4.2. Partial derivatives — basic facts and applications.
Definition. A function ofn variablesis a mapping defined on a subset®f with values inR.

Definition. Let f be a function of: variables;j € {1,...,n}, a € R". Then the number
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is calledpartial derivatives (of first order) of functiofi according toj-th variable at the point
(if it exists).
Note thate’ = [0, .. .,0, 1 ,0,...,0]
jth coordinate
Remark.Let f be a function ofn variables,a € R™ andj € {1,...,n}. Let us define the
function
o(y) = flag, ... yAj—1,Y5 A1,y - - - an).

Theny'(a;) = %(a) provided one of these derivative exists.

Definition. Let M C R", @ € M, andf be a function defined at least ad, i.e.,M C D;. We
say thatf attains at the point
e maximum onV/, if for everyy € M we havef(y) < f(x),
e local maximum with respect t/, if there exist$ > 0 such that for every € B(x,d)N
M we havef(y) < f(z),
e sharp local maximum with respect fd, if there exists) > 0 such that for every €
(B(z,6) \ {z}) N M we havef(y) < f(x).

The notionsninimum local minimumandsharp local minimumvith respect tal/ are defined
analogically.

Definition. We say that a functiorf’ attains at the poinkz € R™ local maximumif x is a
local maximum with respect to some ball centered at the paiSimilarly one can defincal
minimum sharp local maximurmandsharp local minimum

Theorem 4.6(necessary condition of existence of local extremubet G C R™ be an open set,
a € (G, and a functionf: G — R have at the poin& local extremum (i.e., a local maximum or
a local minimum). Then for eache {1,...,n} we have:

The partial derivativeé%(a) either does not exist or is zero.



