
VII.6 Convolutions and the Fourier transform of tempered distributions
Notation and convention: Recall that λd denotes the Lebesgue measure on Rd. Set md =
(2π)−d/2λd. In this section Lp(Rd) will denote the space Lp(md). The convolution will be
considered with respect to this measure as well, i.e.,

f ∗ g(x) =

∫

Rd

f(y)g(x− y) dmd(y) =
1

(2π)d/2

∫

Rd

f(y)g(x− y) dy.

Moreover, all spaces are assumed to be complex.

Reminder:

• If f ∈ L1(Rd), its Fourier transform is defined by the formula

f̂(t) =

∫

Rd

f(x)e−i〈t,x〉 dmd(x) =
1

(2π)d/2

∫

Rd

f(x)e−i〈t,x〉 dx, t ∈ Rd.

• The Fourier transform maps L1(Rd) to C0(R
d).

• The Fourier transform maps S onto S and
̂̂
f = f̌ for f ∈ S.

Lemma 24. The Fourier transform is an isomorphism of S onto S.

Definition. Let Λ be a tempered distribution on Rd. By its Fourier transform we mean the
mapping

Λ̂(ϕ) = Λ(ϕ̂), ϕ ∈ S.

Reminder:

• If P is a polynomial on Rd, by P̆ we denote the polynomial on Rd defined by the formula
P̆ (t) = P (it) for t ∈ Rd. If P is of the form

P (t) =
∑

α∈Nd

0
,|α|≤N

cαt
α, t ∈ Rd,

where N ∈ N0 and cα, α ∈ Nd
0, |α| ≤ N are some complex numbers, then

P̆ (t) =
∑

α∈Nd

0
,|α|≤N

i|α|cαt
α, t ∈ Rd.

• If P is a polynomial on Rd of the above form and f is a C∞ function on Rd (or, more
generally, on an open subset of Rd), by P (D)f we denote the function defined by the
formula

P (D)f =
∑

α∈Nd

0
,|α|≤N

cαD
αf.

(This definition has a sense for CN functions as well.)



Theorem 25 (properties of the Fourier transform on S
′).

(a) The Fourier transform is a linear bijection of S ′ onto S
′, for any Λ ∈ S

′ we have

̂̂
Λ = Λ̌,

̂̂̂
Λ̂ = Λ.

(b) Let (Λn) be sequence in S
′ and Λ ∈ S

′. Then Λn → Λ in S
′ if and only if Λ̂n → Λ̂ in

S
′.

(c) If f ∈ L1(Rd), then Λ̂f = Λf̂
.

(d) If f ∈ L2(Rd), then Λ̂f = ΛP(f), where P is the mapping from the Plancherel theorem.

(e) If Λ ∈ S
′ and P is a polynomial on Rd, then

P̂ (D)Λ = P̆ · Λ̂, P̂ · Λ = P̆ (D)Λ̂

Lemma 26. Let ϕ ∈ S(Rd).

(a) If xn → x in Rd, then τxn
ϕ→ τxϕ in S(Rd).

(b) Let e ∈ Rd. Then ∂eϕ ∈ S(Rd). Moreover, if we define for each r ∈ R\{0} the function
ϕr by the formula

ϕr(x) =
1

r
(ϕ(x+ re)− ϕ(x)), x ∈ Rd,

i.e., ϕr =
1
r (τ−reϕ− ϕ), then ϕr → ∂eϕ in S(Rd) for r → 0.

Proposition 27. Let d1, d2 ∈ N and ϕ ∈ S(Rd1 × Rd2).

(a) Let Λ ∈ S
′(Rd1). For y ∈ Rd2 we define ψ(y) = Λ(x 7→ ϕ(x,y)). Then ψ ∈ S(Rd2)

and for each multiindex α ∈ N
d2
0 we have D

αψ(y) = Λ(x 7→ D(o,α)ϕ(x,y)) for y ∈ Rd2 .

(b) (Fubini Theorem for tempered distributions) Let Λ1 ∈ S
′(Rd1) and Λ2 ∈ S

′(Rd2).
Then

Λ2(y 7→ Λ1(x 7→ ϕ(x,y))) = Λ1(x 7→ Λ2(y 7→ ϕ(x,y))).

Definition. Let U be a tempered distribution on Rd and let ϕ ∈ S(Rd). By the convolution of
ϕ and U we mean the function U ∗ ϕ defined by the formula

U ∗ ϕ(x) = U(τxϕ̌) = U(y 7→ ϕ(x− y)), x ∈ Rd.

Remark. Ig ϕ ∈ D(Rd), then this definition coincides with the definition of the convolution of
a distribution and a test function from Section VII.4.

Theorem 28 (on the convolution of a temepered distribution and a function from the Schwartz
space). Let U ∈ S

′, ϕ, ψ ∈ S. Then:

(a) U ∗ ϕ ∈ C∞(Rd) and Dα(U ∗ ϕ) = (DαU) ∗ ϕ = U ∗Dαϕ for each multiindex α.

(b) ΛU∗ϕ is a tempered distribution.

(c) If f ∈ Lp(Rd) for some p ∈ [1,∞], then Λf ∗ ϕ = f ∗ ϕ.

(d) Λ̂U∗ϕ = ϕ̂ · Û , ϕ̂ · U = Λ
ϕ̂∗Û
.

(e) U ∗ (ϕ ∗ ψ) = (U ∗ ϕ) ∗ ψ.


