VII.4 Convolution of distributions

Notation. Let M C R? and let f : M — FF be a function.

e For y € R? we define a function 7, f (a translate of the function f) by the formula
(ryf)(@) = flx —y), wey+M.
e By the reflexion of f we mean the function f defined by the formula
f(x) = f(-x), xe-M.
fla+re) - f(a)

e For a,e € R? we define d.f(a) = lir% , if the limit exists. (If e is a
r—

r
unit vector, it is a directional derivative of f at a in the direction e.)

Lemma 13. Let p € 2(R?).
(a) If &, — x in RY, then 75 ¢ — Tz v Z(RY).
(b) Let e € RY. Then dop € Z(R?). Moreover, if we define the function o, for r € R\ {0}
by the formula
pr(@) = Lp(@ + re) - pla)), @ € B,
ie., pr = L(T_rep — ¢), then @, — e in Y(RY) for r — 0.

Proposition 14. Let dy,ds € N and let ¢ € Z(R% x R%2).
(a) Let A € 2'(R%). Fory € R% we define ¢(y) = A(x — o(x,y)). Then ¢ € Z(R%) and
for each multiindex o € N&2 we have D¢ (y) = A(z — D@ (x,y)) for y € R%,
(b) (Fubini Theorem for distributions) Let A; € 2'(R%) and Ay € 2'(R%). Then
Aoy = A = p(z, ) = M = Ao (y = p(2, )))-

Definition. Let U be a distribution on R? and let ¢ € 2(R?). The convolution of ¢ and U is
the function U * ¢ defined by the formula
Usp(@) =U(rep) =U(y — p(x —y)), xR

Remark: Since 7, € Z(RY) whenever € R? and ¢ € 2(R?), U * ¢ is a well-defined function
on R4,

Theorem 15 (on the convolution of a distribution and a test function).  Let U be a distri-
bution on RY and let ¢, € Y(R?). Then:

(a) If f € LL (R%), then Ay x o = f* .

loc

(b) U x ¢ € C**(R?) and for each multiindex o we have
DU % @) = (D*U) * ¢ = U * D%p.
(c) spt(U ) C spt U +spt . In particular, if U has compact support, then U * @ € P(R?).
(d) If (h;) is an approximate unit in Z(R?), then Ay.,; — U in 2'(R?).
(e) For each € R? we have 75(U * ) = (7:U) * ¢ = U * T5¢.
() Ux(pxd) = (Uxp)*.

Notation. If U is a distribution on R?,

e its translate by & € R? is the mapping 7,U defined by the formula
mU(0) = U(Tap) =U(y — o(y + ), ¢ e ZR);
e its reflexion is the mapping U defined by the formula
Ulp) =U(@) =U(y = ¢(-y)), ¢ AR?).
Remark. If U is a distribution on R? and & € R?, then 7,U and U are also distributions on

Vv
RY, IffGLl (Rd),thenTwAf:ATmf a Af:Af.

loc



Remark on the convolution of two distributions: Let U and V be two distributions on
R?. It would be natural to define their convolution by the formula

UV)(p) =U(V x¢), ¢ecIR).
Indeed, if V = Ay for some 1) € Z(R?), then we deduce by Proposition 14(b) that

Avap(p) = U x ), ¢ € AR?). )

However, it is not possible to define convolution in such generality, because V % ¢ need not
belong to Z2(R?) (it is a C°° function, but its support need not be compact). Nonetheless in
some special cases the above formula provides a meaningful definition. It may be caused mainly
by one of the following reasons:

e It may follow from the special properties of V' that V % ¢ must have compact support.

e It may follow from the special properties of U that U may be naturally extended to the
space of all C*° functions.

e Combination of these two possibilities: It may follow from the special properties of U
and V that U may be naturally extended to a larger space and V % ¢ must belong to
that space.

Examples of situations when the convolution U x V is well defined:

(1) V has compact support: Then V % ¢ has compact support for any ¢ € Z(R%) (see
Theorem 15(c)).

(2) U has compact support: We choose a nonnegative function ¢ € Z(R?) constantly equal
to 1 on an open set containing spt U. We then extend U to C>°(R?) by ﬁ(f) =Uf),
f € C=(RY).

(3) (U(o,r) —spt V) NsptU is compact for each » > 0: For r > 0 we choose a nonnegative
function v, € 2(R%) constantly equal to 1 on an open set containing (U(o,r) —spt V)N
spt U. Then we extend U to the space

{f € C®R%);3Ir > 0:spt f C U(o,r) —spt V'}
by the formula

U(f)=U(bef), sptfCU(o,r)—sptV.
(4) Assume there exist m,n € Ny and ¢, d > 0 such that
U(o)l < cllell,, and [V(e)| < d]ell,, for ¢ € ARY).
Then U may be canonically extended to the space
[f € C=®; | fI], < o0
and for each ¢ € Z2(R?) we have HV * cpHn < d el
a natural way and the resulting distribution satisfies

(U= V)(@)] < cd ||l for o € DRY).

Hence U % V may be defined in

m—+n

Proposition 16. Let U and V be distributions on R? satisfying one of the above versions of
assumptions. Then:

(a) U %V is a distribution on R? and U+ V =V % U.
(b) If V = A, for some ¢ € Z(RY), then U x V = Ay,
(c) IfU = Ay and V = A, where f € L (R?) and ¢ € A(R?), then U xV = Ag,,.
(d) fU = Ay and V = Ay, kde f,g € L*(RY), then U x V = Ay.,.
(e) spt(UxV) C spt U +spt V. In particular, if both U and V' have compact support, U x V
has compact support as well.
(f) For each multiindex o we have
DU «V)=(D*U)*V =U x D*V.
(g) U=UxAs, and D*U = U x D*As, for each multiindex c.



