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ABSTRACT. Our paper is a complement to a recent article by D. Azagra and C. Mudarra (2021). We show how older results on semiconvex
functions with modulus @ easily imply extension theorems for C 1% -smooth functions on super-reflexive Banach spaces which are versions
of some theorems of Azagra and Mudarra. We present also some new interesting consequences which are not mentioned in their article, in
particular extensions of C 1.®_smooth functions from open quasiconvex sets. They proved also an extension theorem for CB1 T _smooth
functions (i.e., functions with uniformly continuous derivative on each bounded set) on Hilbert spaces. Our version of this theorem and new

extension results for T an > T -smooth functions (i.e., functions with uniformly, resp. locally uniformly continuous derivative), a
t Its for C1-+ and ¢!, T th functions (i.e., funct th uniformly, resp. locally uniformly cont derivative), all

of which are proved on arbitrary super-reflexive Banach spaces, are further main contributions of our paper. Some of our proofs use main
ideas of the article by D. Azagra and C. Mudarra, but all are formally completely independent on their article.

1. INTRODUCTION

Our paper is a complement to a recent important article [AM] which concerns Whitney-type extension theorems for C 1'® and
CB1 "+ _smooth functions (see Definitions|1|and on Hilbert and super-reflexive Banach spaces.

Recall that the famous seminal Whitney’s theorem from [Wh1]] concerns extensions for C*-smooth (k € N U {oo}) functions
in R” and a certain version for C**®-smooth functions in R” is contained in [GI] (cf. Remark b)). The first “infinite-dimensional”
Whitney-type extension theorem was proved already by J. C. Wells in [We] for C!-smooth functions (i.e. C®-smooth
functions for w(¢) = ¢) in a Hilbert space. A quite different proof of this surprising theorem was given in [Gr]. Subsequently, a
constructive proof of this result was given in [AGM]|| (where also extension results for convex C '**-smooth functions on Hilbert
and super-reflexive spaces are proved).

Conditions of extendability of a function f in all the articles mentioned above postulate (in the case k = 1) the existence of a
“candidate to derivative” G such that the “jet” ( f, G) has some “Whitney-type” properties (and the theorem asserts that then this
jet can be extended to a jet (F, DF)). However, there are also extension theorems for functions on R” which do not deal with
such G; see [BS2] which deals with C1*®-smooth functions and papers by C. Fefferman ([[F] and papers mentioned therein). No
such theorems in infinite-dimensional setting are known.

Our main contributions are extension theorems for C I** (see Definition and CBl’+—smooth functions (Theorems @
resp. [59] and 4] resp. [66) which in particular generalise results from [AM] (see [AM| Theorem 6.1 and its proof]) proved in a
Hilbert space to an arbitrary super-reflexive Banach space and a new extension theorem for Ckl,’j-smooth functions (Theorem
which is also proved in an arbitrary super-reflexive Banach space.

Our contribution concerning the C !**-smooth extensions from arbitrary sets is not big, since our theorems relatively easily
follow from corresponding results of [AM]], see Remark Ekd). However, we believe that our proofs of Theorems E] and [5_7] which
are “qualitative” versions of several theorems from [AM]] (which are “quantitative”, see Remark d)) are worth publishing since
they are very short and transparent as they use older results on w-semiconvex functions from [DZ] and [Krl]] (see Lemma@]
and Theorem [34]below). Note that these results on w-semiconvex functions are independently (implicitly) proved in [AM] (in a
slightly different setting) using a notion of a “strongly C ¢-paraconvex function”, which does not correspond to Rollewicz’s notion
of strong paraconvexity (cf. Remark [29) but coincides with a-semiconvexity, where a(1) = C¢(r)/t for t > 0 and (0) = 0.
Nevertheless, the main idea of the proofs of Theorems [2] and [52]is taken from [AMI]], namely we use the crucial observation
from [AM] (cf. LemmaT]and the remark before it) that natural necessary conditions for an extension imply the inequality 7 < H
from Lemma@](or m < g from [AM, p. 9]).

We use the classical Whitney-Glaeser condition (WGy,) (see Theorem in contrast to conditions A( f, G) < +oo, (W) and
(mg"®) used in [AM]]. Note that the use of condition (WG,,) enables us to naturally apply Whitney-type extension results to “true”
extension theorems for C 1*?-smooth functions not only on open convex sets, but also on open quasiconvex sets (Corollaries

53).

We will use the following basic notions:

Definition 1.

(1) We denote by M the set of all finite moduli, i.e. the functions w: [0, +00) — [0, +00) which are non-decreasing and
continuous at 0 with w(0) = 0.
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(i) If U is an open subset of a normed linear space and @ € M, we denote by C1®(U) the set of all Fréchet differentiable
f: U — R such that the Fréchet derivative Df is uniformly continuous with modulus Cw for some C > 0, that is

IDf(x) = Df ()l = Cox(|lx — y|}) whenever x.y € U.

Using results of [DZ]] and [Krl] we easily obtain the following result which can be deduced from [AM] (see Remark Ekd)),
where, however, no equivalent version is explicitly formulated.

Theorem 2. Let w € M be a concave modulus and let X be a super-reflexive Banach space that has an equivalent norm with
modulus of smoothness of power type 2. Let E C X and let | be a real function on E. Then f can be extended to a function
F e CY°(X) if and only if the following condition (WGy,) holds:

There exist a mapping G: E — X* and M > 0 such that

IG(Y) =G|l = Ma(|ly —xID.

|f(0) = f(x) = (G(x),y = x)| = Mo(ly —x])]ly — x|

foreach x,y € E.
Moreover, if (WGy,) is satisfied, then F can be found such that DF (x) = G(x) for each x € E.

The assumption on X cannot be relaxed, see Remark [54(a). By Remark 37, Theorem [2](and its Corollary 7)) can be applied
e.g. if X is isomorphic to some L, (p) with p > 2.

Remark 3.

(a) Condition (WG, ) naturally corresponds to Whitney’s condition in his celebrated theorem from [WhI]| on extensions to
C*-smooth functions in X = R” (for k = 1) and appears explicitly in Glaeser’s thesis [GI].

(b) It was stated several times that Theoremwas proved for X = R” by Glaeser in [Gl] (see e.g. [BS1], p. 516], [AM, p. 2]).
However, [Gl] (which works with C¥®-smooth functions) contains only a corresponding result on extension of a function f
defined on a closed subset F of a compact interval K C R” (“pavé compact”) to a function belonging to C ¢ (K) (see [GI,
Proposition VII, p. 33, m = 1]; cf. corresponding [M, Complement 3.6, p. 9]).

(c) Whitney-Glaeser condition (WGy,) is equivalent to condition [AM, (1.2)] (for X = R"), which we obtain from (WG,) by
changing “< Mw(|ly — x|D|ly — x| to “< Me(|ly — x||)”, where ¢(t) = fot w(s)ds fort > 0 (cf. Factbelow).

(d) If X is a Hilbert space, then the statement of Theoremfollows from [[AM, Theorem 1.6]. Moreover, in full generality it
follows from [AM) Theorem 1.9] using our Lemma@ Lemma and the easy observation from Remark@]below. Further,
results in [AM] assert not only that C 1**-smooth extension F exists, but they are quantitative in the sense that they assert that DF
is uniformly continuous with modulus K, where K > 0 (which does not depend on f') is explicitly given. Examining the proofs
of Theorem [34]and Lemma [39] we could obtain similar quantitative results for Theorems [2]and [52]too, but less precise than those
in [AM]] which seem to be close to the (unknown) optimal ones.

We moreover prove Theorem an extension theorem for C 1:*-smooth functions which works e.g. in L, (1) spaces with
p=>1l+a. Theoremcan be also deduced from [AM]. However, our (simple but important) observation that the assumption
on X in Theorem[2]and Theorem [52]cannot be relaxed (see Remark [54) is new.

We are also interested in the extension of C *®-smooth functions from open sets, which is not considered in [AM]]. As a
consequence of Theorems [2] and [52] we obtain new interesting extension theorems from so-called open quasiconvex (and in
particular convex) sets. These results do not use condition (WG,) and so they are true extension theorems for C '**-smooth
functions. (The set is called quasiconvex if its inner metric is bi-Lipschitz equivalent to the metric of the enclosing space;
see Definition [I8] Quasiconvex sets are sometimes called “sets with Whitney arc property”, since they were used in Whitney’s
article [Wh2]] concerning extensions of C¥-smooth functions in R”.) Namely, in Corollarywe prove that if X is asin Theorem
and @ € M, then each function from C?(U), U C X quasiconvex, can be extended to a function from C®(X); see also
analogous Corollary

Another new result is Theoremon extensions for functions from CB1 o+ (X) (i.e. functions with uniformly continuous derivative
on every bounded set), which is in fact a generalisation of [AM, Theorem 6.1] from Hilbert spaces to arbitrary super-reflexive
spaces. A simplified formulation is as follows:

Theorem 4. Let X be a super-reflexive Banach space. Let E C X and let f be a real function on E. Then f can be extended to
a real function F € CB1 ’+(X ) if and only if the following condition (W) holds:

There exists a mapping G : E — X such that for each bounded B C E the function f is bounded on B, the mapping G is
bounded and uniformly continuous on B, and for each & > 0 there exists § > 0 such that |f(y) —f(x)—(G(x),y—x) | <eglly—x|
whenever x,y € B and ||y — x| < 4.

Moreover, if (W) is satisfied, then F can be found such that DF (x) = G(x) for each x € E.

Remark 5. Using the compactness of bounded closed sets in R” it is easy to see that CBI’+(]R”) = C!(R") and if E is closed, then
condition (\NV) is equivalent to the condition of the classical Whitney’s C k extension theorem for k = 1 (see [Wh1l, p. 34, (3.2)]),
which is also easily seen to be equivalent to the condition (E) from [IS]]. However, Theorem(resp. C '-extension theorem [JS]
Theorem A.2]) implies only a part of Whitney’s C !-extension theorem, since the latter asserts that the extension is C *-smooth
(even analytic) on the complement of the (closed) set E. In fact it is an open problem whether stronger versions of Theorem [2}
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resp. ] (and so more precise analogues of Whitney’s theorem) hold, namely whether the extension can be C *°-smooth (or at least
C2-smooth) on the complement of a (closed) set E.

We also prove two results (Theorems [57|and [59) on extensions from arbitrary sets for C > -smooth functions. A simplified
formulation of Theorem[39]is as follows:

Theorem 6. Let X be a super-reflexive Banach space, E C X, and let f be a real Lipschitz function on E. Then f can be
extended to a Lipschitz function F € C V(X)) if and only if there exists a bounded uniformly continuous G : E — X* such that
for each € > 0 there exists § > 0 such that

) = f(x) = (G(x).y —x)| <elly —x]
whenever x,y € E and ||y — x| < 6.

By Remark [69]the assumption of super-reflexivity of X in Theorems ] and [6] cannot be relaxed. As a corollary of Theorems
andwe obtain extension results for C I>T-smooth functions on open quasiconvex sets (Corollaries and . Another
interesting theorem that has no analogue in [AM] is Theorem[70} which in particular characterises those functions on a closed
subset of a super-reflexive space that can be extended to functions on the whole space having locally uniformly continuous
derivative.

The structure of the present article is following: In (unfortunately rather long) Section [2] we fix the notation and recall the
needed known facts on moduli, w-semiconvex functions, and super-reflexive spaces. The core of the article is contained in a short
Section 3] where we prove two basic lemmata and one proposition. Using results of Section [3| we rather easily prove Theorem 2]
and other results concerning the C 1 case in Section In Sectionsand@we prove new results concerning C 1T, CBI’+, cht
cases, in particular Theorem@] (which contains Theorem E])

We remark that all the positive extension results are proved in super-reflexive spaces. Remarks [54} [69] and [71] show that for all
these results this assumption on X is necessary.

Some natural questions remain open, see Remarks [5] 51} [58] [64] and [65]

loc

2. PRELIMINARIES

2.1. Basic notation, properties of moduli, and quasiconvex sets. All the normed linear spaces considered are real. Let (X, ||-]|)
be a normed linear space. By U(x,r) C X, resp. B(x,r) C X, resp. S(x,r) C X we denote the open ball, resp. closed ball, resp.
sphere centred at x € X withradius r > 0. By By, resp. Sy we denote the closed unit ball, resp. unit sphere in X . All the canonical
norms on different spaces are denoted by ||-||, even on the dual space, if it cannot lead to confusion. For x € X and g € X™* we
will denote the evaluation of g at x also by (g, x) = g(x). An L-Lipschitz mapping is a mapping with a (not necessarily minimal)
Lipschitz constant L. By Df(x) we will denote the Fréchet derivative of f at x, its evaluation in the direction /& will be denoted
by Df(x)[h]. We remind that the set of all finite moduli .M and the C !**-smooth functions are defined in Definition |1} Sometimes
we will work with several norms on a space. If it is necessary to specify objects with respect to a particular norm we will use the
notation U} (0, r), Cnl.hw, etc.

For a mapping f: X — Y, where X is asetand Y is a vector space, we denote supp, f = f~1(Y \ {0}).If X is a topological
space, then we denote supp f = supp, f .

For the (standard) definition and properties of the length (variation) of a continuous curve y: [0, 1] — X in a metric space X
see e.g. [Ch].

Recall that a system {1/ }4ec 4 of functions on a set X is called a partition of unity if

e Yy: X — [0, 1] foralla € A,

e Y Yu(x)=1foreachx € X.
a€A

We say that the partition of unity {4 }4e 4 is subordinated to a covering U of X if {supp, ¥y }aec refines U, i.e. foreacha € A
there is U € U such that supp, Yo C U. Further, in case that X is a topological space we say that the partition of unity {Vq }xeca
is locally finite if the system {supp, ¥« }ac 4 is locally finite, i.e. if for each point x € X there is a neighbourhood U of x such that
the set {& € A; supp, Yo N U # @} is finite.

Definition 7. Let (X, p), (Y, o) be metric spaces and f: X — Y. Then:
(i) The minimal modulus of continuity of f is the function wy : [0, +00) — [0, 4+-00] defined in the usual way:

wr (8) = sup{a (f(x), f(»); x,y € X, p(x,y) < &}
(i) We say that f is uniformly continuous with modulus € M if a(f(x), f(¥)) < w(p(x,y)) for every x,y € X, i.e.
of < o.
(iii) We say that f is a-Hdlder (o > 0) if f is uniformly continuous with modulus w(¢) = Ct“ for some C > 0.

Clearly, wy is non-decreasing, and the mapping f is uniformly continuous if and only if lim;_.o+ ws(t) = 0.
Recall that w: [0, +00) — [0, +00] is sub-additive if w(s +t) < w(s) + w(t) for any s, € [0, 400). For @ sub-additive it
immediately follows by induction that
w(Nt) < Nw(t) foreachr >0, N € N. (1)

Consequently, the following fact holds:
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Fact8. Ifw: [0, +00) — [0, +00] is sub-additive and finite on a neighbourhood of 0, then it is finite everywhere.
The following fact is easy and well-known (it follows from [AP, Remark 1, p. 407] and Fact@):

Fact 9. If A is a convex subset of a normed linear space, Y is a metric space, and f: A — Y is uniformly continuous, then wy is
sub-additive and wy € M.

The next two standard facts are also very easy to see.
Fact 10. If w € M is concave, then it is sub-additive and w(Kt) < Kw(t) foranyt > 0, K > 1.

Fact 11. If C is a convex subset of a normed linear space, Y is a metric space, and f1, ..., fn: C — Y are uniformly continuous,
then there is w € M such that all fi, ..., f, are uniformly continuous with modulus w.

Proof. It suffices to set w = wy, + -+ + wy, and notice that w € M by Fact@}

We will also use the following well-known facts.

Lemma 12. Let w € M.
w(t)

(i) If o satisfies limsup,_, , o, =~ < 400, then there exists a concave & € M such that ® < ®.
(ii) If w is bounded, then there exists a bounded concave @ € M such that v < @.

(iii) If w is sub-additive, then there exists a concave @ € M such that w < & < 2w.

The proof of (i) is quite easy, see [AP, proof of Theorem 1, p. 407], where the theorem states sub-additivity of @ but in fact the
proof shows even concavity. Alternatively one can use the statement of [[AP, Theorem 1, p. 406] together with (iii). Statement (ii)
follows easily from (i). Fact (iii) is due to Stechkin, but was not published by him. For a proof, see [E, p. 78] or [Ko, p. 670].

Fact 13. Let w € M. If we set p(t) = f(; w(s)ds fort > 0, then ¢ € M and ¢ is convex. If moreover w is concave, then
tw(t) < 2¢(t) foreveryt > 0.

Proof. The convexity of ¢ follows from the fact that @ is non-decreasing, see e.g. [RV, p. 11, p. 13]. Now suppose that w is
concave. Then @ < @ foreach 0 < s <t, and so
t

to(t) = 2/01 ;a)(t)ds < 2/0 w(s)ds = 20(1).
O

Definition 14. A metric space (X, p) is called almost convex if for any x, y € X and s,¢ > 0 such that p(x, y) < s + ¢ there is
z € X such that p(x,z) < s and p(z,y) <t.

Note that this notion goes back to Aronszajn’s (unpublished) thesis; see [APL p. 417], where the name “almost 3-hyperconvex
metric space” is used. The following (almost obvious) fact is mentioned in [AP, p. 438, footnote 20].

Fact 15. Let (X, p) be a metric space where every two points can be connected by a rectifiable curve and let p; be the corresponding
inner (intrinsic) metric. Then (X, p;) is an almost convex metric space.

The article [BV] contains (without a proof) the following interesting and probably new observation which we will use below in
the proof of Lemma[21} (Note that the assumption of uniform continuity of f was forgotten in [BV]. We have been informed by
Taras Banakh that this assumption cannot be dropped, cf. Remark [T7})

Proposition 16. Let (X, p), (Y, 0) be metric spaces and let f: X — Y be uniformly continuous. If X is almost convex, then wy
is sub-additive.

Proof. Leta,b € [0, 400) and & > 0. Let § > 0 be such that o ( f(u), f(v)) < & whenever p(u,v) < §. Pick any x, y € X such
that p(x, y) <a+b < a+b+%. Using the almost convexity we can find u € X such that p(x, u) < a and p(u, y) < b—i—% < b+3$.
Using the almost convexity again we can find v € X such that p(u, v) < and p(v, y) < b. Hence

o(f(x). f(») =o(f(x). f) +o(f(w). f(v) +0(f(v). f(}) = or(a) + &+ wr (D).

It follows that wr(a + b) < wy(a) + wr(b) + &, and since this holds for any & > 0, the sub-additivity follows.
O

Remark 17. If (X, p) is totally convex (which is a stronger property then almost convexity), then the assumption of uniform
continuity of f is unnecessary, see [AP, Remark 1].

However, the assumption of uniform continuity of /* cannot be dropped not only in Proposition[I6]but also in the case when
(X, p) is an inner metric space. Indeed let X = R? \ {(0, 0)} be equipped with the euclidean metric p which clearly coincides
with p;. Set f(—1,0) =0; f(x,y) =1ifx <0, (x,y) # (—=1,0), (x,y) # (0,0); f(x,y) =2if x > 0, (x,y) # (1,0); and
f(1,0) = 3. Thenclearly wr(2) =3 > 2 = wr (1) + wy(1).

The following notion of a quasiconvex space (or domain in R”) is nowadays a standard tool in Geometric Analysis.
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Definition 18. We say that a metric space (X, p) is c-quasiconvex for ¢ > 1 if for each x, y € X there exists a continuous
rectifiable curve y: [0, 1] — X such that y(0) = x, y(1) = y,and leny < cp(x, y), where len y is the length (variation) of the
curve y. We say that X is quasiconvex if it is c-quasiconvex for some ¢ > 1.

Note that convex subsets of normed linear spaces are 1-quasiconvex.
Remark 19. It is well-known and easy to prove that each bi-Lipschitz image of a quasiconvex metric space is quasiconvex.
The following example, which is essentially well-known (cf. [V1, Lemma 5.9]), will be used later in Remark@}

Example 20. Let X be a normed linear space such that dimX > 2 andlet0 < r < R < +oo. Then the spherical shell
D ={x € X; r <|x|| < R} is 2-quasiconvex. Indeed, let x, y € D. We may assume that || y|| > ||x||. Let t = max{s € [0, 1];
|x+s(y—x)| <|x||}. By [Schl Theorem 4J] there is a continuous rectifiable curve y joining x and x +¢(y —x) in S(0, ||x||) C D
such that leny < 2¢||y — x||. By concatenating y with the segment [x + ¢(y — x), y] C D we obtain a continuous rectifiable
curve joining x and y in D whose length is at most 2¢||x — y|| + (1 — ) ||x — y|| < 2||lx — y|.

There is a plenty of non-convex quasiconvex sets, e.g. bi-Lipschitz images of convex sets and spherical shells are quasiconvex
(by Remark[T9).

Lemma 21. Let A be a c-quasiconvex subset of a normed linear space and let f: A — Y be a uniformly continuous mapping
into a metric space (Y, o). Then there exists a concave w € M such that %a) <wr < co.

Proof. Let p; be the inner metric on A induced by the norm. Note that |x — y|| < pi(x, y) < c||x — y| foreach x,y € A. Then
the mapping f: (A4, p;) — Y is uniformly continuous; denote by a)} its minimal modulus of continuity. Proposition|16|together
with Fact , and Factimply that a)} is sub-additive and finite. Now Lemma iii) implies that there is a concave w € M such
that a)} <w< 2(0}. Since ||x — y| < pi(x, y), it follows that %w < a)} < wy. Further, using Factwe obtain

o(f(x), f(») < @p(pi(x, ) < 0(pi(x, ) < wlclly —x|) < co(|ly — x[)
for each x,y € A and so wy < cw.

The following application of quasiconvexity is well-known:

Proposition 22. Let X, Y be normed linear spaces, U C X an open c-quasiconvex set, and let f: U — Y be a Fréchet
differentiable mapping. If K = sup,.cy | Df (x)|| < 400, then f is cK-Lipschitz.

Proof. The convexity of neighbourhoods of points in U implies that f is locally K-Lipschitz. The statement now follows from
[V2] Lemma 5.5].
O

2.2. Subclasses of C!-smooth functions and Whitney-type conditions. Besides the class of C 1*-smooth functions we will
consider also the following subclasses of C !-smooth functions:

Definition 23. Let X be a normed linear space and U C X open. We denote by C1%(U), 0 < a < 1, the set of all Fréchet
differentiable functions f on U such that Df is a-Holder on U, i.e. C1*(U) = C1?(U) for w(t) = t*. We denote by C 1 (U)
the set of all Fréchet differentiable functions f on U such that Df is uniformly continuous on U, and by C§’+(U ) the set of all
Fréchet differentiable functions f on U such that Df is uniformly continuous on each bounded subset of U. Further, by Ckl)f U)
we denote the set of all functions on U which are locally C ' -smooth on U.

For the reader’s convenience we now recall two Whitney-type conditions (WG, ) and (W) used in Theorem andin Section
and introduce a third one, (Wg).
Definition 24. Let X be a normed linear space, £ C X, w € M, and f: E — R. We say that f satisfies condition
(Wg) if G: E — X* is uniformly continuous and for each ¢ > 0 there exists § > 0 such that
() = f(x) = (G(x),y —x)| < elly —x]|
whenever x,y € E and ||y — x| < §;
(WG,,) if there exist a mapping G: E — X* and M > 0 such that
1G(y) = G|l = Mo(]ly — x).
| f() = f(x) = (G(x),y = x)| < Mo(|ly = x[D ]|y — x]|
foreachx,y € E;

(W) if there exists a mapping G : E — X™* such that for each bounded B C E the function f is bounded on B, the mapping
G is bounded and uniformly continuous on B, and for each ¢ > 0 there exists § > 0 such that

| f() = f(x) ={G(x),y —x)| < elly —x]|

whenever x,y € B and ||y — x|| <§.
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Using only the continuity of w at 0 it is easy to see that
if f satisfies (WG,) with some G, then it also satisfies (Wg). 2)

For some other connections between the above conditions see Lemmata[53] [56] and Theorem [66} The motivation for the second
inequality in (WG, ) is the following fact which is an immediate consequence of the Taylor formula (see e.g. [HJ, Corollary 1.108]).

Lemma 25. Let U be an open convex subset of a normed linear space, f € CY(U), and suppose that the derivative Df is
uniformly continuous with modulus @ € M. Then

|f() = f(x) = Df )y = x]| = o(lly = xDlly — x]|
foreach x,y € U.
Indeed, Lemma 23] clearly implies the following fact:

Fact 26. Let U be an open convex subset of a normed linear space, o € M, and f € CY?(U). Then f satisfies condition
(WGy,) (with G = Df).

This fact will be generalised to quasiconvex sets in Lemma 6]
Sometimes we will work with renormed normed linear spaces, so we need to know whether certain properties or notions (e.g.
C 1-®_smoothness) are invariant with respect to renormings:

Lemma 27. Let (X, ||-||) be a normed linear space, V C X, w € M, and let |||-||| be an equivalent norm on X.
(i) Assume that  is sub-additive or V' is convex. Let H : (V, ||-||) = (X*, ||-|*) be uniformly continuous with modulus w. Then
there is K > 0 such that H : (V,|||-]||) — (X*,||Illl*) is uniformly continuous with modulus K w.

(ii) Assume that V is open, and w is sub-additive or V is convex. Then Cnl,ilw(V) = Cli_’m’(V).

(iii) Assume that V is open. Then C|I1~i|+(V) = C”l‘fm_(V).

(iv) Assume that @ is sub-additive and let f: V — R. Then f satisfies condition (WGy) on V in the space (X, |-||) if and only
if f satisfies (WGy,) on V in the space (X, |||-|||) (with the same mapping G ).

Proof. Let A € N be such that ||-|| < AJ||||-
(i) Pick any x, y € V. If w is sub-additive, then by (TJ
IH(x) = HW)II" < AllH(x) = HO)|* < Ao(|lx = yI) < Ao(A]llx = y[I) < Ao(llx = ).
If V is convex let us denote by w IH{‘H the minimal modulus of continuity of H under the metrics given by ||-|| and ||-||*. Then @ }5” is
sub-additive (Fact[9), and therefore by the first part of the proof

IH(x) — HO)II* < Aol (I1x = ylI) < A2o(lx — ).

(ii) Note that by the symmetry it suffices to show just one inclusion. Let f € Cnl. ”a’ (V) and let L > 0 be such that
Df: (V.| = (X*,|I|I*) is uniformly continuous with modulus L. Then Df: (V. |||-|I) — (X*,||-|I") is uniformly
continuous with modulus KL by (i) and so f € C III\j\TI) ).

(iii) Note that by the symmetry it suffices to show just one inclusion. Let f € C ”1. i|+( V). Choose any & > 0. There is § > 0

such that || Df(x) — Df(y)|* < § whenever x,y € V, |lx — y|| < 4. Now if x,y € V are such that [||x — y||| < %, then

Ix =yl < Alllx = ylll < 8 and so [|Df (x) = Df WII* < AIIDf(x) = DF(M)II* <e.
(iv) By the symmetry it suffices to show just one implication. So suppose that f satisfies condition (WG,,) on V' in the space

(X, ||I-|) with some G: V — X* and M > 0. By (i) there is K > 0 such that [||G(x) — G(y)|||* < KMw(|||x — y]||) for each
x,y € V. Further,

/() = f(x) = (G(x),y —x)| < M|y = xDIly — x[| < AMa(Allly — x[IDIlly — x|l < A2Mao(|lly = x[IDllly — x|
for each x, y € V. Thus f satisfies (WG,,) on V in the space (X, |||||[) with G and the constant M := max{A2M, KM }.

2.3. Semiconvex functions with modulus » and super-reflexive Banach spaces.

Definition 28. Let X be a normed linear space, U C X an open convex set, and w € M. We say that a function f: U — R is
semiconvex with modulus w (or w-semiconvex for short) if

fAx+ A =2)y) =Af(x)+ A =2 f() + A0 =Do(lx —yDlx =yl
forevery x, y € U and A € [0, 1]. We say that f: U — R is w-semiconcave if — f is w-semiconvex.

Remark 29. For the theory and applications of w-semiconcave functions in R” see [[CS]]. For a comparison of w-semiconvexity
with the closely related Rollewicz’s notion of strong paraconvexity (which works with min{A, 1 — A} instead of A(1 — 1)), see e.g.
[DZ, Remark 2.11] or [JouThZal p. 218].
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On infinite-dimensional spaces w-semiconvex functions need not be continuous (consider a discontinuous linear functional).
Similarly, the “strong C p-paraconvexity” used in [AM] does not imply continuity. Consequently [AM) Lemma 2.8] is not correct
as stated; apparently the assumption that % is locally bounded is omitted in its assumptions (without this assumption the proof
using [JouThZa, Proposition 6.1] does not work). Also the applications of [AM, Proposition 2.6] in several places need additional
explanation: It is used on functions which are not a priori continuous, e.g. the function F in the proof of [AM, Lemma 3.5].
However, from definitions of these functions it easily follows that they are locally bounded and so continuous by [JouThZal
Proposition 6.1]. An alternative explanation (noted by the referee of our paper) uses the observation that the proof of [AM,
Proposition 2.6] works also if the assumption of continuity of u is weakened to local boundedness of u only. After this change no
use of [JouThZal Proposition 6.1] (or Proposition [30]below) is necessary.

Note that, as for the continuity, w-semiconvex functions behave similarly as convex functions. The following well-known
proposition is an analogue of the classical results for convex functions. (Later we will use the assumption (ii), although the
application of (i) would be also possible.)

Proposition 30. Let X be a normed linear space, U C X an open convex set, w € M, and f: U — R an w-semiconvex function.
Suppose that one of the following conditions hold:

(i) f islocally bounded.

(ii) X is a Banach space and f is lower semi-continuous.

Then f is locally Lipschitz (and hence continuous).

Proof. (i) Observe that f is strongly «(-)-paraconvex for a(¢) = rw(t) with constant C = 1 (it follows from the inequality
t(1 —t) <min{z, 1 —t},1 € [0, 1], cf. [DZ, Remark 2.11] or [JouThZal p. 218]), so the statement follows by [R Proposition 5].
Alternatively we can use [JouThZa, Proposition 6.1(b)], since each w-semiconvex function on an open ball is clearly strongly
1-paraconvex.

(ii) Let xo € U. Choose § > 0 such that B(x¢,8) C U andset g = f on B(xp,d) and g = +o0 on X \ B(xyp, d). It is easy to
check that g is a proper lower semi-continuous function that is approximately convex on U in the sense of [NLT]. So the statement
follows by [NLT), Proposition 3.2].

O

The next fact follows easily from the definition of w-semiconvexity (as in the proof of [CS|, Proposition 2.1.5]):

Fact 31. Let X be a normed linear space, U C X open and convex, and w € M. Let {uq}yep be a family of w-semiconvex
Sunctions on U. Set u = sup,c 4 Uy and assume that u(x) < +oo for each x € U. Then u is also w-semiconvex.

For the following well-known fact see e.g. [KZl (5), p. 838] or [DZ, Lemma 5.2].

Lemma 32. Let X be a normed linear space, U C X open convex set, and let f: U — R be Fréchet differentiable such that Df
is uniformly continuous on U with modulus @ € M. Then f is w-semiconvex on U.

Remark 33. In the preceding lemma we can also clearly assert that f is w-semiconcave. On the other hand if f is continuous
and both w-semiconvex and w-semiconcave, then for some U (e.g. U = X) it follows that f € C*(U). For more information
see [KZ]] and [[AM, Proposition 2.6].

The first basic ingredient of our paper is the following insertion theorem which is a version of the well-known Ilmanen’s lemma.

Theorem 34 ([Krll Corollary 3.2]). Let X be a normed linear space, w € M, and let fi < f, be continuous functions on X such
that f is w-semiconvex and f5 is w-semiconcave. Then there exists f € C1?(X) such that fy < f < f>.

Remark 35.

(a) Theorem [34]is independently (implicitly and in a different language) proved in [AM, Proof of Theorem 3.2].

(b) Using [Krll Theorem 3.1] and [KZ, Corollary 4.3] we can assert that Df is uniformly continuous with modulus 4w in
Theorem 341

We now recall some facts we need about super-reflexive Banach spaces. For the original definition of super-reflexive spaces and
several of their characterisations see e.g. [DGZ] or [BLI]. For example a Banach space is super-reflexive if and only if it has an
equivalent norm which is uniformly smooth.

Recall that if X is a Banach space, then the modulus of smoothness of the norm of X (or of the space X) is defined as

lx + =yl + llx — oyl
2
Notice that p(7) < t for any 7 > 0. We say that the modulus of smoothness is of power type p > 1 if there exists K > 0 such

that p(t) < Kt? for each 7 > 0; see e.g. [DGZ]. Note that if p is of power type p > 1, then it is also of power type g for any
1 < g < p (recall that p(t) < t < 9 for T > 1). For the following Pisier’s result see e.g. [DGZ] or [BL} p. 412].

p(t) = sup —Lix.yeX |x|=yll=1; z=0.

Theorem 36. A Banach space is super-reflexive if and only if it has an equivalent norm with modulus of smoothness of power type
pforsomel < p <2.

Remark 37. Itis well-known (see [DGZ, Corollary V.1.2]) that if 1 is any measure, then L, () has modulus of smoothness of
power type p (resp. 2) if 1 < p <2 (resp. p > 2). In particular, every Hilbert space has modulus of smoothness of power type 2.
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We will need also the following well-known fact (see e.g. [DZ, Lemma 2.6] for an argument).

Lemma 38. If the norm ||-|| of a Banach space X has modulus of smoothness of power type 1 + o for some 0 < a < 1, then the
Fréchet derivative D ||| exists and is a-Holder on Sx.

The following lemma, which is the second basic ingredient of our paper, is a direct consequence of [DZ, Lemma 5.3] (together
with Lemma[38).

Lemma 39. Let o € M be a concave modulus and let X be a super-reflexive Banach space whose norm has modulus of
smoothness of power type 1 + « for some 0 < a < 1. Denote ¢(t) = fé w(s)ds fort > 0and v(x) = ¢(||x||) for x € X. Then
the following assertions hold:

(i) If w is bounded, then v € C'° (X) for some bounded o € M.
(ii) Ifa = 1, then v € CH?(X).
(iii) If o(t) = ctP for some 0 < B < a andc > 0, thenv € CH?(X) = CVP(X).

Indeed, it is sufficient to use Lemmaand then [DZ, Lemma 5.3] with 8 := o, o := B, ¢ := w, and ¥ := ¢. The items (i),

(i1), (iii) follow from items (ii), (iv), (v) of [DZ, Lemma 5.3], respectively.

Remark 40. Assertion (ii) and a slight generalisation of (iii) are essentially proved in [AMI]. Namely the proof of [AM| Lemma 3.6]
shows that v € C 1 (X) whenever the function p(¢) := t*/w(t), ¢ > 0, is non-decreasing, which clearly implies (iii) and also (ii),
since for @ = 1 the function p is non-decreasing, because the concavity of @ implies that w(z)/t = 1/p(¢) is non-increasing.
However, this latter fact is not mentioned explicitly in [AM].

3. BASIC LEMMATA AND A PROPOSITION

The third basic ingredient of our paper is the following easy but non-trivial fact that is (without the explicit constant 6) implicitly
almost contained in [AMI]] without a proof or a reference (cf. first two lines of p. 3 and the note just after Definition 1.4).

Lemma 41. Let X be a normed linear space, E C X, let w € M be concave, and suppose that f: E — R satisfies condition
(WGy) on E with a mapping G: E — X* and M > 0. Let ¢(t) = fé w(s)ds fort > 0. For each 7 € E set

hz(x) = f(2) +(G(2). x — 2) — 6Mo(|[x — z|D.
Hz(x) = f(2) +(G(2).x —z) + 6Mo(||lx — z]). x € X,
and define
h(x) = sup hy(x), H(x)= in}fE H;(x), xeX.
z€E ze

Then h(x) < H(x) for each x € X.
Proof. Letx € X and z;, 2z, € E. It is sufficient to show that 7, (x) < H, (x), which clearly follows from

| f(z1) = f(z2) + (G(z1), x — 21) = (G(22), X — 22)| < 6Mo(|x — z1]) + 6Mo(|lx — z2).

To prove this inequality we may assume that ||x — z1|| < ||x — z2||. Using the concavity of w via Fact[I0]and Fact[13](twice) we
obtain

o(llz1 — z2lDllz1 — 22l < 420 (3 lz1 — z2l)llz1 — z2ll <8¢ (3llz1 — z21)
<8¢ (5llx — z1ll + 3llx — z2ll) < 4e(llx — z1]) + 4@(llx — 22[)
and using sub-additivity of w (Fact[I0) and Fact[I3|we obtain
o(lz1 = z2Dlx = z1ll < (@(lx = z1]) + @(llx — z2[D)llx — 24|
< o(llx —z1Dllx = z1ll + o(llx — z2[Dllx — z2ll = 2¢(llx — z1]) + 2¢(llx — z2D.
Thus
| f(z1) = f(z2) + (G(z1), x —21) = (G(22), x — 22)| = | f(z1) = f(z2) = (G(22). 21 — 22) + (G(21) — G(22), X — z1))|
< Mo(||lz1 —z2Dllz1 — 22|l + Mo(llz1 — z2|DIx — z1|
= 6Mo([lx —z1l) + 6Mo([x — z2[).
O
All our extension results are based on the proposition below (which is a consequence of Lemma [#1] and Theorem and

Lemma@} This proposition with 0 = w is essentially mentioned in [AM] (see the first sentence after [AM, Theorem 1.10]) and
is essentially implicitly used in [AM]]. The case 0 # w together with Lemma[39|i) will be used substantially in Section[3}

Proposition 42. Let w € M be concave, p(t) = fé w(s)ds fort > 0, and 0 € M. Let X be a Banach space such that the
function v(x) = o(||x||), x € X, is C1%-smooth. Let f be a real function on E C X which satisfies condition (WGy,) on E with
some mapping G: E — X*. Then f can be extended to a function F € C'°(X) such that DF (x) = G(x) for each x € E.
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Proof. Let M > 0 be as in condition (WG,,). For each z € E set
hz(x) = f(2) +(G(2).x —z) = 6Mo(||x — z]).
Hz(x) = f(2) +(G(2).x —z) + 6Mo(||lx — z]). x € X,

and define
h(x) =sup h;(x), H(x)= inf H;(x), x € X.
z€E z€E
Then h < H by Lemmad1] Let x € E. Since hy(x) = Hy(x) = f(x), it follows that H(x) < f(x) < h(x) and consequently
h(x) = f(x) = H(x).

By the assumptions there exists K > 0 such that Dv is uniformly continuous with modulus Ko, which easily implies that for
each z € E the derivative Dh; is uniformly continuous with modulus 6 M K. So each function /4, z € E, is continuous and
semiconvex with modulus 6 M Ko by Lemma[32]and so also (clearly finite) function / is semiconvex with modulus 6M Ko by
Fact[31] Further, A is clearly lower semi-continuous, and so it is continuous by Proposition[30{ii). Quite analogously (working with
functions —H,; and —H = sup,.p —H) we obtain that H is semiconcave with modulus 6 K¢ and continuous. So Theorem
implies that there exists F € C1»6MKo(x) = C1.9(X) suchthath < F < H. Since h(x) = H(x) = f(x) for x € E, it follows
that F is an extension of f.

Further, fix z € E. Then h;(x) < h(x) < F(x) < H(x) < H,(x) for each x € X. Since Dv(0) exists by the assumption
and v has a minimum at 0, it is clear that Dv(0) = 0. Therefore Dh,(z) = G(z) = DH,(z). Since also h; < F < H; and
hz(z) = F(z) = Hz(2), itis easy to see that DF(z) = G(z2).

O

Remark 43. The smoothness of v and the introduction of functions 4, and & (with M = 1/6) was essential already in [DZ] in
connection with extensions of w-semiconvex functions; see [DZ, Lemma 5.4 and Proposition 5.12].

Remark 44. In fact the completeness of X in the previous proposition is not necessary. The continuity of 2 and H can be
alternatively easily deduced from Proposition [30i).

Remark 45. The space X from the assumptions of Proposition [42]is necessarily super-reflexive, provided that @ # 0. Indeed, let
a > 0. Then ¢(a) > 0. Let ¥y € C!(R) be such that y(¢) = 0 for t > ¢(a) and ¥ (0) > 0. Then ¥ o v is a C*T-smooth bump
(use [HJ, Proposition 1.128](ii) on a sufficiently large ball). Consequently X is super-reflexive by [DGZ, Theorem V.3.2].

The following fact is a basic tool for our extension results from open quasiconvex sets.

Lemma 46. Let U be an open c-quasiconvex subset of a normed linear space X, w € M, and f € C¥®(U). Then f satisfies
condition (WGg) with G = Df (and M = 4K c3, where K > 0 is such that wpr < Kw).

Proof. Consider an arbitrary K > 0 such that wpy < Kw. By Lemmathere is a concave @ € M such that %&3 < wpy < co.
Note that @ < 2wpyr < 2Kw. Consider arbitrary different points x, y € U. Then we can choose a continuous y: [0, 1] — U
such that y(0) = x, y(1) = y,and 0 < ||x — y|| < L :=leny < c¢|x — y|. Set & = dist(y([0, 1]), X \ U). Then & > 0 by the
compactness of y([0, 1]). By the uniform continuity of y we choose § > 0 such that ||y(s) — y(¢)|| < € whenever 0 <s <t <1
and ¢t — s < §. Further, choose points 0 =ty <ty < --- <ty <1t = l suchthatt; —t;_y < § fori = 1,...,n and denote
x; = y(t;). Then clearly xo = x, x, = y, and

n
||xj_x0||§Z||Xi—xi—1||§L, j=1,....,n. (3)
i=1
The choice of ¢, §, and 1y, . . . , t, implies that x; € U(x;—1,6) C U fori = 1,...,n, and so Lemmatogether with wpy < co
and (B) imply that
| f(xi) = f(xiz1) = Df (xi—)[xi — xi—1]| < cd(l|xi — xi—1 D) l1xi — xi—1 || < c@(L)[lxi — xi—1 ]|

fori = 1,...,n. Further, wps < c& with (3) gives || Df (x;) — Df(xo)|| < ca&(||x; — xol|) < c@(L) for j = 1,...,n. Using
these inequalities, @]), the concavity of @, and ¢ > 1 we obtain
n

Y (f(i) = f(xim1) = D Df (xo)lxi — xi—1]

i=1 i=1

|f(7) = f(x) = Df )y — ]|

n

D (fxi) = fximn) = DF(i—D)[xi — xi-1])

i=1

n

> (Df (xi-1) — Df (x0))[xi — xi1]

i=1

IA

+

n n
<Y ed(L)|xi = xiall + Y ed(L)llxi —xi—1 || < 2cB(L)L
i=1 i=1

<2c%a(clly —xIDlly — x| <2¢*a(lly = xIDlly — x| < 4KPw(lly — xD Iy — x[,
and so f satisfies (WG,,) with G = Df and M = 4Kc¢?, since wpy < Ko < Mw.
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4. THE C1® CASE

The main result of this section is Theorem [2] For the convenience of the reader we will repeat the statement.

Theorem[2} Let w € M be a concave modulus and let X be a super-reflexive Banach space that has an equivalent norm with
modulus of smoothness of power type 2. Let E C X and let [ be a real function on E. Then f can be extended to a function
F € CY(X) ifand only if f satisfies condition (WGy,) on E. Moreover, if (WG,,) is satisfied witha G : E — X*, then F can
be found such that DF (x) = G(x) for each x € E.

The assumption on X cannot be relaxed, see Remark @ka).

Proof. = This implication holds in fact in an arbitrary normed linear space X . Indeed, Fact[26]implies that F satisfies (WG,,) on
X and so f satisfies (WG) on E.

< Choose an equivalent norm |||-||| on X with modulus of smoothness of power type 2. Then f satisfies condition (WG,,) with
respect to the norm |||-||| with some G (Lemma|27(iv)). The function v = ¢ o |||-|||, where ¢(¢) = fot w(s) ds, is C ®-smooth on

(X, Il by Lemmaii). So we can apply Propositionwith 0 = w and extend f to a function F on X which is C 1>*-smooth
on (X, |[I-/ll), and hence also on (X, ||-||) by Lemma[27]ii). Moreover, Proposition 42 gives that DF (x) = G(x) for each x € E.
O

As a corollary we obtain the following true extension theorem.

Corollary 47. Let X be a super-reflexive Banach space that has an equivalent norm with modulus of smoothness of power type 2.
Let U C X be an open quasiconvex set, o € M, and f € CY?(U). Then f can be extended to a function F € C'®(X).

The assumption on X cannot be relaxed, see Remark [69]

Proof. There is K > O such that wpr < Kw. By Lemmathere are a concave @ € M and ¢ > 1 such that %5 < wps = co.
Therefore f € C~1’”~’(U ) and Lemma@ then implies that f satisfies condition (WGg) on U. Thus f can be extended to a
function F € C1%(X) by Theorem Since @ < 2wps < 2Kw, it follows that F € C1*(X).

O

Corollaryfor X =R"and w(t) =t,t > 0, “almost follows” from [BBl Theorem 2.64]; for the details see the following
remark.

Remark 48. (a) [BB] Theorem 2.64] gives thatif w € M is concave, U C R" isa (C, w)-convex domain, k > 1,and f € C'k’“’(U),
then f has an extension F € C%©(R"). Note that if f € C'*(U) and both f and Df are bounded, then clearly f € C®(U)
(and the opposite implication holds for U = R"). Further, if w(t) = ¢ for t > 0, then (C, w)-convexity coincides with
C-quasiconvexity. Using these facts we obtain that the assertion of Corollary 47| follows from [BB] Theorem 2.64] if X = R”",
w(t) =t fort > 0, and both f and Df are bounded on U.

(b) However, this connection between Corollary [47|and [BBl Theorem 2.64] fails for some more general moduli. For example,
if 0 <« < 1isfixed and wy (t) = t* for ¢ > 0, then the set of all open quasiconvex sets in R” (n > 1) is strictly larger than the set
of all (C, wy)-convex domains with any C > 0. Indeed, suppose that U C R” is a (C, w,)-convex domain, i.e. for each x, y € U
there exists a “polygonal line y : [0, 1] — U joining x and y with the segments [y (#;), y(ti+1)], where 0 = tp < t; <--- <t =17
such that

k—1
Cou (V) 1= Yy (i) =y @) < Cllx = y]|*.
i=0
Then

1
o

k—1 k—1
1
leny = lly(ti1) — y()| < (E IIV(ti+1)—V(ti)||°‘) =Cafx—yl.
i=0 i=0

(For the first inequality recall that w,, is sub-additive.) Therefore U is C é-quasiconvex Note that this fact that we just proved
contradicts the incorrect claim from [BB] that the set G 1 from [BBI, Figure 2.1] (cf. Remark@) which is clearly not quasiconvex,

is (C, wy )-convex. For another argument that this clalm is incorrect see Remark.
Further, in the case o« = 3 L (other cases are similar) we can define an open quasiconvex set U C R? which s not a (C, oy )-convex
domain for any C by

1 1
U=(x,y)eR*0<x<1,x*sin— <y <x4+xzsin—}.
b X
It is not too difficult to prove that U has the aforementioned properties.

Remark 49. It is well-known that Corollary |7 (resp. Corollary [53|below) does not hold for general simply connected domains U
(i.e. we cannot relax the assumption of quasiconvexity of U to being simply connected) even when X = R? and w € M is
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arbitrary concave non-zero (resp. 0 < o < 1). Since we were not able to find a reference to a corresponding construction, we
supply the following easy one: Let U = (0,3) x (0,3) \ ([1,2] x [1,2] U (0, 1) x {2}) C R? and define f: U — R by

0 for (x,y) € (0,3) x (0,1) U (0, 1) x [1,2),
feey) =11 for (x, y) € (0,3) x (2,3),
sinz(g(y -1) for (x,y) € (2,3) x[1,2].

Then f € CH1(U) c C1*(U), but it cannot be extended even to a continuous function on U.

Now we prove a proposition which works with arbitrary (possibly non-concave) moduli @ € M and may be regarded as a
generalisation of Theorem 2]

Proposition 50. Let X be a super-reflexive Banach space that has an equivalent norm with modulus of smoothness of power
type 2. Let E C X, let f be a real function on E, and let ® € M. Then f can be extended to a function F € C'®(X) if and only
if there exists a concave € M such that v < w and f satisfies (WGy,) on E. Moreover, if f satisfies (WGy,) with some G,
then F can be found such that DF (x) = G(x) for each x € E.

Proof. = Let K > 0 be such that wpr < Kw. The modulus wpr is sub-additive (Fact@l) and so there is a concave @ € M
such that wpr < ® < 2wpr < 2Kw (Lemma iii)). Thus we can define concave modulus ¥ = %5 for which ¥ < w and
F e CYY(X). Fact implies that F satisfies (WGy ) on X and so f satisfies (WGy ) on E.
< By Theorem [2|the function f can be extended to F € C¥(X) C C*(X) and the “moreover” part holds.
O

In connection with the previous proposition, in the following remark we consider the validity of Theorem [2] for non-concave
moduli. The main observation is that the assumption of concavity cannot be completely dropped.

Remark 51. (a) Assume that @ € M is not concave and Theorem [2]holds for this . Then there is a non-zero concave ¥ € M
such that ¥ < w (which is clearly equivalent to the fact that lim inf,_, ¢+ @ > 0). Indeed, consider e € X, e # 0. Set f(0) =0,
f(e) = 0, f(2¢) = 1. Then f clearly satisfies (WG,) (e.g. with G = 0) and so can be extended to F; € C'?(X). By
Propositionthere exists a concave ¥ € M such that ¢y < w and f satisfies (WG, ). Thus by Theoremthe function f can
be extended to F, € C ¥ (X). It follows that ¥ is non-zero. Otherwise DF, would be constant and in turn F, would be affine,
which is a contradiction with the definition of f.

So we have shown that Theorem [2]does not hold for arbitrary w € M.

(b) Of course there are some non-concave moduli @ for which Theorem [2]holds. In fact it is easy to see that it is sufficient to
assume that there exist a concave ¥ € M and K > 0 such that ¥ < w < K, which holds e.g. if @ is sub-additive (Lemmaiii)).
However, we do not know whether this condition is necessary.

Other interesting consequences of Proposition[#2] are the following extension results for functions with Holder derivatives.

Theorem 52. Let 0 < o < 1 and let X be a super-reflexive Banach space that has an equivalent norm with modulus of smoothness
of power type 1 + a. Let E C X and let f be a real function on E. Then f can be extended to a function F € CY%(X) if and
only if condition (WGy,) holds for w(t) = t*.

Moreover, if (WGy,) is satisfied witha G: E — X*, then F can be found such that DF (x) = G(x) for x € E.

The assumption on X cannot be relaxed, see Remark @Ka).

Proof. = follows from Fact[26]in an arbitrary normed linear space as in the proof of Theorem [2]
<« Choose an equivalent norm |||-||| on X with modulus of smoothness of power type 1 4+ «. Then f satisfies condition (WGy,)
with respect to the norm |||-||| with some G (Lemmaiv)). The function v = ¢ o |||-|||, where ¢(t) = fot w(s)ds, is C1®-smooth
on (X, ||I-/ll) by Lemma [3%iii). So we can apply Proposition 42| with 0 = w and extend f to a function F on X which is
C 1®_smooth on (X, |||]Il), and hence also on (X, ||-||) by Lemmii). Moreover, Proposition gives that DF (x) = G(x) for
eachx € E.
O

By Remark [37] Theorem 52| (and its Corollary [53)) can be applied e.g. if X is isomorphic to some L, () with p > 1 4 a.

Corollary 53. Let 0 < o < 1 and let X be a super-reflexive Banach space that has an equivalent norm with modulus of
smoothness of power type 1 +a. Let U C X be an open quasiconvex set and f € C“*(U). Then f can be extended to a function
F € CH¥(X).

The assumption on X cannot be relaxed, see Remark [69]

Proof. Setw(t) = 1 for¢ > 0. Lemma[46]implies that f satisfies condition (WG,,) on U and so f can be extended to a function
F € C'%(X) by Theorem[52]
O
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Remark 54. Let X be a normed linear space and let w € M be such that w(¢) > 0 for ¢ > 0. Assume that we can extend every
function from an arbitrary closed subset E of X satisfying condition (WG,,) on E to a function in C 1*(X). Then we obtain the
following smooth separation property: For every closed A C X and § > O there is a function ¢ € C1*?(X) such that ¢ = 1 on 4
and ¢(x) = 0 whenever dist(x, A) > §. Indeed, set f = 1,G =0onAdand f =0,G =0on B = {x € X; dist(x, A) > §}.
Then f satisfies condition (WG, ) with G and M = WI(S) on the closed set A U B and so it can be extended to a desired function
@ € C1®(X). In particular, we can produce a C *?-smooth bump function on X and consequently X is super-reflexive by [DGZ|
Theorem V.3.2]. (A similar observation is already known, cf. [AM, p. 9].)

In the Holder case, i.e. w(t) = t* for some 0 < o < 1, we obtain two new interesting applications.

(a) The assumption on X in Theorems [2]and [52] (i.e. the existence of an equivalent norm with modulus of smoothness of power
type 2, resp. 1 + «) cannot be relaxed (for Theorem 2] consider w(¢) = ¢). This follows again from [DGZ, Theorem V.3.2].

(b) The above separation property gives the existence of a locally finite C "*-smooth partition of unity on an arbitrary open
U C X subordinated to an arbitrary open covering of U. Indeed, we use [HJ, Lemma 7.49, (ii)=(vi)] with S = {¢ € C1*(U);
¢ is bounded and Lipschitz}. Then S is a partition ring on U, which can be seen by repeating the beginning of the proof of
[HJ, Theorem 7.56] with obvious changes. To verify condition [HJ, Lemma 7.49(ii)], given V' C W C U bounded open sets
satisfying dist(V,U \ W) > O we set A = V,§ = dist(V,U \ W) and use the separation property above. This gives us a
corresponding ¥ € C1%(X) and since it has a bounded support, both ¥ and its derivative are bounded and so v is Lipschitz.
Thengp = ¢ [y € S.

Therefore as a corollary of Theorem we obtain the existence of locally finite C"*-smooth partitions of unity on (open
subsets of) super-reflexive spaces that have an equivalent norm with modulus of smoothness of power type 1 + «. The proof we
just described is much easier than the original proof in [JohToZi] which uses some deep and heavy machinery of non-separable
Banach space theory. So we believe that the above observation is interesting in itself.

5. THE C1T CASE
First we observe two more connections (deeper than (2))) between the Whitney-Glaeser type conditions from Definition 24}

Lemma 55. Let X be a normed linear space, let f be a functionon E C X, and let G: E — X*. Then the following statements
are equivalent:

(i) f satisfies condition (Wg) and for each d > 0 there exists K > 0 such that
IG(y) =G| = K|y — x|,
|f() = f(x) = (G(x),y —x)| < Klly — x|

whenever x,y € E, ||y — x| > d.
(ii) There exists a concave modulus w € M such that f satisfies condition (WG) with G on E.

Proof. (i))=>(i) Let M > 0 be the constant from condition (WG,,). The function f clearly satisfies condition (Wg) (see (@)).
Now let d > 0 be given. Then (1) = w(4d) < Lw(d) fort > d by Fact It follows that

d
160) = GEoll = Moy —xl) = M2y — v,
d
F0) = () = (6. y = x)] = Moy —xlly =<l < M 2y

whenever x,y € E, ||y — x|| > d.
(i)=-(ii) For each § > 0 set

a(§) = sup max{[|G(y) — Gx)|, if(y) - f(x)—(G(x),y _x>|

x,ye€E ”y —X”
0<|ly—x[<8

if{(x,y) e EXE; 0<|y—x| <38} # 0 and a(§) = 0 otherwise. Obviously, «: [0, +00) — [0, +0o¢] is non-decreasing
and «(0) = 0. Using (W) we easily see that lims_,o, @(§) = 0. In particular there exists 8o > 0 such that «(§) < 1 for each
0 < é < 8g. Let K > 0 be the constant from (i) corresponding to d = §y. Then

|/ () = f(x) = {G(x), y — x)|
Iy —xIl

whenever x,y € E and §o < ||y — x|l < &, and so «(§) < max{l, K§} for each § > 0. Hence & € M and by Lemma[12{i)

there exists a concave modulus @ € M such that « < . Now if arbitrary u,v € E satisfying u # v are given, then

max{[|G(v) — G|, |f(v)_f(ﬁ1)):ﬁ(")’"_")‘} <a(lv—ul) < o(|v—u|)and so f satisfies (WG,,) on E with G and M = 1.

O

IG(y) —GX)|l = K|y — x|l = K& and = Kly—xll=Ks

Lemma 56. Let X be a normed linear space, let f be a functionon E C X, and let G: E — X*. Then the following statements
are equivalent:

(i) f is Lipschitz, G is bounded, and f satisfies condition (Wg).

(ii) There exists a bounded concave modulus @ € M such that f satisfies condition (WGy) with G on E.
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Proof. (ii))=(i) The function f clearly satisfies condition (W¢) (see (2)). Further, suppose that f satisfies condition (WG,,)
on E with G and some M > 0. Let K > 0 be such that w(¢) < K fort > 0. Fix xg € E and set L = ||G(xo)|| + MK. Then
G = 1G(xo) [l + [1G(x) = G(x0)|| = |G(x0)|| + M(|lx — xo) < L forany x € E. Finally,

|fD) = O = |f) = f(x) ={G(x), y =x)| + (G (x), y = x)| =< M([ly =xDIly =xI| + LIy —x| < (KM + L)||y —x||

forany x,y € E.
(1)=(ii) Let L > 0 be such that f is L-Lipschitz and ||G(x)| < L for each x € E. Then

IG() ~ Gl =2L and [f(y)— f(x) = (G(x).y —x)| = 2Ly — x| “4)

whenever x,y € E. So,if d > 0 and x,y € E are such that |y — x| > d, then ||G(y) — G(x)| < %Hy — x| and
|f(y) —f(x)—(G(x),y— x)‘ < % ||y — x||?. Therefore by Lemmathere is a concave @ € M such that f satisfies condition
(WGg) on E with G and a constant M > 0. Using this fact and () we obtain that f satisfies condition (WG, ) on E with G and
the constant M, where w = min{@, %}

O

Theorem 57. Let X be a normed linear space, E C X, and let f be a real function on E. Consider the following statements:

(i) f can be extended to a function F € C1F(X).
(ii) There exists G such that f satisfies condition (W) and for each d > 0 there exists K > 0 such that

1G(y) =G| = K|y — xI|.
|f(0) = () = (G(x),y = x)| < K|y — x|?
whenever x,y € E, ||y — x| > d.

Then (i)=(ii). If X is a super-reflexive Banach space that has an equivalent norm with modulus of smoothness of power type 2,
then both statements are equivalent and moreover if (ii) holds, then F can be found such that DF (x) = G(x) for each x € E.

Proof. ()= (ii) By Fact@ wpf € M is sub-additive and so by Lemma iii) there is a concave w € M such that wpr < w.
Fact26lused on F implies that f satisfies condition (WGy,) on E with G = DF | g and we may apply Lemma 53}
(i))=(i) By Lemma [55] there exists a concave modulus @ € M such that f satisfies condition (WG,) with G on E. By
Theorem [2] the function f can be extended to a function F € C(X) C C1¥(X) such that DF(x) = G(x) for each x € E.
O

Remark 58. We do not know whether the assumption on X for (ii)=>(i) in the preceding theorem (i.e. the existence of an equivalent
norm with modulus of smoothness of power type 2) can be relaxed. However, the super-reflexivity of X is necessary: An extension
of the function defined by f = 0 on X \ By and f(0) = 1 (which satisfies (ii) with G = 0) produces a C >*-smooth bump, so
we can use [DGZ, Theorem V.3.2].

The following theorem is an extended version of Theorem [6]

Theorem 59. Let X be a super-reflexive Banach space, E C X, and let f be a real function on E. Consider the following
statements:

(i) f is bounded and satisfies condition (W) for some bounded G.

(i) f is Lipschitz and satisfies condition (W) for some bounded G.
(iii) f can be extended to a Lipschitz function F € C11(X).

(iv) f can be extended to a function F € CF(X).
Then (i)=(ii) <& (iii)=>(iv). If E is bounded, then all four statements are equivalent.

Moreover, if (i) or (ii) holds, then F can be found such that DF (x) = G(x) for each x € E.

For the most important implication (ii)=>(iii) the assumption on X cannot be relaxed, see Remark[g_g} Cf. also Remark@

Proof. ()= (ii) Let K > 0 be such that |G(x)|| < K and | f(x)| < K for each x € E. Condition (W¢) implies that there is
6 > 0 such that |f(y) — f(x) = (G(x),y —x)‘ < ||y — x|| whenever x, y € E are such that ||y — x|| < 8. Now letx,y € E.
If |y — x| <4, then

S = QI = | f() = f() = (G(x). y = )| + [(G(x), y = x)| < ||y —x]| + K[|y — x].

On the other hand, if ||y —x|| > §, then | f(y) — f(x)| < 2K = 2£8 < 2K ||y —x|. Altogether, f is max{1 + K, 3£ }-Lipschitz.

(ii)=(iii) By Lemma 56| there exists a bounded concave modulus @ € M such that f satisfies condition (WG,,) with G on E.
By Theorem 36| there is an equivalent norm |[||-||| on X that has modulus of smoothness of power type 1 + « for some 0 < o < 1.
Lemma iV) implies that f satisfies (WGy) in (X, |||-|||) with the same mapping G. Denoting ¢(t) = f(; w(s)ds fort > 0 and
v(x) = o(|||x]||) for x € X, Lemmai) gives that v € CIII\-JI(IT\ (X) for some bounded o € M. By Propositionused on the space

(X, |||-]I]) there is F € Clﬁj“l’l(X) which is an extension of f with DF = Gon E.So F € Clﬁif(X) Cc CLH(X) by Lemmaii).

Finally, since o is bounded, DF is bounded as well, and therefore F is Lipschitz.
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>iii))=(i) By Fact@], wpr € M, and so F satisfies condition (WG,,,,,.) with G; = DF on X by Fact Thus f satisfies
condition (WG, ) on E with G = DF | g which implies that f satisfies condition (Wg) by (Z). Moreover, DF ' is bounded as
F is Lipschitz, and so G is bounded and clearly f = F | g is Lipschitz.

(iii)=(iv) is trivial.

Now suppose that E is bounded and let us prove (iv)=(i). By Fact@], wpr € M, and so F satisfies condition (WG ,,-) on X
by Fact[26] Thus f satisfies condition (WG,,,-) on E with G = DF | g which implies that f satisfies condition (W¢) by (2).
Further, let B C X be a ball with £ C B. Then DF is bounded on B, as it is uniformly continuous, and so F' is Lipschitz on B
and hence bounded on B. Consequently, both G and f are bounded.

O

Remark 60. In connection with Theorems [57| and |59 note that condition (Wg) (even with G = 0) alone does not imply the
existence of a C > -smooth extension even on R. Indeed, let E = N C R and let f(2n) = 0, f(2n — 1) = n, and G(n) = 0 for
n € N. Then f clearly satisfies (Wg). However, f cannot be extended to F € C*(R): Suppose the contrary. Then for each
n € N the Mean value theorem implies the existence of ¢, € (2n — 1,2n) and &, € (2n,2n + 1) such that F’'({,) = —n and
F'(§)=n+1.But2n+ 1= F'(§) — F'({n) < wp/(2) foreach n € N, so wp/(2) = +00, a contradiction with Fact[9] (since
moduli in M are finite).

Corollary 61. Let X be a super-reflexive Banach space, ¢ > 1, and let U C X be an arbitrary union of uniformly separated
open c-quasiconvex sets. If f € CY(U) is Lipschitz, then it can be extended to a Lipschitz function F € C1F(X).

The assumption on X cannot be relaxed even in the most interesting case when we extend from one open bounded quasiconvex
set, see Remark [69]

Proof. Let §p > 0be such that U = UyEF Uy, where each U, is an open c-quasiconvex set and dist(Uy, Ug) > 8 fora, B € I,
a # B.Denote f, = f ly,.Giveny € I', Lemmaimplies that wpy, € M and Lemma(with ® = wpf, and K = 1) then
implies that f satisfies (WGq), ) onUy withG = D f, and M = 4¢3. We claim that f satisfies condition (Wpy). Indeed, Df
is uniformly continuous by the assumption. Further, let ¢ > 0. There is 0 < § < 8o such that wps (8) < %. Now if x,y e U,
|ly—x| < 8,thenthereisy € I" suchthatx, y € U, andso |f(y)—f(x)—(Df(x),y—x)| = }f(y)—f(x)—(ny(x),y—x)| <
4’|y = xllwps, (Iy = xl) < 4c?|ly — xllops Iy — x[) < elly — x].
Moreover, Df is bounded since f is Lipschitz. Therefore f can be extended to a Lipschitz function F € C'*(X) by
Theorem[59} (ii)=>(iii).
O

Corollary 62. Let X be a super-reflexive Banach space, U C X an open quasiconvex set, and f € C“T(U). Suppose that at
least one of the following two conditions is satisfied:

(a) X has an equivalent norm with modulus of smoothness of power type 2,
(b) U is bounded.
Then f can be extended to a function F € C1F(X).

For the case (b) the assumption of super-reflexivity of X cannot be relaxed, see Remark [69]

Proof. Suppose that X has an equivalent norm with modulus of smoothness of power type 2. Lemma[21]implies that there exists a
concave @ € M such that f € C1®(U). Lemmathen implies that f* satisfies (WG,,) on U. Therefore f can be extended to a
function F € C*(X) by Theorem 2|
Now suppose that U is bounded. Lemmaimplies that wps € M and so Df is bounded on U. Therefore f is Lipschitz
(Proposition[22) and we may use Corollary [61]
O

Remark 63. The assumption of quasiconvexity in Corollaries[61]and[62] (and in Corollary [67]below) cannot be dropped even in the
case when U is a Jordan domain. To this end, consider the set

U=U((0,0),1)\ {(x,»); x > 0,]y| <x?} CR?
(which coincides with the set G, from [BB], p.136, Figure 2.1]) and define f: U — R by

ifx <0ory <0,

0
X, y) =
Jx.) x2 if x >0and y > 0.

Then it is easy to check that f € C13(U) ¢ C1F(U) and that f is Lipschitz. On the other hand, f cannot be extended to a
function F € C!(R?). Indeed, suppose that F is a such extension. Then for all sufficiently small x > 0 the Mean value theorem
implies that for some point (x, £;) with —x? < £, < x?2 the equality

F(x,x?)— F(x,—x?) 1

oF
E(x»fx) = 732 =3

holds, which contradicts the fact that %—5(0, 0) = 0. In particular, U = G is not (C, w)-convex for w(t) = t%, contrary to what is
stated in [BBL p. 136], since otherwise f would have an extension F € C 1 (X) by [BBL Theorem 2.64]. (Cf. also Remark )
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Remark 64. We do not know whether conditions (a) and (b) in Corollary [62|can be disposed of; see Corollary 67| for a weaker
result. Note that they can be disposed of if f is Lipschitz (Corollary [61).

Remark 65. We do not know whether it is possible to extend C !**-smooth functions similarly as in Corollaries and [62]
from open bounded convex sets (resp. open balls) in some space that is not super-reflexive. An example by Petr Hijek from [D’HJ
implies that it is not possible in cq (resp. in a space isomorphic to cg): There are an open absolutely convex bounded set U C ¢
and functions ®g € C*°(U), B > 1, with all derivatives bounded and Lipschitz, such that @g cannot be extended to a function
from C 1>*(BU). This formulation follows rather easily from [HJ, remark after Proposition 6.33]. (For a more striking example on
a different space see also [HJ, Theorem 6.34].)

6. THE C3"" AND C cASES

loc

The following theorem is an extended version of Theorem [4]

Theorem 66. Let X be a super-reflexive Banach space, E C X, and let f be a real function on E. Then the following statements
are equivalent:

(i) f can be extended to a real function F € CBI’+(X).
(it) f satisfies condition (W) on E.
(iii) For each bounded A C E the function f is bounded on A and there exists a bounded G4: A — X* such that f 4 satisfies
condition (Wg,) .

Moreover, zf(\AV) is satisfied with G, then F can be found such that DF (x) = G(x) for each x € E.

For the most important implication (iii)=>(i) the assumption on X cannot be relaxed, see Remark [69]

Proof. (1)=(ii) We will show that f satisfies condition (W) on E with G = DF | g. To this end consider an arbitrary bounded
B C E and choose an open convex bounded U D B. Denote H = F }y. By Fact[9 and Lemma [12{iii) there is a concave
@& € M such that H € C1?(U). Since U is bounded, H € C1?(U) for w(t) = min{@(t), @(diam U)}. As H satisfies (WG,,)
with Gy = DF [y on U by Fact Lemmaimplies that H satisfies (Wg, ), G is bounded, and H is Lipschitz. Then H is
bounded, since U is bounded. Consequently, f | p satisfies (Wg 1) and both G and f are bounded on B. Since B was arbitrary,
the claim clearly follows.

(i1)=(iii) is trivial.

Finally, we will prove (iii)=-(i) and (ii)=(i) with the “moreover” part both at once. By Theorem [36 there is an equivalent
norm v on X with modulus of smoothness of power type 1 + & for some 0 < & < 1. Then v!*% ¢ CH¥(X) by [DGZ, proof of
Lemma IV.5.9] combined with Lemma and so V1T € C1%(X) by Lemmaii). Let {¢y }yer be alocally finite C2-smooth
partition of unity on R subordinated to the covering {(—n,n); n € N} (for the construction of such partition see e.g. [Sp}
Theorem 3-11]). Foreach y € I' set ¢, = ¢, o v+ Since the support of each ¢y is compact, it follows that (p;, is bounded and
also ¢/ is bounded, which implies that ¢/, is Lipschitz. Since Dyt is ¢-Holder on X, it follows that Dv1t® is bounded on
bounded sets and consequently v!*¢ is Lipschitz on bounded sets ([HJ, Proposition 1.71]). Then v!*¢ is a-Hélder on bounded
sets, since for each r > 0 there is C > 0 such that Ct* > ¢ for ¢ € [0, r]. By [HI, Proposition 1.128(ii)] used with k = 1 and
w(t) = Kt® for a sufficiently large K it follows that ¥, € C%(U) for every bounded open U C X.

For each y € I the set supp, ¢, is bounded and so also supp, ¥, and supp ¥, are bounded. Now since for each y € I
the function f ' Ensuppy, is bounded and satisfies condition (Wg) for some bounded H : E N suppy, — X™ (by (iii) with
A = E Nsuppyy), Theoremimplies that there exists F), € C L+ (X) which is an extension of f | Ensupp v, - 10 case that
(ii) holds, we have a corresponding G: E — X ™ and we can take H = G | Ensuppy,, » SO by Theoremwe may additionally
assume that DF),(x) = G(x) foreach x € E Nsuppyy. Set F = > . ¥, F) and note that the sum is in fact finite on
bounded sets: Let r > 0. Since {supp, ¢, } is a locally-finite system, it follows that there is I C I” finite such that ¢, = 0 on
the compact interval [0, r17¢] for y ¢ I';. Hence ¥, = 0 (and so also ¥, F,, = 0) on U, (0, r) for y ¢ I, which implies that
F(x) =2, cr, ¥y (xX)Fy(x) for x € U, (0, 7).

Further, note that ¥, F}, € CBI’+(X ) foreach y € I'. Indeed, if V' C X is an open ball, then ¥,,, D, and DF), are bounded
on V. It follows that v, and F, are Lipschitz on V, thus F), is bounded on V', and in turn all four mappings v,,, DV, F,, and
DF), are uniformly continuous on V' with the same modulus (Fact . It follows that v, F), € C 1’Jr(V) ([HI, Proposition 1.129]).
Consequently, F' € CBI”L(X ), as the sum in its definition is finite on bounded sets.

To see that F' is an extension of f let x € E. Let r > 0 be such that x € U, (0, r) and let I, be as above. Put A = {y € [};
x € supp ¥y }. Then ¥, (x) = Ofory € I' \ Aand F,(x) = f | Ensuppy, (¥) = f(x) whenever y € A. Hence

Fx) =Y Yy Fyx) =Y 9y () f(x) = f(x) Yy (x) = f(x) D ¥y (x) = f(x).
yEA yeA yeA yel

Finally, assuming that (ii) holds we show that DF (x) = G(x). Since Zye r, ¥y(y) = 1forany y € U,(0, r), it follows that
Zyer Dy (x) = Zyepr Dy (x) = 0. Moreover, Dy, (x) = 0 whenever y € I, \ A, as the set X \ supp ¥, is open, and
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DF,(x) = G(x) for y € A. Hence
DF(x) = Y ¥y (x)DFy(x) + Fy(x)Dy (x) = Y _ ¥ (x) DFy (x) + Fy (x) Dy (x)

yel) yeA
=Y Y ()GX) + fX)DY,(x) = G(x) Y Yy (x) + f(x) D Dy (x) = G(x).
yeA yell yell

|

Corollary 67. Let X be a super-reflexive Banach space, U C X an open quasiconvex set, and f € CY(U). Then f can be
extended to a function F € CB1 +(X).

The assumption on X cannot be relaxed, see Remark@}

Proof. Lemma [21|implies that there exists @ € M such that f € C1*(U). Lemma @] then implies that f satisfies (WGy)
on U with G = Df and some M > 0. Now let A C U be an arbitrary bounded subset. Fixing some x¢ € A, the inequalities
in (WGy,) imply that |G(y)|| < ||G(x0)|| + Mw(diam A) and | f(y)| < | f(x0)| + [|G(x0)| diam A + Mw(diam A) diam A for
each y € A, and so both f and G are bounded on A. Also, f |4 satisfies (Wg),) by (). Therefore f can be extended to a
function F € CBI’Jr (X) by Theorem (iii)= ().

O

At least for certain quasiconvex sets it is possible to relax the assumption on f in the previous corollary:

Corollary 68. Let X be a super-reflexive Banach space, let U C X be an open set that is a bi-Lipschitz image of a convex subset
of a normed linear space, and let | € CBI’+(U). Then f can be extended to a function F € CBI’+(X).

Proof. Let ®: U — V be a bi-Lipschitz mapping onto, where V is a convex subset of some normed linear space. Let A C U be
an arbitrary bounded subset. Then ®@(A) is bounded and so there is R > 0 such that @(A) C U(0, R). The set V N U(0, R) is
convex and relatively open in V/, and so W = @~1(V N U(0, R)) is open and it is a bi-Lipschitz image of a bounded convex set,
hence it is quasiconvex (Remark@]) and bounded. Moreover, A C W.

Since f Mw € CU (W), Corollary [62] combined with Theorem (iv)=>(i) (used for the bounded E = W), implies that
J t'w is bounded and satisfies condition (W g ) for some bounded G. Thus f is bounded on A and f 4 satisfies condition (Wg ) ,)

for some bounded G. Therefore f can be extended to a function F € CBI’+(X ) by Theorem

O
Remark 69. In Remark 54 we showed that the assumptions on X in Theorems [2]and [52]cannot be relaxed. Now we show that
the assumption on X in Corollaries #7] [53} [61] [62}‘(b)”, and Theorems [59]and [66] cannot be relaxed. ®)

(a) We start with a construction of a bounded open quasiconvex set U in an arbitrary normed linear space X with dim X > 2
and a C'!-smooth function f on it. Fix e € Sx. Set C = J,.4tU(e.$) and U = (U(0,2) \ Bx) U (U(0,2) N C). We
claim that U is 5-quasiconvex. Since U(0,2) \ By is 2-quasiconvex by Example 20| and C is convex, it suffices to consider
x € U(0,2) \ By and y € C N Bx. Setz = ||x| 55 € U(0,2) \ Bx. Then ||z — y|l = [zl = Iy = [IxI| = [y < llx = y] and
lx =zl < llx =yl + lly = zll <2||x — y||- By the 2-quasiconvexity of U(0, 2) \ By there is a continuous rectifiable curve y
joining x and z in U such thatleny < 2||x — z||. By concatenating y with the segment [z, y] C U we obtain a continuous
rectifiable curve joining x and y in U whose length is at most 2||x — z|| + ||z — y|| < 5l|lx — ¥||.

Next, by the Hahn-Banach theorem there is g € Sx* such that g(e) = 1. Note that

5 1
x| < g whenever x € C and g(x) < X (6)

Indeed, there is z > 0 such that x € Ul(te, %t). Thent = g(te —x) + g(x) < ||te — x|| + % < %t + %, which implies that 1 < %,
and consequently ||x|| < [|x —te| + |te| < %t < %.

Now let ¢ € C1!(R) be such that ¢ = 0 on [5, +00), ¢(3) > 0, and |¢’| is bounded by a constant M > 0. Define f: U — R
by f =¢pogonCNUand f =0o0nU \ Bx. Notice that f is well-defined, since g > % on C \ Bx by (6). The function f
is clearly C'!-smooth on C N U and alsoon U \ {x € C; g(x) < %} (Df = 0 on this set). Further, if x € C N U with
g(x) < andy € U\ C,then | Df(x) = Df ()| = IDf ()|l = [Dg(g(x)) o gl < l¢'(g(x))| - [lg]l = M. On the other hand,
lx =yl =lyl—=Ilx>1- % = é (use (6)). It follows that | Df(x) — Df ()| <M = 6M% < 6M ||x — y||. Consequently,
fect().

Note that f € CH1(U) c C*(U) € CHT(U) for any 0 < a < 1 (the first inclusion follows since U is bounded) and that
f is Lipschitz (Proposition . Let S be one of the spaces C1*(X), CLF(X), CBI’+(X). Assume that we can extend f to a
function F' € S. Let H = yy,p) - F. Since H = 0on X \ By and also H = F = 0 on U(0,2) \ By, it is easy to check
that H € S. Moreover, H is a bump function. In particular, H € C1(X) even in the case § = Cé’+(X ). It follows that X is
super-reflexive and in case that S = C1*(X) it has an equivalent norm with modulus of smoothness of power type 1 + « ([DGZ,
Theorem V.3.2]).
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(b) To prove (B) assume that Corollary [#7] resp.[53] resp. [61} resp. [62]b), resp. [67]holds for some X which does not satisfy the
respective assumptions. Now we apply (a) with § = C11(X) = C1*(X) for w(t) = t for Corollary resp. S = C1¥(X) for
Corollary |53 resp. S = C 1 (X) for Corollaries resp. S = CBI’+(X ) for Corollary which leads to a contradiction.
Further, since the assumptions on X in Corollary [61} resp. [67] cannot be relaxed, it follows that the assumptions on X for
Theorem[59] (ii)=>(iii), resp. Theorem[66] (iii)=>(i) cannot be relaxed as well, since Corollary resp. is a direct consequence
of the just mentioned respective implications.

Using Theorem [59)and another partition of unity we obtain the following result.

Theorem 70. Let X be a super-reflexive Banach space, U C X an open set, A C U relatively closed in U, and f: A — R. Then
f can be extended to a function F € C1(1)’0+ (U) if and only if f is locally bounded and for each x € A there exist §, > 0 and a
bounded Gx: ANU(x,8x) = X* such that f M anu(x,s5,) satisfies condition (Wg.,).

Proof. = F is clearly locally bounded and hence so is f. Choose any x € A. There is 6, > 0 such that DF is uniformly
continuous on U(x,8x) C U. Set H = F y.s,). Since wpg € M by FactE], DH is bounded and Factimplies that H
satisfies condition (WG, ;) on U(x, 8) with G = DH . Therefore H clearly satisfies condition (Wpg) (see (2))). Consequently,
S Tanu(x.s,) satisfies condition (WpH pyrpr.s,))-

< To every x € A we assign §, > 0 as in the assumption (of the current implication) for which moreover U(x, ;) C U
and f is bounded on A N U(x, 8x). Let {gy}aca’ be a locally finite C':*-smooth partition of unity on U subordinated to the
open covering {U(x, §x)}xea U {U \ A}. (The existence of such partition follows from Theorem 36| and [Kr2l Proposition 3.7],
whose proof is a simple modification of the proof of [HJ, Theorem 7.56]. Another possibility is described in Remark [54]) Set
A ={a € A'; supp, po N A # @}. For each @ € A let x4 € A be such that supp, o C U(xy, 8x,). Denote Uy = U(xq, 8x,,)-
By Theorem ()= (iv), for each o € A there is F,, € CT(X) which is an extension of f 4y, . Now put F = > wed PaFa.

First note that ¢, Fy € Ckl)f(U ) foreach @ € A.Indeed, given x € U, by continuity there is § > O suchthat V = U(x,§) C U
and ¢y, Doy, Fy, and DF, are bounded on V. It follows that ¢, and Fy are Lipschitz on V, and in turn all four mappings
are uniformly continuous on V' with the same modulus (Fact. It follows that g, F, € CLT (V) ([HIL Proposition 1.129]).
Consequently, F € CI(I);+ (U), as the sum in its definition is locally finite: for every x € U there is a neighbourhood W of x and
H C A finite such that g, Fy, =0on W fora € A\ H,andso F =) .y @aFo on W.

Finally, to show that F is an extension of f suppose that x € A is given. Then ¢, (x) = 0 for each @ € A’ \ A and for each

a € A such that x ¢ U,. Hence

Fx)= Y ga(0)Fa(x) = Y ¢a(x)f(x) = f(x) Y gulx) = f(x).

aEA acA aeA
x€eUy xeUy

|

Remark 71. The assumption on X in the previous theorem cannot be relaxed even in the case U = X. In fact we show more:
Even a weaker version of ()=(iv) in Theorem [59] namely

if E is closed, then (i) implies that f can be extended to F € Cklx’f (X) @)

holds only in super-reflexive spaces X. Note that the validity of Theorem [70]for some space X implies (7)), since the “global”
statement (i) in Theorem @] is stronger than the condition in Theorem @} which is a “localised” version of this statement.

Indeed, suppose that (7)) holds for some space X . Then there exists a Ckl,f-smooth bump on X (extend the function defined by

f=00on X\ U(Q,1)and f(0) = 1). We claim that X does not contain a subspace isomorphic to co and so X is super-reflexive

by [FEWZ]], see [HJ, Corollary 5.51]. Suppose to the contrary that X contains a subspace Y isomorphic to cg. By the construction
below there is a bounded function f on a closed subset A C ¢g that satisfies (Wg) with G = 0, where G: A — ¢, and yet

f cannot be extended to a function on ¢ that is C '"*-smooth on a neighbourhood of 0. ®)

Identifying A with the corresponding subset of Y it is easy to see that f satisfies condition (Wg) in X with H = 0, where
H: ACY — X*. Soby (7) the function f can be extended to F € Cl(l);+ (X).Then F 'y € Ckl)f (Y) is also an extension of f,
which contradicts (8) (by Lemma [27(iii)).

We set A = {0} U {5rex: n.k € N} and define f: A — Rby f(0) =0and f(5rex) = (2%,)2 The set A is clearly closed.
We claim that f* satisfies (Wg) with G = 0: Givene > Oset§ = . Nowletx,y € 4,0 < [x — y|| < 8. We may assume that
x = 2%,(3;( forsomen,k € N.If y = 0, then | f(x) — f(y)| = (zi,,)zz lx—=yl? <8]|lx =y < ellx —y|. Otherwise y = ZL,,,el
for some m, ! € N. We may assume without loss of generality thatm > n.If k = [, then ||x — y|| = 2—1,1 — ZLm > 2,,%, otherwise

2
Ix =yl = 37 > a7 Therefore | £(x) — f())] < (zr) < 4llx = y[I> < 48x =yl = ellx — y].

Now since limg_, o0 anek = 0 weakly, it follows that f is not weakly sequentially continuous on any neighbourhood of 0. Thus

@]) follows from results in [HI, see [HJ, Theorem 6.30] and notice that clearly €ysc C Cysc (cf. [HIL, pp. 137-138]).

We would like to thank Petr Hdjek for providing us with the example in Remark [71]
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