6.2. Antiderivatives.

Definition. Let a functionf be defined on an open interval We say that a functio’ is an
antiderivative off on [, if for eachz € I there existd”(z) andF'(z) = f(z).

Theorem 6.7.Let F'andG be antiderivatives of on an open interval. Then there exisise R
such thatF'(z) = G(x) + cfor eachz € 1.

Notation: The set of all antiderivatives gf on an open interval is denoted by/ f(z)dz. The
fact thatF' is an antiderivative of on [ is expressed by

/f(x)dxéF(x), xel.

Proposition 6.8(table of basic antiderivatives)

o [a"dz £ 2= onR (forn € NU{0});

o [2%dz < Z= on (0, +00) (for a € R\ {1}, fora € Z, & < —1 also on(—o0, 0));

e [Lldz =logzon(0,+00), [1dz=log(—z)on(—co,0);

e [exprdz =expx OnR;

° fsinxdx = —cosx OnR,fCOS:Ed:E = sinz onR;

e [ dz =tgzonanyoftheinterval§—% + kr, I + kn), k € Z;

cos?

o L_dx = — cotg z on any of the intervalékr, (k + 1)7), k € Z;
il g y :

sin® x

o [ \/1%7 dz = arcsinx on(—1,1);

o [z dz = arctgz onR.
Theorem 6.9(existence of antiderivative).et f be a continuous function on an open interyal
Thenf admits an antiderivative on.

Theorem 6.10.Let f have on an open intervdl an antiderivativel’, let a functiong have on
I an antiderivativez, and leta, 5 € R. Then the functiom F + SG is an antiderivative of
af + Bgonl.

Theorem 6.11(substitution) (i) Let /' be an antiderivative of on (a,b). Let» be a function
defined on an intervala, 5) with values in(a, b) and such thaty has at each point € («a, 5)
finite derivative. Then we have

/ Fe(t) (1) dt = F((t)) on (a, B).

(i) Let ¢ be a strictly monotone function on an interv@al, 5) which has at each point of
(«v, B) finite derivative and satisfies((«, 3)) = (a, b). Let f be a function continuous ofa, b).
If we have

/ F(o(8)¢ () dt < G(t) on (av, B),
then
[ H@)de = Gl @) on(a.b)

Theorem 6.12(integration by parts)Let I be an open interval and let functionfsand g be
continuous on. Let F' be an antiderivative of on I andG be an antiderivative of on /. Then
we have

/ g(z)F(z) drx = G(z)F(z) — / G(z)f(z)dz nal.



