
4.3. Continuous functions of several variables.

Definition. Let M ⊂ R
n, x ∈ M , andf : M → R. We say thatf is continuous atx with

respect toM , if we have

∀ε ∈ R, ε > 0 ∃δ ∈ R, δ > 0 ∀y ∈ B(x, δ) ∩M : f(y) ∈ B(f(x), ε).

We say thatf is continuous at the pointx, it it is continuous atx with respect to a neighborhood
of x, i.e.,

∀ε ∈ R, ε > 0 ∃δ ∈ R, δ > 0 ∀y ∈ B(x, δ) : f(y) ∈ B(f(x), ε).

Remark.Let M ⊂ R
n, x ∈ M , f : M → R, g : M → R, andc ∈ R. If f andg are continuous

at the pointx with respect toM , then the functionscf , f+g afg are continuous atx with respect
toM . If the functiong is nonzero at each point ofM , then also the functionf/g is continuous at
x with respect toM .

Theorem 4.7(Heine). LetM ⊂ R
n, x ∈ M , andf : M → R. Then the following are equiva-

lent.

(i) The functionf is continuous atx with respect toM .
(ii) For each sequence{xj}∞j=1

such thatxj ∈ M pro j ∈ N a lim
j→∞

xj = x, we have

lim
j→∞

f(xj) = f(x).

Remark.Let r, s ∈ N,M ⊂ R
s,L ⊂ R

r, andy ∈ M . Letϕ1, . . . , ϕr be functions defined onM ,
which are continuous aty with respect toM and[ϕ1(x), . . . , ϕr(x)] ∈ L for eachx ∈ M . Let
f : L → R be continuous at the point[ϕ1(y), . . . , ϕr(y)] with respect toL. Then the composed
functionF : M → R defined by

F (x) = f
(

ϕ1(x), . . . , ϕr(x)
)

, x ∈ M,

is continuous aty with respect toM .

Definition. Let M ⊂ R
n af : M → R. We say thatf is continuous onM , if it is continuous at

each pointx ∈ M with respect toM .

Remark.The projectionπj : R
n → R, πj(x) = xj , 1 ≤ j ≤ n, are continuous onRn.

Theorem 4.8.
(1) Letf be a function continuous on an open setG ⊂ R

n andc ∈ R. Then the set{x ∈
G; f(x) < c} is open inRn.

(2) Letf be a function continuous on a closed setF ⊂ R
n andc ∈ R. Then the set{x ∈

F ; f(x) ≤ c} is closed inRn.

Definition. We say that a functionf of n variables has at a pointa ∈ R
n limit equalA ∈ R

∗, if
we have

∀ε ∈ R, ε > 0 ∃δ ∈ R, δ > 0 ∀x ∈ B(a, δ) \ {a} : f(x) ∈ B(A, ε).

Remark.
• Each function has at a given point at most one limit. We writelimx→a f(x) = A.
• The functionf is continuous ata if and only if limx→a f(x) = f(a).



• For functions of several variables one can prove similar theorems as for functions of one
variable (arithmetics, sandwich theorem, . . . ).

Theorem 4.9. Let r, s ∈ N, a ∈ R
s, and letϕ1, . . . , ϕr be functions ofs variables such that

limx→a ϕj(x) = bj , j = 1, . . . , r. Setb = [b1, . . . , br]. Letf be a function ofr variables whic is
continuous at the pointb. We define a functionF of s variables by

F (x) = f(ϕ1(x), ϕ2(x), . . . , ϕr(x)).

Thenlimx→a F (x) = f(b).

4.4. Compact sets and their applications.

Definition. We say that a setM ⊂ R
n is compact, if for each sequence of elements ofM there

exists a convergent subsequence with limit inM .
We say that a setM ⊂ R

n is bounded, if there existsr > 0 such thatM ⊂ B(o, r).

Theorem 4.10(characterization of compact subsets ofR
n). The setM ⊂ R

n is compact if and
only if M is bounded and closed.

Theorem 4.11(attaining extrema). LetM ⊂ R
n be a nonempty compact set andf : M → R

be continuous onM . Thenf attains onM its maximum and minimum.

Corollary 4.12. LetM ⊂ R
n be a nonempty compact set andf : M → R be continuous onM .

Thenf is bounded onM .


