UNIFORMLY GATEAUX SMOOTH APPROXIMATIONS ON ¢o(I")

PETR HAJEK AND MICHAL JOHANIS

ABSTRACT. Every Lipschitz mapping from co(I”) into a Banach space Y can be uniformly approximated by Lipschitz mappings that are
simultaneously uniformly Géteaux smooth and C °°-Fréchet smooth.

The main result of this note is a construction of uniform approximations of Lipschitz mappings from c¢(I”) into a Banach
space Y, by means of Lipschitz mappings that are also uniformly Gateaux (UG) smooth and C *°-Fréchet differentiable. We also
construct an equivalent UG and C *°-Fréchet smooth renorming of co(/"). Finally, we construct an example of a convex, even,
Lipschitz and UG-smooth separating function, such that the Minkowski functional of its sub-level set is not UG-smooth. The
first two results answer problems posed in [FMZ]]. An example of the implicit function method violating UG smoothness was
lacking in the literature. Its existence is not surprising to the specialists, as the known constructions of UG renormings always take
a detour around this otherwise standard method of obtaining smooth renormings.

Let us recall that all Banach spaces admitting a UG-smooth bump function are in particular weak Asplund spaces by a
fundamental result of Preiss, Phelps and Namioka in [[PPN] (see also [F] or [BLl)). However, the additional uniformity of the
derivatives leads to a considerably stronger theory, with several characterisations of Banach spaces admitting a UG bump function
(or a renorming). In particular, a Banach space admits an equivalent UG renorming if and only if its dual ball is a uniform Eberlein
compact [FGZ]|. For basic properties of UG smoothness we refer to [DGZ] and [F=Z]. To shed some light on the significance of
our results, let us briefly summarise some of the more recent results concerning UG smoothness, defined below (for simplicity we
assume that the domain is a whole Banach space X).

It is shown in [LV] that a continuous UG-smooth real function on a Banach space X is locally Lipschitz. Moreover, if the
function is uniformly continuous (or bounded), then it is globally Lipschitz. Thus some uniformity (Lipschitz) condition is in
some sense also necessary for a mapping to be UG approximable. Tang [T] has shown that the existence of a UG bump function
on a Banach space implies the existence of an equivalent UG renorming (analogous statement for Gateaux smooth bumps is
false, see [HI), and used this fact to show that every convex function on such a space is uniformly approximable by convex and
UG-smooth functions on bounded sets. The more general problem of approximating all Lipschitz functions seems to be still open.
One of the difficulties is that the standard approach to constructing smooth approximations by using smooth partitions of unity
appears to be failing (loss of uniformity). In this regard let us mention that in the stronger uniformly Fréchet case it was shown by
John, Toruticzyk and Zizler [JTZ] that the UF-smooth partitions of unity always exist provided the space has a UF bump function.
However, the existence of UF approximations of Lipschitz functions seems to be open.

In the separable setting, Fabian and Zizler [EZ] were able to combine the best Fréchet smoothness of the space in question
together with the UG condition (recall that every separable Banach space has a UG renorming). Namely, if a separable Banach
space admits a C k_Fréchet smooth norm, then it admits also a norm which is simultaneously C k_Fréchet smooth and UG. The
techniques used in their paper are strongly separable in nature, which leads to the natural question of what happens in the general
case. This is the source of the questions asked in [FMZ]], resolved in our note. Let us now proceed with the preliminaries to our
results.

For an arbitrary set A, we denote its cardinality by |A|. For n € N, 4,, denotes the Lebesgue measure on R”.

For a metric space (X, p), we denote B(x,r) = {y € X; p(x,y) <r}and U(x,r) = {y € X; p(x,y) < r} the closed
and open ball in X centred at x € X with radius r > 0. Let A C X. A neighbourhood U C X of 4 is called an r-uniform
neighbourhood if there is r > 0 such that | J,c4 U(x,r) C U. A neighbourhood is called a uniform neighbourhood if it is
r-uniform for some r > 0.

For F C I" we denote the associated projection in ¢o(I") by PF,i.e. PFx = ZyeF ey (x)ey where x € co(I"). By coo(I")
we denote the linear subspace of ¢ (I") consisting of finitely supported vectors. The canonical supremum norm on co(I") will be
denoted by |||

Let X and Y be normed linear spaces, 2 C X be open and f: £2 — Y. We will denote the directional derivative of f at
x € £2 in the direction i € X by Dy, f(x) = lim;_¢ %(f(x + th) — f(x)). If f is Gateaux differentiable for all x € £ (i.e.
Dy, f(x) exists for all h € X and h — Dy, f(x) is a bounded linear operator) and moreover for all fixed # € X the limit defining
Dy, f(x) is uniform in x € §2 we say that f is uniformly Gateaux differentiable (UG) on £2.

We denote by C*°(X, Y) the space of all C*°-Fréchet smooth mappings from X into Y.

We are now ready to formulate the main results of our note.
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Theorem 1. Let I be an arbitrary set, Y be a Banach space, f: co(I') — Y be an L-Lipschitz mapping, and let ¢ > 0.
Then there is an L-Lipschitz mapping g € C*®(co(I"),Y) which is uniformly Gateaux differentiable and such that it satisfies

supory |/ (x) —g(x)[| < e

Theorem 2. For any set I', co(I") admits an equivalent norm which is simultaneously C*°-smooth and uniformly Gateaux
differentiable.

Theorem I]is an immediate consequence of the following theorem.

Theorem 3. Let I' be an arbitrary set, Y be a Banach space, M C co(I"), U C co(I") be a uniform neighbourhood of M,
f:U — Y be a uniformly continuous mapping with modulus of continuity @ and let ¢ > 0. Then there is a mapping
g € C*®(co(I'),Y) which uniformly locally depends on finitely many coordinates such that supy, || f(x) — g(x)|| < € and
g is uniformly continuous on M with modulus of continuity dominated by w. If f is moreover L-Lipschitz, then g is L-Lipschitz
on M and uniformly Gdteaux differentiable on Int M .

We will prove the theorems by using a few lemmata.

Lemma 4. Let X, Y be normed linear spaces, 2 C X be open and f: 2 — Y be a Gateaux differentiable mapping. If for each
h € X the mapping x & Dy, f(x) is uniformly continuous on $2, then f is uniformly Gateaux differentiable on §2 provided that
£2 is convex; otherwise f is uniformly Gdteaux differentiable on any open V. C $2 satisfying dist(V, X \ £2) > 0. Conversely, if f
is uniformly Gdteaux differentiable and uniformly continuous on $2, then for each h € X the mapping x — Dy, f(x) is uniformly
continuous on any A C $2 satisfying dist(4, X \ §£2) > 0.

Proof. Choose h € Sy and ¢ > 0, and find § > 0 such that | Dy, f(x + th) — Dy f(x)| < e forall x € 2 and ¢ € (-4, §) such
that x + th € £2.1f £2 is convex we set VV = §2 and n = &, otherwise we let n = min{§, dist(V, X \ £2)}. Fix x € V and define a
mapping g: I — Y by g(t) = f(x +th) —tDy, f(x), where I = {t € (—n,n); x + th € £2}. Notice that I is an open interval
containing 0 and g'(¢t) = Dy, f(x + th) — Dy, f(x) for t € I. By the assumption, ||g’(¢)|| < & for ¢ € I, hence g is e-Lipschitz
on I, and so H%(f(x +th)— f(x)) — th(x)” = ||%(g(t) — g(O))” <eforallt € I.

To prove the converse statement, choose & € X, h # 0, a subset A C £2 for which dist(4, X \ £2) > 0, and ¢ > 0. Find
0 < n < dist(4, X \ §£2)/ ||| such that H(f(x + nh) — f(x))/n — th(x)” < 7 forany x € A. Let § > 0 be such that
[ f(x) — f()Il < ng whenever x,y € A are such that ||x — y|| < . Then, for such x, y, we have

1Dnf(x) = Du S < g + % 1fCe+nh) = f() = f(y +nh) + FWI <e.
o

Lemma 5. Let X and Y be normed linear spaces, H be a dense subset of X, 2 C X be open and f: 2 — Y be a Gateaux
differentiable Lipschitz mapping such that for each h € H the mapping x — Dy, f(x) is uniformly continuous on §2. Then the
mapping x +— Dy, f(x) is uniformly continuous on 2 for every h € X.

Proof. Let L be a Lipschitz constant of f. Pick an arbitrary 2 € X and let & > 0. Find kg € H such that ||z — ho| < ;7. By the
uniform continuity of Dp,, f(x) there is § > 0 such that || Dy, f(x) — Dy, f(¥)|| < 5 whenever x,y € 2, |[x — y|| <. Then

IDw f(x) = D fOD = [1Dho f(x) = Do f D + 1 Do f(X) = Dhig S| < ; + 2L|[h = hol <&,

whenever x,y € £, |x — y|| < 8.
O

Lemma 6. Let X be a normed linear space, k € N U {00}, g: X — R be a C*-smooth, UG, Lipschitz, even and convex function
that is separating (i.e. there is an r > 0 such that infye,s, |g(x) — g(0)| > 0). Then X admits an equivalent Ck-smooth UG
norm.

Proof. As shown in the Example below, UG smoothness does not, in general, survive the standard use of the implicit function
theorem (Minkowski functional). To be able to use the Minkowski functional of some sub-level set of g, we need to gain more
control over g’(x)x. To this end we introduce a transformation, the idea of which comes from [FZ]. Basically, we construct a
function that is “primitive” to g in a sense, so that its derivative is g back again (more or less), hence Lipschitz. (For a more
detailed exposition of the method we refer to [EZ]].) So, define f: X — R by

= [ s ano.
[0,1]
Let L be the Lipschitz constant of g. It is easy to check that f is L/2-Lipschitz, even and convex.
Without loss of generality we may assume that g(0) = 0. By the convexity of g and the fact that g is even, g(x) > 0 for x € X.
Since g is separating, there are > 0 and ¢ > 0 such that g(x) > a for all x € rSx. Hence g(tx) > a — Lr(1 — t) whenever
t €]0,1] and ||x|| = r. It follows that

2
f(x) > / (a—Lr(1—1))dA@) = ;E =b forany x € rSx. (1)
1—a/(Lr)
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Let x € X. Using the compactness of the set {¢x; ¢ € [0, 1]} and the continuity of g’, we can find a neighbourhood U of x
such that g’(¢y) is bounded for y € U and ¢ € [0, 1]. Hence, using the theory of integration, we can check that f € C!(U) and

Fwh= [ genenae. @)
[0,1]
By repeating the same argument it follows that f € C*(X).
Using Lemmaand we can see that the function x — f'(x)# is uniformly continuous on X for any & € X.

Moreover, the function x — f’(x)x is Lipschitz on X. Indeed, using the substitution z(1 + 7) = s we get f(x + tx) =
f[o 1 gtx +ttx)dA(t) = l—ir f[o 1+1] g(sx)dA(s). Thus, using the continuity of g along the way,

1+t 1+t

1 1
f(x)x = 11m (f(x +1x) — f(x)) = hm ((1 T 1) / gtx)dA(r) + [ g(tx) d)k(t))
T
0 1
| 1+7 | 1+7 1
= lim —— / g(tx)dA(r) + lim — / g(tx)dA(r) = g(x) — / g(tx)dA () = g(x) — f(x).
—=01+7 =0 T

0 1 0
Since both f and g are L-Lipschitz, the function x — f’(x)x is 2L-Lipschitz. Clearly, f(0) = 0. So, the convexity of f implies
f'(x)x > f(x) foranyx € X. 3)

Using the convexity of f, the estimate (1) and the fact that f(0) = 0, we obtain that f(x) > b whenever |x| > r. It follows
that B = {x € X; f(x) < b} is a closed absolutely convex bounded set that contains a neighbourhood of 0. The Minkowski
functional v of the set B is therefore an equivalent norm on X and v(x) = 1 if and only if f(x) = b.

Put M = X x (0, +00) and define F: M — R by F(x,y) = f(f) — b. It is obvious that F € C¥(M). Pick any 0 # x € X.
Then (x,v(x)) € M, F(x,v(x)) =0, and

9F L x x \_ 1 . x X
E(XJ)(X)) = f (I)(X)) (_U(X)Z) - _I)(X)f (])(X)) (U(x)) .

From (3) it follows that %—I; (x,v(x)) < —b/v(x). Therefore we can use the Implicit Function Theorem to conclude that on some

neighbourhood of x, v is a C*_smooth function. Hence v is a C¥-smooth norm.

Finally, we claim that the function x + v’(x)% is uniformly continuous on Ag = X \ B(0, R) forany 4 € X and any R > 0,
which according to Lemma ] means that the norm v is UG.

Since F(x, v(x)) = 0 for any 0 # x € X, it follows that (F(x, v(x)))/ = 0. A simple computation yields

(o)
7'(5t) (5t9)

Fixany R > Oand & € X. Denote S = {x € X; v(x) = 1}. As the mapping ¥ : Ag — S, ¥(x) = x/v(x) is Lipschitz and

V'(x) = V(¥ (x)), it is enough to show that x — v’(x)h is uniformly continuous on S. Let ¢ > 0. Find 0 < § < & such that
| f'(x)h — f'(y)h| < & whenever ||x — y|| < §. Then, for any x,y €8, ||lx —y| <8 wehave

V(x) =

[ F @R S0 ] L
h— h| = - h— h h
VR =V O 7w~ 70| = < 7o ||f (= LM O 7055 = Tty
‘ Fx = 0] _ I (1,2 )
- P il Ry AT
< g o <5 5 M p * g I

O

Let X be a topological vector space, £2 C X an open subset, E be an arbitrary set, M C X* and g: 2 — E. We say that g
depends only on M onaset U C 2 if g(x) = g(y) whenever x,y € U are such that f(x) = f(y) forall f € M. We say that
g depends locally on finitely many coordinates from M (LFC-M for short) if for each x € §2 there are a neighbourhood U C §2
of x and a finite subset ¥ C M such that g depends only on F on U. We say that g depends locally on finitely many coordinates
(LEC for short) if it is LFC-X*.

Let U € 7(0) be a neighbourhood of zero in X. We say that g depends U -uniformly locally on finitely many coordinates from
M (U-ULFC-M for short) if for each x € £2 there is a finite subset F C M such that g depends only on F on (x + U) N £2.

Lemma 7. Let I" be an arbitrary set, Y be any Banach space, and @ : co(I") — Y be a mapping that is U(0, r)-ULFC-{e;}yep
for some r > 0. Further, let M C co(I"), 2 C co(I") be an open uniform neighbourhood of M, @ be uniformly continuous
on §2 with modulus of continuity w, let ® = 0 on co(I") \ §2, and let & > 0. Then there is a U(0, 5)-ULFC-{e}}yer mapping
¥ e C®(co(I'),Y) such that supyy ||DP(x) — ¥ (x)| < & ¥ is uniformly continuous on M with modulus of continuity dominated
by w, and the mapping x — W' (x)h is uniformly continuous on M for any h € coo(I"). If D is even, then so is Y. If moreover
Y = R and @ is convex, then so is Y.
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Proof. Letn > 0 be such that §2 is an n-uniform neighbourhood of M and find 0 < § < min{», 5} such that () < &. Choose ¢
to be an even C *°-smooth non-negative function on R such that supp ¢ C [-§, 6] and [p ¢ = 1. We denote C = [ [¢'(r)| dA.
Let ¥ C 27" be a partially ordered set of non-empty finite subsets of I", ordered by inclusion. For any F € ¥, we define the

mapping ¥r : co(I") — Y by
Wr(x) = / cb(x -> zyey) [ e@)dre ).

RIF] Y€EF yeF
where we integrate in the Bochner sense. Notice, that the integral is well-defined, since @ = 0 on the closed set c¢o(I") \ £2 and @
is uniformly continuous on §2.
The net {Wr } # converges on co(I") to a mapping ¥: co(I") — Y. In fact, we claim that for any x € co(I"), thereisan F € &
such that ¥ (y) = ¥y (y) forany F C H € ¥ and any y € U(x, 5). Indeed, for a fixed x € co(I") let F' € ¥ be such that
@ depends only on {e}}yeF on U(x,r) and ||x — Prx| < 5. Choose any y € U(x,5) and H € ¥, H D F. Suppose that

ty € [-5. %] forally € H.Then |[x — (y — D yeH tyey)| < r and consequently & (y - ven tyey> =9 (y =2 yeF t,,ey).
Thus, by Fubini’s theorem,

Wi (y) = / @(y - tyey) [T e@) drm®

[—8,8]1H1 yeH yeH
- | ¢(y— Zzyey) [Tewranmo T1 [ oear=veo.
[—8,8]1F yeF y€eF yeH\F[_(w]

Moreover, | x — Pry| < |x — Prx|| + || PF|l ||x — y|| < r and so we can easily see that ¥r (y) = Yr(Pry). The mapping
YF [ Preo(r) is in fact a finite-dimensional convolution with a smooth kernel on R IFl and so ¥F is a C*°-smooth mapping
onU(x, ).

The mapping ¥ is therefore U(0, %)-ULFC-{e;}yep and ¥ € C®(co(I"),Y), as for any x € co(I"), ¥ = ¥Fr o Pr on
U(x, 5) for some F € ¥.

To show that supy, | @(x) —¥(x)|| < echoose any x € M C §2. Let F € ¥ be such that ¥(x) = ¥F(x). Notice that

lx—(x =X, crtyey)| = |X,er tyey| <8 < nwhenevers, € [—3,8] forall y € F. Hence x — Y tye, € 2 and
o) - ¥ = 0w -vr@l =| [ o0 [T o) anro - ¢(x -y zyey) T ¢(ty) dhir i)
RIF] yeF RIFI yeF yeF
< [ H(P(x) - (D(x -> zyey) [ e drr @) < / o@) [ ] ¢ty) drjp (1) = 0(8) <&
[—8,8]1F yeF yeF [—8,8]1F yeF

To see that the modulus of continuity of ¥ on M is dominated by w, choose x,y € M and find F, H € ¥ such that
U(x) =¥Yr(x)and¥(y) = ¥y (y). Thenfor K = FUH wehave ¥ (x) = ¥k (x) and ¥(y) = Pk (y). As X_ZyeK tye, € 2
and y — >, cg tyey € 2 whenever 1, € (—n, ) forall y € K,

19 () — W) = |9 (x) — k()] < / Hq>(x =Y te)—@(y =D ne)
[—,8] K| yeK yekK
Similarly we can check that ¥ is even if @ is even and ¥ is convex under the additional assumptions that ¥ = R and @ is
convex.
We finish the proof by showing that the directional derivatives of ¥ in the directions of cgo(1") are uniformly continuous on M .
So first, choose any a € I". For x,y € M find F, H € ¥ such that ¥(x) = ¥r(x) on U(x, 5) and ¥(y) = ¥ (y) on U(y, 5).
Put K = F U H U {«a}. It is standard to show that

W (x)eq = / cD(x—Ztyey)(p/(ta) [T et dr@).

RIKI yekK yeK\{a}

[ e@)ddx @) < o(lx - yl).

yekK

Hence, similarly as above,

¥ (x)ea — W' (y)ea| < / H‘D<x - Z tyey) - q)(y - Z tyey)

RIKI yeK yekK

<o(lx- y||)/ l¢'(0)] dA = Co(|lx — y).

lo'(t)| T @ty)drig (1)

yeK\{a}

“4)

Next, choose any /1 € cgo(I") and x, y € M. It follows from (@) that
&' @h =" k| < Y [ ()es(hey) =¥ () ey (hey) | < Collx = yll) Y les (] = C Ikl o(lx = y1)-

y Esupp h yEsupp h O
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Proof of Theorem 3] Without loss of generality we may assume that U is open. Let r > 0 be such that U is an r-uniform open
neighbourhood of M and find 0 < n < 5 such that w(n) < 5. Define ¢: R — R by ¢() = max{0,# —n} + min{0, 7 + n}. Then
¢ is 1-Lipschitz and |p(z) — | < nforallt € R.

Further, define a mapping ¢ : co(I") — co(I") by ¢(x) = Zyep (p(e;j (x))ey. (Notice that in fact ¢ maps into cgo(1").) Then
¢ is 1-Lipschitz and ||¢(x) — x| < 7 for all x € ¢o(I"). Moreover, we claim that ¢ is U(0, ﬂ)-ULFC-{e;}yep.

Indeed, fix x € co(I") and find F C I, |F| < oo such that ||x — Prx|| < Z. Then for any y € U(x,7) we have
|y = Pry| < n. This means that if y, z € U(x, %) are such that ey (y) = e;(z) forall y € F, then p(e;(y)) = 0 = ¢(e;(2))
for allny € I' \ F and of course p(e;(y)) = ¢(e,(z)) forall y € F. Hence ¢(y) = ¢(z), and so ¢ depends only on {e} }ycF on
Ux,2).

Wezextend f to the whole of ¢o(I") by f(x) = 0forx € co(I") \ U and put @ = f o¢. Clearly, the mapping @: ¢o(I") > Y
is U(0, E)-ULFC-{E;}),E]". Put 2 = ¢~ 1(U). Then £2 is an 5-uniform open neighbourhood of M in ¢o(I"). Indeed, choose
x € M and y € co(I") such that |[x — y|| < 5. Then [[¢(y) —x[| < [¢(») =yl + [y — x|l < n+ 5 < r, which means that
¢(y) e U andso y € £2.

Moreover, @ is uniformly continuous on §2 with modulus of continuity dominated by w. To see this, choose any x, y € §2.
Then ¢ (x). ¢(y) € U and hence [ @(x) = @(y)|| < o(l¢(x) = p(WI) = o(llx = y]).

Finally, supg, || f(x) — @(x)| < supg a)(||x — ¢(x)||) < w(n) < 5,and Lemma together with Lemma [5| and Lemma
finishes the proof.

|

Proof of Theorem 2] Define a function @: ¢o(I") — R by @(x) = max{0, ||x|| — 1}. Then & is a 1-Lipschitz convex even
function which is U(0, %)-ULFC-{e;}yep. (Notice that @ = ||-|| o ¢ as in the proof of Theoremfor n=1)

Let g € C®(co(I")) be a 1-Lipschitz convex even function with uniformly continuous directional derivatives produced by
Lemma [7] combined with Lemma [3] such that [g(x) — @(x)| < 1 for all x € ¢o(I"). Then g is separating, as g(0) < 1 and
g(x) > 2 on 4Sx. The function g is also UG by Lemma[d] and so we can finish by using Lemmal6]

O

The technique used in the above proof can be used to strengthen the main result in [FHZ] on the existence of C*°-Fréchet
smooth approximations of strongly lattice norms on co(I”), by placing the additional UG smoothness requirement. We prefer to
omit the details of the proof.

Example. We will sketch a construction of a UG, Lipschitz, even and convex function on cq that is separating, but the Minkowski
functional of its sub-level set is an equivalent norm on ¢y that is not UG-smooth. The existence of such examples was since long
suspected by specialists (e.g. [EZ], [T]), but no explicit construction seems to be available in the literature.

Foranyn € N, let f,: co — R and g, : ¢o — R be defined as

Jo=elte3, —en,
1
=it (2— E)e;n Feh 1.

Let f; = fa—e5,/4 &n = gn — €5,/4, and further g(x) = supn{f,,(x),gn (x), ||lx|| /4} and f(x) = g(x) + g(—x). It is easy
to see that f(0) = 0, f is 8-Lipschitz, even, convex and separating. Further, for all n € N and w € ¢y, let

Xn = €2n, Yn = e€2n + ——€2n+1,
2n

1
Un(w) = {x € co; e, (x —w)| < on

1 1
e (x—w)| < Ton ef(x —w)| < Eforj e N\ {2n,2n + 1}; .

We can check that g(x) = f:,(x) on Uy, (x,), g(x) = gn(x) on Uy (yn), and g(—x) = ||x|| /4 = e5,(x)/4 on both U, (x,) and
Un(yn). Hence, f = f, on Uy(x,) and [ = gy on Uyp(yn).

Now for each n € N let ¢, be an even C *°-smooth non-negative function on R such that fR ¢n = 1. Moreover, choose these
functions so that supp ¢; C [—3%, %], supp @2, C [—32#”, 32%] and supp @241 C [—32%, 32%] for n € N. Similarly as in [EZ]
or [J] we can show that the function

F(x) = nlggo/ f(x — the,-) 1_[ @j (1) dAn (1)
ji=1 =1

Rll

is well defined for all x € ¢¢ and that it is Lipschitz, even, convex, separating and UG.

Furthermore, notice that for each n € N, f is affine on both U, (x,) and U, (y,). Since the convolution of an affine function
with an even kernel is the same affine function again, there are neighbourhoods of x, and y, such that F = f, (or F = g,
respectively) on those neighbourhoods.
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Let v be the Minkowski functional of the set B = {x € co; F(x) < 1}. Then v(x,) = 1 = v(y,) foralln € N,
limy, 00 || X7 — Yul| = 0, but
, Fl(xn)er _ fylm)er 1 , F'(yn)er _ gu(ym)er _ 1
Vi(xp)e = = =-=1 and Vi(yn)er = = =—.
F'(xn)xn S (n)xn 1 F'(yn)yn &n(Yn)yn 2
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