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A definition for Skew Lattices

A nonempty set S and ∨, ∧ associative, idempotent binary
operations that satisfy the absorption laws

(y ∧ x) ∨ x = x = x ∨ (x ∧ y) and their duals.
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A definition for Skew Lattices

A nonempty set S and ∨, ∧ associative, idempotent binary
operations that satisfy the absorption laws

(y ∧ x) ∨ x = x = x ∨ (x ∧ y) and their duals.

$

x ∨ y = x iff x ∧ y = y and x ∨ y = y iff x ∧ y = x .
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A definition for Skew Lattices

A nonempty set S and ∨, ∧ associative, idempotent binary
operations that satisfy the absorption laws

(y ∧ x) ∨ x = x = x ∨ (x ∧ y) and their duals.

$

x ∨ y = x iff x ∧ y = y and x ∨ y = y iff x ∧ y = x .

Skew lattices form a variety (Leech 1989).
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Order, congruence and diagram

natural order: x ≥ y iff x ∧ y = y = y ∧ x or
x ∨ y = x = y ∨ x .
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Order, congruence and diagram

natural order: x ≥ y iff x ∧ y = y = y ∧ x or
x ∨ y = x = y ∨ x .
natural pre-order: x & y iff x ∨ y ∨ x = x or y ∧ x ∧ y = y
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Order, congruence and diagram

natural order: x ≥ y iff x ∧ y = y = y ∧ x or
x ∨ y = x = y ∨ x .
natural pre-order: x & y iff x ∨ y ∨ x = x or y ∧ x ∧ y = y
natural congruence: xDy iff x & y and y & x

dc e f

ba

0

Figure: Diagram of a skew lattice
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Cayley tables and diagram

dc e f

ba

0

∧ 0 a b c d e f
0 0 0 0 0 0 0 0
a 0 a b c d e f
b 0 a b c d e f
c 0 c d c d 0 0
d 0 c d c d 0 0
e 0 e f 0 0 e f
f 0 e f 0 0 e f

∨ 0 a b c d e f
0 0 a b c d e f
a a a a a a a a
b b b b b b b b
c c a a c c a a
d d b b d d b b
e e a a a a e e
e f b b b b f f
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From a skew lattice S to a lattice S/D

dc e f

ba

0

! !

!

0

S S/D
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Coset Structure

Consider two D-classes A > B . For some b ∈ B , a subset
A ∧ b ∧ A = { a ∧ b ∧ a : a ∈ A } is a coset of A in B . Similarly, a
coset of B in A is any subset B ∨ a ∨ B = { b ∨ a ∨ b : b ∈ B } of
A, for a fixed a ∈ A.
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Coset Structure

Consider two D-classes A > B . For some b ∈ B , a subset
A ∧ b ∧ A = { a ∧ b ∧ a : a ∈ A } is a coset of A in B . Similarly, a
coset of B in A is any subset B ∨ a ∨ B = { b ∨ a ∨ b : b ∈ B } of
A, for a fixed a ∈ A.

(a) B is partitioned by cosets of A in B .
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Coset Structure

Consider two D-classes A > B . For some b ∈ B , a subset
A ∧ b ∧ A = { a ∧ b ∧ a : a ∈ A } is a coset of A in B . Similarly, a
coset of B in A is any subset B ∨ a ∨ B = { b ∨ a ∨ b : b ∈ B } of
A, for a fixed a ∈ A.

(a) B is partitioned by cosets of A in B .

(c) Given cosets B ∨ a ∨ B in A and A ∧ b ∧ A in B , a natural
bijection of cosets is given by the natural partial ordering:

x (→ y if, and only if, x ≥ y .
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Coset bijections in A > B

Let a ∈ A and b ∈ B with a > b.

B ∨ a ∨ B
ρa,b−−→ A ∧ b ∧ A

x → x ∧ b ∧ x
y ∨ a ∨ y ← y
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Definition

A skew lattice is categorical if nonempty composites of coset
bijections are coset bijections.
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A definition ...

Let A > B > C in S and a > b > c with a ∈ A, b ∈ B and
c ∈ C .
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Let A > B > C in S and a > b > c with a ∈ A, b ∈ B and
c ∈ C .Consider the coset bijections

C ∨ a ∨ C
χa,c−−→ A ∧ c ∧ A

B ∨ a ∨ B
ψa,b−−→ (A ∧ b ∧ A), (C ∨ b ∨ C )

ϕb,c−−→ B ∧ c ∧ B
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A definition ...

Let A > B > C in S and a > b > c with a ∈ A, b ∈ B and
c ∈ C .Consider the coset bijections

C ∨ a ∨ C
χa,c−−→ A ∧ c ∧ A

B ∨ a ∨ B
ψa,b−−→ (A ∧ b ∧ A), (C ∨ b ∨ C )

ϕb,c−−→ B ∧ c ∧ B

((A ∧ b ∧ A) ∩ (C ∨ b ∨ C )) ∧ c ∧ ((A ∧ b ∧ A) ∩ (C ∨ b ∨ C )) ⊆
A ∧ b ∧ A ∧ c ∧ A ∧ b ∧ A = A ∧ c ∧ A
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A definition ...

Let A > B > C in S and a > b > c with a ∈ A, b ∈ B and
c ∈ C .Consider the coset bijections

C ∨ a ∨ C
χa,c−−→ A ∧ c ∧ A

B ∨ a ∨ B
ψa,b−−→ (A ∧ b ∧ A), (C ∨ b ∨ C )

ϕb,c−−→ B ∧ c ∧ B

((A ∧ b ∧ A) ∩ (C ∨ b ∨ C )) ∧ c ∧ ((A ∧ b ∧ A) ∩ (C ∨ b ∨ C )) ⊆
A ∧ b ∧ A ∧ c ∧ A ∧ b ∧ A = A ∧ c ∧ A

S is categorical iff ψ ◦ ϕ ⊇ χ.
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A category ...

If S is categorical, a category Cat(S) can be defined by the
following:

The objects of S are the D-classes of S ;

Hom(A,B) for A > B are all coset bijections from all
B-cosets in A to A-cosets in B (including φ). Otherwise,
Hom(A,B) is empty;

Hom(A,A) is the unique identity bijection in A ;

morphism compositions are the usual compositions.
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(Leech 1993) S is a categorical skew lattice iff the following
identity hold

(x ∧ c ∧ x) ∨ b ∨ (x ∧ c ∧ x) =
((x ∧ c ∧ x) ∨ a ∨ (x ∧ c ∧ x)) ∧ b ∧ ((x ∧ c ∧ x) ∨ a ∨ (x ∧ c ∧ x))

given that xDa ≥ b ≥ c in S .
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A variety ...

(Leech 1993) S is a categorical skew lattice iff the following
identity hold

(x ∧ c ∧ x) ∨ b ∨ (x ∧ c ∧ x) =
((x ∧ c ∧ x) ∨ a ∨ (x ∧ c ∧ x)) ∧ b ∧ ((x ∧ c ∧ x) ∨ a ∨ (x ∧ c ∧ x))

given that xDa ≥ b ≥ c in S .

Categorical skew lattices form a subvariety of skew lattices.
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(Cvetko-Vah 2005) Moreover,

(A ∧ b ∧ A) ∩ (C ∨ b ∨ C ) = (C ∨ a ∨ C ) ∧ b ∧ (C ∨ a ∨ C )
= (A ∧ c ∧ A) ∨ b ∨ (A ∧ c ∧ A).

is another characterization for Categorical Skew Lattices.
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(Leech 2010)

a · · · x = c ′ ∨ a ∨ c ′

...
...

b · · · b′

...
...

c · · · c ′ = x ∧ c ∧ x

S is categorical iff b′ = x ∧ b ∧ x = c ′ ∨ b ∨ c ′.
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A criteria ...

a · · · x = χ−1(c ′)
...

...
b · · · b′

...
...

c · · · c ′ = χ(c)

S is categorical iff b′ = ψ−1
a,b(c

′) = ϕb,c (x).
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Coset bijections in A > B > C

Let a ∈ A, b ∈ B and c ∈ C with a > b > c .

B ∨ a ∨ B
ψ−1

a,b←−− (A ∧ b ∧ A), (C ∨ b ∨ C )
ϕb,c−−→ B ∧ c ∧ B
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Coset bijections in A > B > C

Let a ∈ A, b ∈ B and c ∈ C with a > b > c .

B ∨ a ∨ B
ψ−1

a,b←−− (A ∧ b ∧ A) ∩ (C ∨ b ∨ C )
ϕb,c−−→ B ∧ c ∧ B
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A bijection ...

Let a ∈ A, b ∈ B and c ∈ C with a > b > c .

C ∨ a ∨ C
ψ−1

a,b←−− (A ∧ b ∧ A) ∩ (C ∨ b ∨ C )
ϕb,c−−→ B ∧ c ∧ B

as C ∨ a ∨ C ⊆ B ∨ a ∨ B .

João Pita Costa ON CATEGORICAL SKEW LATTICES



Skew Lattices
Categorical Skew Lattices

Coset Structure

a la Mac Lane
a la Birkhoff
a la Leech
a la Cvetko-Vah

A bijection ...

Let a ∈ A, b ∈ B and c ∈ C with a > b > c .

C ∨ a ∨ C
ψ−1

a,b←−− (A ∧ b ∧ A) ∩ (C ∨ b ∨ C )
ϕb,c−−→ A ∧ c ∧ A

as A ∧ c ∧ A ⊆ B ∧ c ∧ B .
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A bijection ...

Let a ∈ A, b ∈ B and c ∈ C with a > b > c .

C ∨ a ∨ C
ψ−1

a,b←−− (A ∧ b ∧ A) ∩ (C ∨ b ∨ C )
ϕb,c−−→ A ∧ c ∧ A

S is categorical iff ψa,b and ϕb,c are bijections.
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Egg box

B
B ∧ c ∧ B

B ∨ a ∨ B

C ∨ b ∨ C
A ∧ c ∧ A

A ∧ b ∧ A

C ∨ a ∨ C
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Coset Laws

Theorem

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,
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Coset Laws

Theorem

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,

(iii) given any skew chain {A > B > C } in S,
a ∈ A, b ∈ B , c ∈ C and any x , x ′ ∈ A,

C ∨ x ∨ C = C ∨ x ′ ∨ C if and only if B ∨ x ∨ B = B ∨ x ′ ∨ B
and, exist b ∈ B such that

C ∨ (x ∧ b ∧ x) ∨ A = A ∨ (x ′ ∧ b ∧ x ′) ∨ A.
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Coset Laws

Theorem

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,

(ii) given any skew chain {A > B > C } in S,
a ∈ A, b ∈ B , c ∈ C and any x , x ′ ∈ C,

A ∧ x ∧ A = A ∧ x ′ ∧ A if and only if B ∧ x ∧ B = B ∧ x ′ ∧ B
and, exist b ∈ B such that

A ∧ (x ∨ b ∨ x) ∧ A = A ∧ (x ′ ∨ b ∨ x ′) ∧ A.
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Coset Laws

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,

(ii) given any skew chain {A > B > C } in S,
a ∈ A, b ∈ B , c ∈ C and any x , x ′ ∈ C ,

A ∧ x ∧ A = A ∧ x ′ ∧ A if and only if B ∧ x ∧ B = B ∧ x ′ ∧ B
and

A ∧ ϕ−1(x) ∧ A = A ∧ ϕ−1(x ′) ∧ A.
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Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

b ∨ A ∨ b = { a ∈ A : a ≥ b } , with b ∈ B

and dually

a ∧ B ∧ a = { b ∈ M : a ≥ b } , with a ∈ A
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Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

b ∨ A ∨ b = { a ∈ A : a ≥ b } , with b ∈ B

and dually

a ∧ B ∧ a = { b ∈ M : a ≥ b } , with a ∈ A

All image sets of elements from one class have equal size
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Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

b ∨ A ∨ b = { a ∈ A : a ≥ b } , with b ∈ B

and dually

a ∧ B ∧ a = { b ∈ M : a ≥ b } , with a ∈ A

All image sets of elements from one class have equal size, ie,

for all b, b′ ∈ B , |{ a ∈ A : a ≥ b }| =
∣∣{ a ∈ A : a ≥ b′ }

∣∣
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Index of a Coset

Definition

The index of B in A, [B : A] = |{ a ∈ A : a ≥ b }|, equals the
number of B-cosets in A. Dually, we define the index of A in B ,
[A : B ] = |{ b ∈ B : a ≥ b }|.
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Egg box

B
B ∧ c ∧ B

B ∨ a ∨ B

C ∨ b ∨ C
A ∧ c ∧ A

A ∧ b ∧ A

C ∨ a ∨ C
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Index Theorem

[A : C ]/[B : C ] ∈ N
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Index Theorem

[A : C ] = n.[B : C ] with n ∈ N

João Pita Costa ON CATEGORICAL SKEW LATTICES



Skew Lattices
Categorical Skew Lattices

Coset Structure

Coset Laws
Index Theorems
An Example

Index Theorem

[A : C ] = [A : B ].[B : C ]
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Theorem

Let S be a cancellative skew lattice. Given {A > B > C } in S,

[A : C ] = [A : B ].[B : C ]
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Index Theorem

Theorem

Let S be a cancellative skew lattice. Given {A > B > C } in S,

[A : C ] = [A : B ].[B : C ]

and dually, [C : A] = [C : B ].[B : A].
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Some subvarieties of Skew Lattices

Canc

StrSym

Dist

Sym Cat

LDist
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Some subvarieties of Skew Lattices

Canc

StrSym

Dist

Sym Cat

LDist
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De¡kujeme
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An Example in Skew Lattices in Rings of Matrices

Let F be a field with characteristic different from 2, n ∈ N and S a
right handed skew lattice in Mn(F ).
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An Example in Skew Lattices in Rings of Matrices

Let F be a field with characteristic different from 2, n ∈ N and S a
right handed skew lattice in Mn(F ).If S has two comparable
D-classes A > B then given a ∈ A and b ∈ B ,

bA = { ba : a ∈ A } is the coset of A in B and

B ◦ a = { b + a − ba : b ∈ B } is the coset of B in A.
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in Mn(F ) is
described as follows:
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in Mn(F ) is
described as follows:Let E1 < ... < Em be a maximal chain of
D-classes of the skew lattice S.
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in Mn(F ) is
described as follows:Let E1 < ... < Em be a maximal chain of
D-classes of the skew lattice S. Then a basis for F n exists such
that in this basis:

(i) for any two matrices a ∈ Ei , b ∈ Ej , i > j , a block
decomposition exists such that a and b have block forms

a =





I 0 a13

0 I a23

0 0 0
0 0 0



 and b =





I b12 b13

0 0 0
0 0 0
0 0 0



 ,
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An Example in Skew Lattices in Rings of Matrices

(ii) for non-comparable D-classes A and B with the meet class M
and the join class J a block decomposition exists such that we
may assume that m0 ∈ M, a0 ∈ A, b0 ∈ B and j0 ∈ J, where

m0 =





I 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 , a0 =





I 0 0 0
0 I 0 0
0 0 0 0
0 0 0 0



 ,

b0 =





I 0 0 0
0 0 0 0
0 0 I 0
0 0 0 0



 , j0 =





I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 0




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Furthermore, given any matrices m ∈ M, j ∈ J, a ∈ A and b ∈ B
they have block forms

m =





I m12 m13 m14

0 0 0 0
0 0 0 0
0 0 0 0



 , a =





I 0 a13 a14

0 I 0 a24

0 0 0 0
0 0 0 0





b =





I b12 0 b14

0 0 0 0
0 0 I b34

0 0 0 0



 j =





I 0 0 j14
0 I 0 j24
0 0 I j34
0 0 0 0



 .
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An Example in Skew Lattices in Rings of Matrices

m =





I x y z
0 0 0 0
0 0 0 0
0 0 0 0



 and a =





I 0 w u
0 I 0 v
0 0 0 0
0 0 0 0



 .
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Thus

(m∇a)j0 =





I 0 y 0
0 I 0 0
0 0 0 0
0 0 0 0




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An Example in Skew Lattices in Rings of Matrices

Thus

(m∇a)j0 =





I 0 y 0
0 I 0 0
0 0 0 0
0 0 0 0





On the other hand,

mj0 =





I x y 0
0 0 0 0
0 0 0 0
0 0 0 0



 and ma0 =





I x 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 .
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An Example in Skew Lattices in Rings of Matrices

Thus

(m∇a)j0 =





I 0 y 0
0 I 0 0
0 0 0 0
0 0 0 0





On the other hand,

mj0 =





I x y 0
0 0 0 0
0 0 0 0
0 0 0 0



 and ma0 =





I x 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 .

Therefore,

mJ = m′J iff for all a ∈ A, (m∇a)J = (m′∇a)J and mA = m′A.
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