
VII.2 bw

*

-topology and Krein-©mulyan theorem

De�nition. Let X be normed linear spa
e. We say that a set A ⊂ X∗
is bw∗

-open if for ea
h

r > 0 the set A ∩ rBX∗
is (relatively) w∗

-open in rBX∗
.

Lemma 10. Let X be a normed linear spa
e. Then the family of all the bw∗
-open subsets

X∗
is a topology, whi
h is �ner than the w∗

-topology.

De�nition. Let X be a normed linear spa
e. Then the family of all the bw∗
-open subsets X∗

is 
alled the bw∗
-topology.

Proposition 11. Let X be a normed linear spa
e. The bw∗
-topology on X∗


oin
ides with

the topology of uniform 
onvergen
e on sequen
es in X , whi
h are norm-
onvergent to zero.

Theorem 12 (Bana
h-Dieudonn�e). Let X be a normed linear spa
e and let κ : X → X∗∗

denote the 
anoni
al embedding. Then

(X∗, bw∗
)

∗
= κ(X).

In other words, the dual to (X∗, bw∗
) 
an be identi�ed with the 
ompletion of X . In parti
ular,

(X∗, bw∗
)

∗
= κ(X) ⇐⇒ X is 
omplete.

Corollary 13 (Krein-

�

Smulyan). Let X be a Bana
h spa
e and let A ⊂ X∗
be a 
onvex set.

Then

A is w∗
-
losed ⇐⇒ ∀r > 0 : A ∩ rBX∗

is w∗
-
losed.

Corollary 14 (Bana
h-Dieudonn�e). Let X be a Bana
h spa
e and let f be a linear fun
tional

on X∗
(i.e., f ∈ (X∗

)

#

. Then

f ∈ κ(X) ⇐⇒ f |BX∗
is w∗

-
ontinuous.

Theorem 15. Let X be a Bana
h spa
e. Denote K = (BX∗ , w∗
). Then K is a 
ompa
t

Hausdor� spa
e. De�ne the mapping J : X → C(K) by J(x) = κ(x)|K , x ∈ X . Then J is

a linear isometry of X into C(K), a homeomorphism of (X,w) into (C(K), τp) and, moreover,

J(X) is τp-
losed in C(K).

Remarks. Let X be a Bana
h spa
e and A ⊂ X∗
a 
onvex set. Then A

w∗

= A
bw∗

. However,

it may happen that ⋃

r>0

A ∩ rBX∗

w∗

$ A
w∗

,

even it A is a subspa
e. This is illustrated by distingushing the following 
ases:

Let Y ⊂⊂ X∗
. De�ne the seminorm ~qY na X pøedpisem

~qY (x) = sup{|f(x)| ; f ∈ Y & ‖f‖ ≤ 1},

i.e., ~qY = qBX∗∩Y . Then the following hold:

(1) ~qY is a norm on X ⇐⇒ Y
w∗

= X∗
.

(2) ~qY = ‖·‖ ⇐⇒ Y ∩BX∗

w∗

= BX∗
. In this Y is said to be a 1-norming subspa
e X∗

.

(3) ~qY is an equivalent norm on X ⇐⇒ ∃r > 0 : Y ∩BX∗

w∗

⊃ 1

r
BX∗

⇐⇒
⋃

r>0 Y ∩ rBX∗

w
∗

= X∗
. In this Y is said to be a norming (or, more pre
isely,

r-norming, where r is the number from the se
ond 
ondition) subspa
e of X∗
.


