
IV.2 Spe
trum and its properties

De�nition. Let A be a Bana
h algebra with a unit e and let x ∈ A.

• The spe
trum of x is the set

( σA(x) = ) σ(x) = {λ ∈ C : λe− x is not invertible in A}.

• The resolvent set of x is the set ρ(x) = C \ σ(x).
• The resolvent fun
tion of x is the fun
tion

R(λ, x) := (λe− x)−1, λ ∈ ρ(x).

If A is a Bana
h algebra without a unit and x ∈ A, the spe
trum of x is de�ned

by

( σA(x) = ) σ(x) = σA+((x, 0)).

If A is a Bana
h algebra (unital or not), the spe
tral radius of x ∈ A is the number

r(x) = sup{|λ| : λ ∈ σ(x)}.

Remarks:

(1) The spe
trum of x is a purely algebrai
 notion, it does not depend on

the norm of the Bana
h algebra.

(2) If A has no unit, then 0 ∈ σA(x) for ea
h x ∈ A.

(3) If A is unital, then σA+((x, 0)) = σA(x) ∪ {0} for x ∈ A.

Proposition 8 (properties of the resolvent fun
tion). Let A be a unital

Bana
h algebra and let a ∈ A. Then:

(i) ρ(a) is an open subset of C.

(ii) The mapping λ 7→ R(λ, a) is 
ontinuous on ρ(a).

(iii) For λ, µ ∈ ρ(a) one has

R(µ, a)−R(λ, a) = −(µ− λ)R(µ, a)R(λ, a).

In parti
ular, R(µ, a) and R(λ, a) 
ommute.

(iv) The fun
tion λ 7→ ϕ(R(λ, a)) is holomorphi
 on ρ(a) for ea
h ϕ ∈ A∗
.

(v) For |λ| > ‖a‖ one has λ ∈ ρ(a) and

R(λ, a) =
1

λ

(

e−
a

λ

)−1

=

∞
∑

n=0

an

λn+1
.

(vi) aR(λ, a) = R(λ, a)a for any λ ∈ ρ(a).



Theorem 9. Let A be a Bana
h algebra. Then for ea
h x ∈ A the spe
trum

σ(x) is a nonempty 
ompa
t subset of C.

Remark. {a ∈ A : σ(a) ⊂ G} is open whenever G ⊂ C is open (i.e.,

"

σ : A →
K(C) is an upper semi-
ontinuous mutlivalued mapping of A to the set of all

the nonempty 
ompa
t subsets of C\).

Theorem 10 (Gelfand-Mazur). Let A be a unital Bana
h algebra. Then

A is a �eld (i.e., all the nonzero elements of A are invertible, in other words

G(A) = A \ {0}), if and only if A is isometri
ally isomorphi
 to the Bana
h

algebra C.

Lemma 11 (spe
trum and polynomials). Let A be a unital Bana
h algebra.

If p(λ) =
∑n

j=0 αjλ
j
is a polynomial with 
omplex 
oe�
ients and a ∈ A, de�ne

p(a) =
∑n

j=0 αja
j
. Then:

(a) p(a) ∈ G(A), if and only if the roots of p belong to ρ(a).

(b) σ(p(a)) = p(σ(a)).

Theorem 12 (on the spe
tral radius). Let A be a Bana
h algebra and let

a ∈ A. Then:

(a) r(a) = inf

n∈N

‖an‖
1

n
= lim

n→∞

‖an‖
1

n
.

(b) If A is unital, the formula from Proposition 8(v) holds also for |λ| > r(a),

where the series on the right-hand side 
onverges absolutely.

Corollary 13. If A is a unital Bana
h algebra and a ∈ A satis�es r(a) < 1,

then (e− a)−1 =
∑

∞

n=0 a
n
(the series 
onverges absolutely).

Proposition 14. Let A be Bana
h algebra with a unit e. Let B be a 
losed

subalgebra of A 
ontaining e and let x ∈ B. Then:

(a) ∂σB(x) ⊂ σA(x) ⊂ σB(x).

(b) Let G be a 
onne
ted 
omponent of C \ σA(x). Then either G ⊂ σB(x)

or G ∩ σB(x) = ∅.
(
) If C \ σA(x) is a 
onne
ted set, then σA(x) = σB(x).

Corollary 15. Let A be a Bana
h algebra, let B be its 
losed subalgebra

and let x ∈ B. Then the assertions (a){(
) of Proposition 14 hold, if we repla
e

σA(x) and σB(x) by σA(x) ∪ {0} and σB(x) ∪ {0}.


