
4.5. Functions of the classC1.

Definition. Let G ⊂ R
n be a nonempty open set. Let a functionf : G → R have at each point

of the setG all partial derivatives continuous (i.e., functionx 7→ ∂f

∂xj
(x) are continuous onG for

eachj ∈ {1, . . . , n}). Then we say thatf is of theclassC1 onG. The set of all these functions is
denoted byC1(G).

Remark.If G ⊂ R
n is a nonempty open set and andf, g ∈ C1(G), thenf + g ∈ C1(G),

f − g ∈ C1(G), andfg ∈ C1(G). If moreover for eachx ∈ G we have: g(x) 6= 0, then
f/g ∈ C1(G).

Proposition 4.13 (weak Lagrange theorem). Let n ∈ N, I1, . . . , In ⊂ R be open intervals,
I = I1 × I2 × · · · × In, f ∈ C1(I), a, b ∈ I. Then there exist pointsξ1, . . . , ξn ∈ I with
ξij ∈ 〈aj, bj〉 for eachi, j ∈ {1, . . . , n}, such that

f(b)− f(a) =
n

∑

i=1

∂f

∂xi

(ξi)(bi − ai).

Definition. Let G ⊂ R
n be an open set,a ∈ G, andf ∈ C1(G). Then the graph of the function

T : x 7→ f(a) +
∂f

∂x1

(a)(x1 − a1) +
∂f

∂x2

(a)(x2 − a2) + · · ·+
∂f

∂xn

(a)(xn − an), x ∈ R
n,

is calledtangent hyperplaneto the graph of the functionf at the point[a, f(a)].

Theorem 4.14.LetG ⊂ R
n be an open set,a ∈ G, f ∈ C1(G), andT be a function, such that

its graph is the tangent hyperplane of the functionf at the point[a, f(a)]. Then

lim
x→a

f(x)− T (x)

ρ(x,a)
= 0.

Theorem 4.15.LetG ⊂ R
n be an open nonempty set andf ∈ C1(G). Thenf is continuous on

G.

Theorem 4.16.Let r, s ∈ N, G ⊂ R
s, H ⊂ R

r be open sets. Letϕ1, . . . , ϕr ∈ C1(G), f ∈
C1(H) and [ϕ1(x), . . . , ϕr(x)] ∈ H for eachx ∈ G. Then the composed functionF : G → R

defined by
F (x) = f

(

ϕ1(x), ϕ2(x), . . . , ϕr(x)
)

, x ∈ G,

is of the classC1 onG. Leta ∈ G andb = [ϕ1(a), . . . , ϕr(a)]. Then for eachj ∈ {1, . . . , s} we
have

∂F

∂xj

(a) =
r

∑

i=1

∂f

∂yi
(b)

∂ϕi

∂xj

(a).

Definition. Let G ⊂ R
n be an open set,a ∈ G, andf ∈ C1(G). Gradient off at the pointa is

defined as the vector

∇f(a) =

[

∂f

∂x1

(a),
∂f

∂x2

(a), . . . ,
∂f

∂xn

(a)

]

.



Definition. Let G ⊂ R
n be an open set,a ∈ G, f ∈ C1(G), and∇f(a) = o. Then the pointa

is calledstationary(or alsocritical) pointof the functionf .

Definition. Let G ⊂ R
n be an open set,f : G → R, i, j ∈ {1, . . . , n}, and ∂f

∂xi
(x) exists for

eachx ∈ G. Thenpartial derivative of the second order of the functionf according toi-th and
j-th variable at the pointa ∈ G is defined by

∂2f

∂xi∂xj

(a) =
∂

∂xj

(

∂f

∂xi

)

(a).

If i = j then we use the notation
∂2f

∂x2

i

(a).

Similarly we define higher order partial derivatives.

Theorem 4.17.Let i, j ∈ {1, . . . , n} and let both partial derivatives∂2f

∂xi∂xj
and ∂2f

∂xj∂xi
be conti-

nuous at a pointa ∈ R
n. Then we have

∂2f

∂xi∂xj

(a) =
∂2f

∂xj∂xi

(a).

Definition. LetG ⊂ R
n be an open set andk ∈ N. We say that a functionf is of theclassCk on

G, if all partial derivatives off till k-th order are continuous onG. The set of all these functions
is denoted byCk(G). We say that a functionf is of theclassC∞ onG, if all partial derivatives
of all orders off are continuous onG. The set of all functions of the classC∞ onG is denoted
by C∞(G).


