
IV.3 Holomorphi funtional alulus

Proposition 16 (path integral with values in a Banah spae). Let ϕ :

[a, b℄ → C be a ontinuous pieewise C1-smooth urve (i.e., ϕ is a ontinuous

mapping and there exists a partition of the interval [a, b℄ suh that on eah of

its intervals the derivative ϕ′
is ontinuous and has �nite unilateral limits in

the endpoints). Let X be a Banah spae and let f : 〈ϕ〉 → X be a ontinuous

mapping (where 〈ϕ〉 = ϕ([a, b℄) is the range of ϕ). Then the integral

∫

ϕ

f =

∫ b

a

f(ϕ(t))ϕ′
(t) dt

exists in the Bohner sense.

Remarks:

(1) Similarly as in the omplex analysis, we will also onsider the inte-

gral over a yle (i.e., over a formal sum of losed pieewise C1-smooth

urves).

(2) To ompute the path integral and to work with it we will use the weak

version of the integral, i.e., the equivalene

x =

∫

ϕ

f ⇔ ∀x∗ ∈ X∗
: x∗

(x) =

∫

ϕ

x∗ ◦ f.

(3) To de�ne the above-mentioned path integral and to work with it the

Bohner theory is not neessary. The integral exists also in the Riemann

sense. Where the Riemann integral of a funtion g : [a, b℄ → X equals

x ∈ X if and only if

∀ε > 0 ∃δ > 0 ∀a = t0 < t1 < · · · < tk = b partition of [a, b] :

max
1≤j≤k

(tj−tj−1) < δ ⇒ ∀u1 ∈ [t0, t1], . . . , uk ∈ [tk−1, tk] :

∥

∥

∥

∥

∥

x−

k
∑

j=1

f(uj)(tj − tj−1)

∥

∥

∥

∥

∥

< ε.

One an show that in our ase the Riemann integral exists and, more-

over, the equivalene from the preeding remark holds true. This ap-

proah an be found in the literature.

De�nition. Let A be a Banah algebra with a unit e, let x ∈ A and let f be a

funtion holomorphi on an open set 
 ⊂ C ontaining σ(x). Let � be a

"

yle

around σ(x) in 
\(i.e., � is a yle in 
, ind

�

z assumes only the values 0 or 1,

ind

�

z = 1 for z ∈ σ(x) and ind

�

z = 0 for z ∈ C \ 
). We de�ne the element

~f(x) ∈ A by the formula

~f(x) =
1

2πi

∫

�

f(λ)(λe− x)−1 dλ.



Remarks:

(1) We know from omplex analysis that a yle with the required properties

exists.

(2) The element

~f(x) is well de�ned due to Proposition 16.

(3) It follows by the Cauhy theorem that the value

~f(x) does not depend

on a onrete hoie of the yle �.

(4) The mappping f 7→ ~f(x) is alled the holomorphi funtional alulus, or

the Dunford funtional alulus.

(5) Instead of

~f(x) one often writes just f(x).

Theorem 17 (properties of the holomorphi alulus). Let A be a Banah

algebra with a unit e, let x ∈ A and let 
 ⊂ C be an open set ontaining σ(x).

(a) The mapping f 7→ ~f(x) is an algebrai homomorphism of the unital

(ommutative) algebra H(
) into A.

(b)

~id(x) = x and

~

1(x) = e, where id(λ) = λ and 1(λ) = 1 for λ ∈ 
.

() If p is a polynomial, then ~p(x) = p(x) where p(x) has the meaning from

Lemma 11.

(d) If λ ∈ 
, then

~f(λe) = f(λ)e.

(e) If fn → f loally uniformly on 
 (were fn ∈ H(
) for eah n ∈ N), then
~fn(x) → ~f(x) in A.

(f)

~f(x) ∈ G(A) if and only if f(λ) 6= 0 for eah λ ∈ σ(x).

(g) σ( ~f (x)) = f(σ(x)).

(h) (g̃ ◦ f)(x) = ~g( ~f(x)) whenever f ∈ H(
), g ∈ H(


′
), 


′ ⊃ f(σ(x)).

(i) If y ∈ A ommutes with x (i.e., xy = yx), then y ommutes with

~f(x)

for eah f ∈ H(
).

Remarks. Let A be a unital Banah algebra and let x ∈ A.

(1) If f and g are two holomorphi funtions on a neighborhood of σ(x),

whih oinide on a neighborhood of σ(x), then ~f(x) = ~g(x).

(2) It may happen that f and g oinide on σ(x) and ~f(x) 6= ~g(x).

(3) The assignement f 7→ ~f(x) need not be one-to-one. I.e., the equality

~f(x) = ~g(x) does not imply that f and g oinide on a neighborhood of

σ(x).

(4) If

~f(x) = ~g(x), then f |σ(x) = g|σ(x).


