
VII.4 Weakly ompat sets and operators in Banah spaes

Reminder, de�nitions and remarks: Let T be a Hausdor� ompletely regular spae and

A ⊂ T .

• The set A is said to be ompat if any over of A by open sets admits a �nite subover.

Furhter, A is ompat if and only if any net v A has a luster point in A.

• Let (xν)ν∈� be a net in T . Reall that a point x ∈ T is a luster point of the net if for

any neighborhood U of x and any ν
0

∈ � there is ν ≥ ν
0

with xν ∈ U . Further,

x is a luster point of (xν)ν∈� ⇐⇒ x ∈
⋂

ν
0

∈�

{xν ; ν ≥ ν
0

}

⇐⇒ there is a subnet of (xν)ν∈� onverging to x.

• The set A is said to be relatively ompat if its losure A is a ompat subset of T . Furhter,

A is relatively ompat if and only if any net v A has a luster point in T .

• A is said to be ountably ompat if any ountable over of A by open sets admits a �nite

subover. Further, A is ountably ompat if and only if any sequene in A has a luster

point in A.

• Reall that a point x is a luster point of the sequene (xn) if any neighborhood of x

ontains xn for in�nitely many n ∈ N. Further,

x is a luster point of (xn) ⇐⇒ x ∈
⋂

n
0

∈N

{xn;n ≥ n
0

}

⇐⇒ there is a subnet of the sequene (xn) onverging to x.

• A is said to be relatively ountably ompat, if any sequene in A has a luster point in T .

• A is said to be sequentially ompat if any sequene in A has a subsequene onverging to

some element of A.

• A is said to be relatively sequentially ompat, if any sequene in A has a subsequene

onverging to some element of T .

Remark: The following impliations and no other ones hold among the notions de�ned above.

A ompat ⇒ A ountably ompat ⇐ A sequentially ompat

⇓ ⇓ ⇓
A relatively ompat ⇒ A relatively ountably ompat ⇐ A relatively sequentially ompat

m ⇑ ⇑
A ompat ⇒ A ountably ompat ⇐ A sequentially ompat

In partiular, the losure of a (relatively) ountably ompat set need not be ountably ompat

and the losure of a (relatively) sequentially ompat set need not be ompat.

Remark: If T is a metri spae and A ⊂ T , then

(∗)

{

A compact ⇔ A countably compact ⇔ A sequentially compact

A relatively compact ⇔ A relatively countably compact ⇔ A relatively sequentially compact

De�nition. Let T be a Hausdor� ompletely regular topologial spae. T is said to be angeli

if for any relatively ountably ompat subset A ⊂ T the following assertions hold:

(i) A is relatively ompat;

(ii) for eah x ∈ A there exists a sequene (xn) in A onverging to x.

Remark: Any metri spae is angeli.

Lemma 25. Let T be an angeli spae. Then the equivalenes (∗) hold for any A ⊂ T .



Theorem 26.

(a) If K is a ompat Hausdor� spae, then the spae (C(K), τp) is angeli.

(b) If X is a Banah spae, then the spae (X,w) is angeli.

Theorem 26 an be proved by ombining the following three results.

Lemma 27. Let K be a ompat Hausdor� spae and A ⊂ C(K) be τp-relatively ountably

ompat. Then A
τp

is a τp-ompat subset of C(K).

Theorem 28 (Kaplansky). Let K be a ompat Hausdor� spae, f ∈ C(K) and A ⊂ C(K).

If f ∈ A
τp
, then there is a ountable set C ⊂ A with f ∈ C

τp
. (I.e., (C(K), τp) has ountable

tightness.)

Proposition 29. Let K be a ompat Hausdor� spae and A ⊂ C(K). If (A, τp) is ompat

and separable, then it is metrizable.

Theorem 30 (Eberlein-©mulyan). Let X be a Banah spae and A ⊂ X . The following

assertions are equivalent:

(i) A is relatively weakly ompat.

(ii) A is relatively weakly ountably ompat.

(iii) A is relatively weakly sequentially ompat.

Similarly, the following assertions are equivalent:

(i') A is weakly ompat.

(ii') A is weakly ountably ompat.

(iii') A is weakly sequentially ompat.

Theorem 31 (Grothendiek). Let K be a ompat Hausdor� spae and let A ⊂ C(K) be a

bounded set.

(a) A is relatively weakly ompat if and only if it is relatively τp-ompat.

(b) A is weakly ompat if and only if it is τp-ompat.

De�nition. Let X and Y be Banah spaes and T ∈ L(X, Y ). An operator T is said to be

weakly ompat if TBX is weakly ompat.

Proposition 32. Let X and Y be Banah spaes and T ∈ L(X, Y ).

(a) T is weakly ompat if and only if for any bounded sequene (xn) in X there exists a

subsequene of the sequene (Txn) whih is weakly onvergent.

(b) If T is ompat, then it is weakly ompat.

() If at least one of the spaes X , Y is reexive, then T is weakly ompat.

Theorem 33 (Gantmaher). Let X and Y be Banah spaes and T ∈ L(X, Y ). The following

assertions are equivalent:

(i) T is weakly ompat.

(ii) The dual operator T ′
is weakly ompat.

(iii) The dual operator T ′
is ontinuous from (Y ∗, w∗

) to (X∗, w).

(iii) T ′′
(X∗∗

) ⊂ κ(Y ).

Theorem 34 (Krein). Let X be a Banah spae and let K ⊂ X be weakly ompat. Then

aoK is weakly ompat as well.

Remark: The following nontrivial James theorem holds:

Let X be a Banah spae and let A ⊂ X be a weakly losed set (this is satis�ed, e.g., if A is

losed and onvex). If for eah f ∈ X∗
we have that Re f attains its maximum on A, then A is

weakly ompat.


