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A definition for Skew Lattices

A nonempty set S and V, A associative, idempotent binary
operations that satisfy the absorption laws

(y AXx)Vx=x=xV(xAy) and their duals.
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A definition for Skew Lattices

A nonempty set S and V, A associative, idempotent binary
operations that satisfy the absorption laws

(y AXx)Vx=x=xV(xAy) and their duals.

xVy=xiff xAy=yand xVy=yiff xAy=x.

Skew lattices form a variety (Leech 1989).
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Order, congruence and diagram

natural order: x > y iff xAy=y =y Axor
xVy=x=yVx.
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Order, congruence and diagram

natural order: x > y iff xAy=y =y Axor
xVy=x=yVx.
natural pre-order: x = y iff x VyVx=xoryAxAy=y
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Skew Lattices Sketching Skew Lattices
Order and Congruence
Coset Structure

Order, congruence and diagram

natural order: x > y iff xAy=y =y Axor
xVy=x=yVx.

natural pre-order: x = y iff xVyVx=xor yAxAy=y
natural congruence: xDy iff x = y and y = x

Figure: Diagram of a skew lattice
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From a skew lattice S to a lattice S/D

3 O
c f 0 O
0 0
S S/D
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Coset Structure

Consider two D-classes A > B. For some b € B, a subset
ANbANA={aAbANa:ac A}isa coset of Ain B. Similarly, a
coset of B in Ais any subset BVaVB={bVaVvb:be B} of
A, for a fixed a € A.
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Coset Structure

Consider two D-classes A > B. For some b € B, a subset
ANbANA={aAbANa:ac A}isa coset of Ain B. Similarly, a
coset of B in Ais any subset BVaVB={bVaVvb:be B} of
A, for a fixed a € A.

(a) B is partitioned by cosets of A in B.
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Coset Structure

Consider two D-classes A > B. For some b € B, a subset
ANbANA={aAbANa:aec A} isa coset of Ain B. Similarly, a
coset of B in Ais any subset BVaVB={bVaVvb:be B} of
A, for a fixed a € A.

(a) B is partitioned by cosets of A in B.

(c) Given cosets BV aV Bin Aand AANbA A in B, a natural
bijection of cosets is given by the natural partial ordering:

x — y if, and only if, x > y.
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Skew Lattices Sketching Skew Lattices
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Coset Structure

Coset bijections in A > B

Let a € A and b € B with a > b.

BvavB 2 AABAA
X — XAbAX
yVaVy — y
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a la Mac Lane
Categorical Skew Lattices Eraleiihot
a la Leech
a la Cvetko-Vah

A definition ...

Definition

A skew lattice is categorical if nonempty composites of coset
bijections are coset bijections.
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a la Mac Lane
Categorical Skew Lattices Eraleiihot
a la Leech
a la Cvetko-Vah

A definition

Let A>B>CinSanda>b>cwithac A be B and
ce C.
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A definition ...

Let A>B>CinSanda>b>cwithac A be B and
¢ € C.Consider the coset bijections

CvavCXS ANcAA

BvavB - (ANbAA), (CVbVC) LS BACAB
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Categorical Skew Lattices

A definition ...

Let A>B>CinSanda>b>cwithac A be B and
¢ € C.Consider the coset bijections

CvavCXS ANcAA

BvavB - (ANbAA), (CVbVC) LS BACAB

(AABAA)N(CVBYC)ACA(AABAA)N(CV bV C))C
ANBAANCAANDAA=ANCAA
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Categorical Skew Lattices

A definition ...

Let A>B>CinSanda>b>cwithac A be B and
¢ € C.Consider the coset bijections

CvavCXS ANcAA

BvavB - (ANbAA), (CVbVC) LS BACAB

(AABAA)N(CVBYC)ACA(AABAA)N(CV bV C))C
ANBAANCAANDAA=ANCAA

S is categorical iff 1 o v D x.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A category ...

If S is categorical, a category Cat(S) can be defined by the
following:

@ The objects of S are the D-classes of S ;

@ Hom(A, B) for A > B are all coset bijections from all
B-cosets in A to A-cosets in B (including ¢). Otherwise,
Hom(A, B) is empty;

@ Hom(A, A) is the unique identity bijection in A ;

@ morphism compositions are the usual compositions.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A variety ...

(Leech 1993) S is a categorical skew lattice iff the following
identity hold

(XACAX)VbV(xAcAx)=
(xANcAx)VaV(xAcAX)AbA((xANcAXx)VaV(xAcAx))

given that xDa>b>cin § .
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Categorical Skew Lattices

A variety ...

(Leech 1993) S is a categorical skew lattice iff the following
identity hold

(XACAX)VbV(xAcAx)=
(xANcAx)VaV(xAcAX)AbA((xANcAXx)VaV(xAcAx))

given that xDa>b>cin § .

Categorical skew lattices form a subvariety of skew lattices.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A variety ...

(Cvetko-Vah 2005) Moreover,

(AAbBAAYN(CVbBVC) =(CVvavC)AbA(CVaV ()
=(AACAA)VBY (AACAA).

is another characterization for Categorical Skew Lattices.

Jodo Pita Costa ON CATEGORICAL SKEW LATTICES



a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A criteria

(Leech 2010)

a -+ x=c'vavc
b ... b
c -+ cd=xAcAx

S is categorical iff ¥ =xAbAx=c VbV
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A criteria

a x=x"1(c)
b b’
c ¢ =x(c)

S is categorical iff b’ = w;})(c’) = @p.c(x).
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

Coset bijectionsin A > B > C

Letac A, be Bandce Cwitha>b>c.

-1
Pb,c

v,
BVavB <2 (AAbAA),(CVbVC) =25 BAcAB

Jodo Pita Costa ON CATEGORICAL SKEW LATTICES



a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

Coset bijectionsin A > B > C

Letac A, be Bandce Cwitha>b>c.

-1

wa c
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A bijection ...

Letac A, be Bandce Cwitha>b>c.

—1
Pb,c

¥,
CvavC <= (AAbBAAN(CVbLVC) =25 BAcCAB

asCvavCCBvaVB.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A bijection ...

Letac A, be Band ce C witha> b > c.

—
a,b ®b,c

"
CVavC <22 (AABAAN(CVLVC) 225 AACAA

asAAcANAC BAcAB.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

A bijection ...

Letac A, be Bandce Cwitha>b>c.

-1

v, Ph,c
CvavC <2 (AAbAAN(CVbVC) 25

ANCANAA

S is categorical iff 1, 5, and Pp ¢ are bijections.
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a la Mac Lane
a la Birkhoff

a la Leech

a la Cvetko-Vah

Categorical Skew Lattices

B AANDANA
— BAcAB
Y |
CVbvC—> e ANenA
BvavB u |¢| L
CvavC
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Coset Laws

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,
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Skew Lattices Coset Laws
Categorical Skew Lattices Index Theorems
Coset Structure An Example

Coset Laws

Let S be a skew lattice. The following statements are equivalent:
(i) S is categorical,
(i) given any skew chain {A> B> C} inS,
acAbeB,ce C andanyx,x' €A,

CvxvC=Cvx'vCifandonlyifBVxVB=BVxVB
and, exist b € B such that

CV(XAbAX)VA=AV (X' AbAX)VA.
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Coset Laws

Let S be a skew lattice. The following statements are equivalent:
(i) S is categorical,
(ii) given any skew chain {A> B > C} in§,
acAbeB,ce Candanyx,x' €C,

AANXNA=AAX NAifandonlyif BAxNB=BAX ANB
and, exist b € B such that

AN(XVDBVX)ANA=AN(X' VbV X)AA.
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Coset Laws

Let S be a skew lattice. The following statements are equivalent:

(i) S is categorical,

(ii) given any skew chain {A> B > C}in S,
acAbeB,ce Candany x,x' € C,
AANXNA=AAX NAifandonlyif BAxAB=BAX AB

and L L
AN L(x)ANA= AN I(X)AA.
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Coset Laws
Index Theorems
Coset Structure An Example

Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

bvVAvb={acA:a>b},withbe B
and dually

aNBAha={beM:a>b} withac A
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Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

bvVAvb={acA:a>b},withbe B
and dually

aNBAha={beM:a>b} withac A

All image sets of elements from one class have equal size
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Coset Laws
Index Theorems
Coset Structure An Example

Index of a Coset

When we consider a skew lattice S with comparable D classes
A > B we may look at the size of the existing cosets.

bvVAvb={acA:a>b},withbe B
and dually

aNBAha={beM:a>b} withac A

All image sets of elements from one class have equal size, ie,

forall b,b' € B, [{acA:a>b}|={acA:a>b"}
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Coset Laws
Index Theorems
Coset Structure An Example

Index of a Coset

Definition
The index of Biin A, [B: Al|=1|{a€ A:a> b}|, equals the

number of B-cosets in A. Dually, we define the index of A in B,
[A:B]=|{beB:a>b}|.
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Coset Laws
Index Theorems
Coset Structure An Example

B AAbDAA
— BAcAB
Y L
CvbvC > :<—AACAA
BvaVvB L |¢| L
CvavcC

Jodo Pita Costa ON CATEGORICAL SKEW LATTICES



Coset Laws
Index Theorems
Coset Structure An Example

Index Theorem

[A:C]/[B: C]eN
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Index Theorem

[A: C]=n.[B: C]withneN
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Index Theorem

[A:C]=[A:B][B: (]
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Index Theorem

Let S be a cancellative skew lattice. Given {A> B > C} in§,

[A:C]=[A:B].[B: (]
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Coset Laws
Index Theorems
Coset Structure An Example

Index Theorem

Let S be a cancellative skew lattice. Given {A> B > C} in§,

[A:C]=[A:B].[B: (]
and dually, [C : A] = [C : B].[B: A].
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Some subvarieties of Skew Lattices

Canc Dist
StrSym LDist
Sym Cat
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Some subvarieties of Skew Lattices

Canc Dist
StrSym LDist
Sym Cat
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Coset Structure An Example

Dejkujeme
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An Example in Skew Lattices in Rings of Matrices

Let F be a field with characteristic different from 2, n€ N and S a
right handed skew lattice in M,(F).
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Coset Structure An Example

An Example in Skew Lattices in Rings of Matrices

Let F be a field with characteristic different from 2, n€ N and S a
right handed skew lattice in M,(F).If S has two comparable
D-classes A > B then given a€ Aand b € B,

bA={ba:aec A} is the coset of Ain B and
Boa={b+a—ba:be B} is the coset of B in A.
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in M,(F) is
described as follows:
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in M,(F) is
described as follows:Let Ey < ... < E,, be a maximal chain of
D-classes of the skew lattice S.
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An Example in Skew Lattices in Rings of Matrices

The standard form for right handed skew lattices in M,(F) is
described as follows:Let Ey < ... < E,, be a maximal chain of
D-classes of the skew lattice S. Then a basis for F" exists such
that in this basis:

(i) for any two matrices a € E;, b € Ej, i > j, a block
decomposition exists such that a and b have block forms

I 0 al13 / b12 b13

o 0 |/ a3 o 0 0 0
2=1lgo ol ™ =10 o ol

0 0 O 0 0 ©
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An Example in Skew Lattices in Rings of Matrices

(ii) for non-comparable D-classes A and B with the meet class M
and the join class J a block decomposition exists such that we
may assume that mg € M, ag € A, by € B and jy € J, where

I 000 /I 000
My = 0 00O 20 = 0/ 00
0 00 Of" 0 00 Of"
0 00O 0 00O
/I 0 0 0 I 000
by — 0 00O o= 0/ 00
0 0 [/ 0Of’ 001/ 0
0 00O 0 00O
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An Example in Skew Lattices in Rings of Matrices

Furthermore, given any matrices me M, j€ J,a€ Aand be B
they have block forms

I mi> m3 my I 0 a3 au
m— 0 O 0 0 S 0/ 0 ax
0 O 0 0|’ 00 O 0
0 O 0 0 0 0 O 0
I bio 0 by I 0 0 jisa
,_ 00 0 0 B [0 I 0 o
10 0 I by T= 00 0 1 ju
0O 0 0 O 000 O
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An Example in Skew Lattices in Rings of Matrices

I x y z I 0 w u
m— 0 00O and  a— 0/ 0 v
0 00O 00 0 O
0 00O 00 0 O
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An Example in Skew Lattices in Rings of Matrices

Thus

(mVa)jo =

o oo~
oo —-o
[eNeNeRN
oo oo
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An Example in Skew Lattices in Rings of Matrices

Thus
I 0y 0
o100
(MValo =15 o 0 o
000 0
On the other hand,

I x y O I x 00
_oooof 10000
=10 0 0 0 °= 10 0 0 0

0000 000 0
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Coset Laws
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Coset Structure An Example

An Example in Skew Lattices in Rings of Matrices

Thus
I 0y 0
. 0O/ 0 O
(mVao =15 o o o
0 00 O
On the other hand,

I x y O I x 00
_oooof 10000
=10 0 0 0 °= 1o 0 0 0

0 0 0O 0 0 0O

Therefore,

mJ = m'J iff for all a € A, (mVa)J = (m'Va)J and mA = m'A.
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