VI1I.6 Convolutions and the Fourier transform of tempered distributions
Notation and convention: Recall that \? denotes the Lebesgue measure on R?%. Set mg =
(2m)~%2X4. In this section LP(R?) will denote the space LP(mg). The convolution will be
considered with respect to this measure as well, i.e.,

Feo@) = [ wete—y)amsw) = g [ Fwe-v) i
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Moreover, all spaces are assumed to be complex.

Reminder:
o If f € L}(RY), its Fourier transform is defined by the formula
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W e (:c)e_i<t’m> d:c, te Rd.

f&)= [ f@)e ™ dmgy(a) =
Rd
e The Fourier transform maps L!(R%) to Cp(R%).
e The Fourier transform maps . onto . and f = f for f € .7

Lemma 24. The Fourier transform is an isomorphism of . onto .7.

Definition. Let A be a tempered distribution on R%. By its Fourier transform we mean the
mapping
Alp) = A(p), ¢S

Reminder:

e If P is a polynomial on R, by P we denote the polynomial on R? defined by the formula,
P(t) = P(it) for t € Re. If P is of the form

Pt)= Y  cot®, teR?

a€eNg |a|<N
where N € Ny and ¢,, o € N, |a| < N are some complex numbers, then

Pit)y= > il%eat, teR”

aeNg, |a|<N

e If P is a polynomial on R? of the above form and f is a C* function on R¢ (or, more
generally, on an open subset of R?), by P(D)f we denote the function defined by the
formula

PD)f= Y  cD"f.
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(This definition has a sense for CV functions as well.)



Theorem 25 (properties of the Fourier transform on .#").

(a) The Fourier transform is a linear bijection of .#" onto .7, for any A € ./ we have

)

A =A, = A.

(b) Let (A,,) be sequence in .#" and A € .. Then A,, — A in . if and only if A, — A in
.

(c) If f € L*(R%), then Ay = Az

(d) If f € L*(RY), then //X;c = Ap(y), where P is the mapping from the Plancherel theorem.

(e) If A € . and P is a polynomial on R?, then

P(D)A=P-A, P-A=PDA

Lemma 26. Let p € ARY).

(a) Ifx,, — x in RY, then 75, ¢ — Tz in AR?).
(b) Let e € RY. Then O € AR?). Moreover, if we define for each r € R\ {0} the function
- by the formula

pr(@) = ~(ple +re) - pla)), =R,

ie., pr = L(1_rep — ), then @, = deip in ARY) for r — 0.

Proposition 27. Let d;,d; € N and ¢ € ARN x R%).

(a) Let A € .7'(R%). For y € R% we define ¥(y) = A(x — o(x,y)). Then ) € HAR%=)
and for each multiindex o € NI? we have D¢ (y) = A(x — D@ p(x,y)) for y € R%.

(b) (Fubini Theorem for tempered distributions) Let A; € .#'(R%) and Ay € . (R%).
Then

Ar(y = Ai(z = p(z,y))) = A(z = Aoy = o(,y))).

Definition. Let U be a tempered distribution on R¢ and let ¢ € AR?). By the convolution of
@ and U we mean the function U % ¢ defined by the formula

Usox)=U(rep) =U(y — p(x—y)), =ecR™

Remark. Ig ¢ € 2(RY), then this definition coincides with the definition of the convolution of
a distribution and a test function from Section VII.4.

Theorem 28 (on the convolution of a temepered distribution and a function from the Schwartz
space). LetU €., ¢, € .. Then:

(a) U * ¢ € C®(R%) and D*(U * p) = (D*U) x p = U * D%y for each multiindex c.

(b) Ays, is a tempered distribution.

(c) Iff € Lp(Rd) for some p € [1 ool, then Ay * @ = f .

@) Apwp=3-U. 0 U= A,

(€) Ux(px)=(Uxgp)x i



