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Identities at 0

V a variety; Mal'tsev condition
If Vis

congruence permutable (A.l. Mal'tsev)

arithmetical (A.F. Pixley)

congruence n-permutable (J. Hagemann and A. Mitschke)
congruence distributive (B. Jénsson)

congruence modular (A. Day)

then V can be characterized by a Mal'tsev condition.
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Identities at 0

V a variety with 0
the above congruence properties can be "localized” at 0

Definition
Aip(xt,..oy%n) < g(x1,...,x,) a lattice identity

A holds for the congruences of V at 0 if for every A € V and for all
ai,...,a, € ConA, we have

[0]p(aa, ..., an) C [0]g(aq,. .., an).
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V a variety with 0

the above congruence properties can be "localized” at 0
Definition

Aip(xt,..oy%n) < g(x1,...,x,) a lattice identity

A holds for the congruences of V at 0 if for every A € V and for all
ai,...,a, € Con A, we have

[0]p(aa, ..., an) C [0]g(aq,. .., an).

IfVis
@ congruence permutable at 0 (H.P. Gumm)
@ arithmetical at 0 (J. Duda)
@ congruence n-permutable at 0 (I. Chajda)
@ congruence distributive at 0 (I. Chajda)
@ congruence modular at 0 (B. S.)

then V can be characterized by a Mal'tsev condition.
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Example (G. Czédli)

S the variety of meet semilattices with 0
e xA(yVz)<(xAy)V(xAz) holds for cong. of S at 0
e xV(yAz)>(xVy)A(xVz) does not hold for cong. of S at 0
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Example (G. Czédli)

S the variety of meet semilattices with 0
e xA(yVz)<(xAy)V(xAz) holds for cong. of S at 0
e xV(yAz)>(xVy)A(xVz) does not hold for cong. of S at 0

SAR
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Example (G. Czédli)

S the variety of meet semilattices with 0
e xA(yVz)<(xAy)V(xAz) holds for cong. of S at 0
e xV(yAz)>(xVy)A(xVz) does not hold for cong. of S at 0

o B Y
ae[0](aVpB)A(aVy)

ag0lav (A7)
Congruence modularity at 0 ICAL2010 4/14
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V variety with 0

Theorem

The following conditions are equivalent:

© V is congruence modular at 0;

@ there are ternary terms my, ..

mO(X7y7z) =0 and m,,(x7y,z) =z
=0
= m,-+1(x,x,z)

=mj41(0,z,z)

mj(x, x, 0)

mj

(
m;(x, x, z)
(

0,z,2z)

., mp such that V satisfies:

for all i;
for i odd;

for i even.
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V variety with 0

Theorem
The following conditions are equivalent:
© V is congruence modular at 0;

@ there are ternary terms my, ..., m, such thatV

mO(X7y7z) =0 and m,,(x7y,z) =z
m;i(x,x,0) =0
mj(x,x,z) = mit1(x,x,z)

(

m;(0,z,z) = m;i+1(0, z, z)

satisfies:

for all i;
for i odd;

for i even.

1 = 2 "as usual”
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V variety with 0

Theorem

The following conditions are equivalent:

© V is congruence modular at 0;

@ there are ternary terms my, ..

mO(X7y7z) =0 and m,,(x7y,z) =z
=0
= m,-+1(x,x,z)

=mj41(0,z,z)

mj(x, x, 0)

mj

(
m;(x, x, z)
(

0,z,2z)

., mp such that V satisfies:

for all i;
for i odd;

for i even.

1 = 2 "as usual”
2=1
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Suppose 2 of Theorem.
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Suppose 2 of Theorem. A €V, o, 3,7 € ConA,
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Suppose 2 of Theorem. A€V, a, 3,7 € ConA, Ay =Foyo---oyop.
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Suppose 2 of Theorem. A€V, a, 3,7 € ConA, Ay =Foyo---oyop.
Congruence modularity at 0: If o >~ then

o [OJan(BV7y)C0[(anB)Vy.
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Suppose 2 of Theorem. A €V, o, 3,7 € ConA, Ay =[oyo
Congruence modularity at 0: If o >~ then

o [OJan(BV7y)C0[(anB)Vy.
o [0]a AUl Ak S [0](a A B) V.
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Suppose 2 of Theorem. A€V, a, 3,7 € ConA, Ay =Foyo---oyop.
Congruence modularity at 0: If o >~ then

o [OJan(BV7y)C0[(anB)Vy.
o [0]a AUl Ak S [0](a A B) V.

Lemma
Suppose a« > 7, a,d € A, ke N

(0,a) € (¢ AB)V,(a,d) e anAy = (0,d) € (a AB) V.
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Congruence modularity at 0: If o >~ then
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Lemma
Suppose a« > 7, a,d € A, ke N

(0,a) € (¢ AB)V,(a,d) e anAy = (0,d) € (a AB) V.

k=0
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Suppose 2 of Theorem. A€V, a, 3,7 € ConA, Ay =Foyo---oyop.
Congruence modularity at 0: If o >~ then

o [OJan(BV7y)C0[(anB)Vy.
o [0]a AUl Ak S [0](a A B) V.

Lemma
Suppose a« > 7, a,d € A, ke N

(0,a) € (¢ AB)V,(a,d) e anAy = (0,d) € (a AB) V.

k=0
k — k+1:
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Suppose 2 of Theorem. A€V, a, 3,7 € ConA, Ay =Foyo---oyop.
Congruence modularity at 0: If o >~ then

o [OJan(BV7y)C0[(anB)Vy.
o [0]a AUl Ak S [0](a A B) V.

Lemma
Suppose a« > 7, a,d € A, ke N

(0,a) € (¢ AB)V,(a,d) e anAy = (0,d) € (a AB) V.

k=0
k— k+1: (a,d) e anNDiy1 =an(Axoyop)
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(xAB)VY
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Ay Y B
0 a d
[0
C - ® - --------m--oo-- -
0=mg(b,c,d) my(b,c,d) ma(b,c,d) my(b,c,d)=d
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A Y B
0 a d
I\
0=my(b,c,d) my(b,c,d)
@ -------mm - - -
my(b,c,d) m,(b,c,d)=d
xXNA, XNA,
my(a,d,d) ¢ ¢ my(a,d,d)
(xAB) VY (xAB)VY
my(0,d,d) = my(0,d,d)
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'y Y B
0 a d
I\
0=my(b,c,d) my(b,c,d)
@ -------mm - - -
my(b,c,d) m,(b,c,d)=d

xXNA, xNA
my(a,d,d) ¢ |[(xAB)VY ¢ mya,d,d)
(xAB) VY (xAB)VY

my(0,d,d) = my(0,d,d)
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A Y B
0 a d
[0
0=my(b,c,d) my(b,c,d)
L I -
(xAB)VY ma(b,c,d) mu(b,c,d)=d
xXNA, XNA,
my(a,d,d) ¢ ¢ mya,d,d)
(xAB)VY (xAB)VY
my(0,d,d) = my(0,d,d)
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A Y B
0 a d
[0
my(b,b,d) = ma(b,b,d)
Y Y
. («ABVY | 1 .
0=mg(b,c,d) my(b,c,d) my(b,c,d) my(b,c,d)=d
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0 a d
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Y Y
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Example (G. Czédli)
Go the variety of idempotent groupoids with 0
@ Gp is congruence modular at 0, but

@ Gp is not congruence modular in the usual sense
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Example (G. Czédli)
Go the variety of idempotent groupoids with 0
@ Gp is congruence modular at 0, but

@ Gp is not congruence modular in the usual sense

o applying Theorem with n =3

mo(x,y,z) =0, mi(x,y,z) = xz

ma(x,y,z) = yz, m3(x,y,z) = z.
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Example (G. Czédli)
Go the variety of idempotent groupoids with 0
@ Gp is congruence modular at 0, but

@ Gp is not congruence modular in the usual sense

o applying Theorem with n =3

mo(x,y,z) =0, mi(x,y,z) = xz

ma(x,y,z) = yz, m3(x,y,z) = z.

@ the variety S of meet semilattices with 0 is a subvariety of Gy, and R.
Freese and J. B. Nation have proved that S satisfies no nontrivial
congruence lattice identity
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Thank you!
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