
VII.4 Convolution of distributions

Notation. Let M ⊂ R
d and let f :M → F be a function.

• For y ∈ R
d we define a function τyf (a translate of the function f) by the formula

(τyf)(x) = f(x− y), x ∈ y +M.

• By the reflexion of f we mean the function f̌ defined by the formula
f̌(x) = f(−x), x ∈ −M.

• For a, e ∈ R
d we define ∂ef(a) = lim

r→0

f(a+ re)− f(a)

r
, if the limit exists. (If e is a

unit vector, it is a directional derivative of f at a in the direction e.)

Lemma 13. Let ϕ ∈ D(Rd).

(a) If xn → x in R
d, then τxn

ϕ→ τxϕ v D(Rd).
(b) Let e ∈ R

d. Then ∂eϕ ∈ D(Rd). Moreover, if we define the function ϕr for r ∈ R \ {0}
by the formula

ϕr(x) =
1
r
(ϕ(x+ re)− ϕ(x)), x ∈ R

d,

i.e., ϕr =
1
r
(τ−reϕ− ϕ), then ϕr → ∂eϕ in D(Rd) for r → 0.

Proposition 14. Let d1, d2 ∈ N and let ϕ ∈ D(Rd1 × R
d2).

(a) Let Λ ∈ D
′(Rd1). For y ∈ R

d2 we define ψ(y) = Λ(x 7→ ϕ(x,y)). Then ψ ∈ D(Rd2) and

for each multiindex α ∈ N
d2
0 we have D

αψ(y) = Λ(x 7→ D(o,α)ϕ(x,y)) for y ∈ R
d2 .

(b) (Fubini Theorem for distributions) Let Λ1 ∈ D
′(Rd1) and Λ2 ∈ D

′(Rd2). Then
Λ2(y 7→ Λ1(x 7→ ϕ(x,y))) = Λ1(x 7→ Λ2(y 7→ ϕ(x,y))).

Definition. Let U be a distribution on R
d and let ϕ ∈ D(Rd). The convolution of ϕ and U is

the function U ∗ ϕ defined by the formula
U ∗ ϕ(x) = U(τxϕ̌) = U(y 7→ ϕ(x− y)), x ∈ R

d.

Remark: Since τxϕ̌ ∈ D(Rd) whenever x ∈ R
d and ϕ ∈ D(Rd), U ∗ϕ is a well-defined function

on R
d.

Theorem 15 (on the convolution of a distribution and a test function). Let U be a distri-

bution on R
d and let ϕ, ψ ∈ D(Rd). Then:

(a) If f ∈ L1loc(R
d), then Λf ∗ ϕ = f ∗ ϕ.

(b) U ∗ ϕ ∈ C∞(Rd) and for each multiindex α we have
Dα(U ∗ ϕ) = (DαU) ∗ ϕ = U ∗Dαϕ.

(c) spt(U ∗ϕ) ⊂ sptU +sptϕ. In particular, if U has compact support, then U ∗ϕ ∈ D(Rd).
(d) If (hj) is an approximate unit in D(Rd), then ΛU∗hj

→ U in D
′(Rd).

(e) For each x ∈ R
d we have τx(U ∗ ϕ) = (τxU) ∗ ϕ = U ∗ τxϕ.

(f) U ∗ (ϕ ∗ ψ) = (U ∗ ϕ) ∗ ψ.

Notation. If U is a distribution on R
d,

• its translate by x ∈ R
d is the mapping τxU defined by the formula

τxU(ϕ) = U(τ−xϕ) = U(y 7→ ϕ(y + x)), ϕ ∈ D(Rd);
• its reflexion is the mapping Ǔ defined by the formula

Ǔ(ϕ) = U(ϕ̌) = U(y 7→ ϕ(−y)), ϕ ∈ D(Rd).

Remark. If U is a distribution on R
d and x ∈ R

d, then τxU and Ǔ are also distributions on

R
d. If f ∈ L1loc(R

d), then τxΛf = Λτxf a
∨

Λf = Λf̌ .



Remark on the convolution of two distributions: Let U and V be two distributions on
R
d. It would be natural to define their convolution by the formula

(U ∗ V )(ϕ) = U(V̌ ∗ ϕ), ϕ ∈ D(Rd).
Indeed, if V = Λψ for some ψ ∈ D(Rd), then we deduce by Proposition 14(b) that

ΛU∗ψ(ϕ) = U(ψ̌ ∗ ϕ), ϕ ∈ D(Rd).

However, it is not possible to define convolution in such generality, because V̌ ∗ ϕ need not
belong to D(Rd) (it is a C∞ function, but its support need not be compact). Nonetheless in
some special cases the above formula provides a meaningful definition. It may be caused mainly
by one of the following reasons:

• It may follow from the special properties of V that V̌ ∗ ϕ must have compact support.
• It may follow from the special properties of U that U may be naturally extended to the
space of all C∞ functions.

• Combination of these two possibilities: It may follow from the special properties of U
and V that U may be naturally extended to a larger space and V̌ ∗ ϕ must belong to
that space.

Examples of situations when the convolution U ∗ V is well defined:

(1) V has compact support: Then V̌ ∗ ϕ has compact support for any ϕ ∈ D(Rd) (see
Theorem 15(c)).

(2) U has compact support: We choose a nonnegative function ψ ∈ D(Rd) constantly equal

to 1 on an open set containing sptU . We then extend U to C∞(Rd) by Ũ(f) = U(ψf),
f ∈ C∞(Rd).

(3) (U(o, r)− sptV ) ∩ sptU is compact for each r > 0: For r > 0 we choose a nonnegative

function ψr ∈ D(Rd) constantly equal to 1 on an open set containing (U(o, r)− sptV )∩
sptU . Then we extend U to the space

{f ∈ C∞(Rd); ∃r > 0: spt f ⊂ U(o, r)− sptV }
by the formula

Ũ(f) = U(ψrf), spt f ⊂ U(o, r)− sptV.
(4) Assume there exist m,n ∈ N0 and c, d > 0 such that

|U(ϕ)| ≤ c ‖ϕ‖n and |V (ϕ)| ≤ d ‖ϕ‖m for ϕ ∈ D(Rd).
Then U may be canonically extended to the space

{f ∈ C∞(Rd); ‖f‖n <∞}

and for each ϕ ∈ D(Rd) we have
∥∥V̌ ∗ ϕ

∥∥
n
≤ d ‖ϕ‖m+n. Hence U ∗ V may be defined in

a natural way and the resulting distribution satisfies
|(U ∗ V )(ϕ)| ≤ cd ‖ϕ‖m+n for ϕ ∈ D(Rd).

Proposition 16. Let U and V be distributions on Rd satisfying one of the above versions of

assumptions. Then:

(a) U ∗ V is a distribution on R
d and U ∗ V = V ∗ U .

(b) If V = Λϕ for some ϕ ∈ D(Rd), then U ∗ V = ΛU∗ϕ.

(c) If U = Λf and V = Λϕ where f ∈ L1loc(R
d) and ϕ ∈ D(Rd), then U ∗ V = Λf∗ϕ.

(d) If U = Λf and V = Λg, kde f, g ∈ L1(Rd), then U ∗ V = Λf∗g.
(e) spt(U ∗V ) ⊂ sptU +spt V . In particular, if both U and V have compact support, U ∗V
has compact support as well.

(f) For each multiindex α we have
Dα(U ∗ V ) = (DαU) ∗ V = U ∗DαV.

(g) U = U ∗ Λδ0 and D
αU = U ∗DαΛδ0 for each multiindex α.


