |{1,3,5,...,2k — 1,2k + 2,...,4k}| = 2k

o [{1,2,3,4}x{1,2,3}| = [{1,8,9,12}| =4




e |{1,2,...,n} x{a}| =|{a,2a,...,na}| =n

o [{1,2,...,n}x{1,2,...,n} = |{12,22,...,n°}| =n
o |{1,2,...,2k} + {1,2}| = [{1,3.,5,...,2k — 1,2k + 2,..., 4k}| = 2k

° |{1727 374} * {1727 3}| = |{1787 97 12}| = 4

@ these are the only examples for [{1,2,...,n} «{1,2,... k}|=n
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Pi — Xp;
23~54-11—>x§’-x§'~x11

N=1{1,2,3,4} - fy=1+x +x3+x5
|N|: the number of terms in fy

fnsk = v - fk
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° f,\2,:1+x22+x32+x§

+1
o 2 =1+x% +x32’ + X2
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° f,\2,:1+x22+x§+x§

r r r r+1
° f,\2, =1+x3 +x3 +x3

eg r=2 fp =1+ +x5+x5

o fi=1+x0+x3+X3+x5+X5x3+ X055 +5 + X5 + X355 + X353+ X3

{1,2,3,4} = {1,2,3,8,9,12,18, 27, 32, 36,48, 64} = {1,16, 81, 256}
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K C N finite, n € N, then |[{1,2,...,n} x K| > |og°223




For a fixed K = {a1,...,axk} set we have [{1,2,...,n}* K| = cn+ Ok(1),
where ¢ = ¢(K) > 0.
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Lk =k {1,2,..

Easy to check. '

Lemma: if 1 </ <k, n/2 < t<nand(t,a) =1 for every
1 < a < k, then it appears once in k - n.

D := the number of such t-s

inclusion-exclusion principle = D > %:5" om(n) > 024‘}(5

—> |k n| > Dk > 023kp > .
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ki := max(k,n/7), ki < p prime

k<p = {a:ac€kxn,pla} =kx{p,2p,...,[n/plp}
k * n has at least k elements divisible by p

= |k*n| > (7(n) — w(ki))k > n

0.22n F 2
(n — Toen> n) contains at least two primes
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For k =n: nxn={12,....n?}. Assume k < n.

[k nf = [l x| + [l (1, K)] — 2](k 5 &) 0 (ke x (2 6))]
ks k| = k

iSnTkk,k—i-lgjgn = [j appears once in k - (n\ k)
— Jk+ (n\ k)] > 2k—n




For k =n: nxn={12,....n?}. Assume k < n.

|k n| = |k * k| + k= (n\ k)| = 2|(k * k) 0 (k* (n\ k))|
|k x k| =k

i< %, k+1<j<n = ijappearsonceink-(n)\ k)
= |kx(n\ k)| >2k—n

|(k* k)N (k*(n\k))| <0.436k







e if among the numbers 12,22, ..., k? at most 0.436k many has a divisor
in [k+1,n], then [(kx k)N (k= (n\ k))| < 0.436k
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Proof

e if among the numbers 12,22 ... k? at most 0.436k many has a divisor
in [k+1,n], then |(k+ k)N (k=*(n\ k))| < 0.436k

o k+1<m<n, m=apb? (b: largest square divisor), m|i? iff
E)iallga

" k “ k . by
°5= > [ambm}S X sk o

m=k+1 m=k+1 m m=k+1
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Proof

e if among the numbers 12,22 ... k? at most 0.436k many has a divisor
in [k +1,n], then |[(k* k)N (kx(n\ k))| < 0.436k

o k+1<m<n, m=apnb? (b: largest square divisor), m|i?

E)iallga
4 k ’ k " b
= < = _
0 Z [ambm} - Z ambm k Z m
m=k+1 m=k+1 m=k+1
[V/n] j [Vn] 1
Summing by j = b,;: S<kZ Z ;gk. J Z o
=1 j2m, =1 jm,
k+1<m<n k+1<m<n
lw(m/i?)|=1
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