
IV. Determine sup and inf of the function f on the set M

and decide whether these values are attained

1. f (x, y, z) = x− 2y + 2z,
a) M = {[x, y, z] , x2 + y2 + z2 = 1}, b) M = {[x, y, z] , x2 + y2 + z2 = 1, x+ y + z = 0}
2. f (x, y, z) = xyz,

a) M = {[x, y, z] , x2 + y2 + z2 = 1}, b) M = {[x, y, z] , x2 + y2 + z2 = 1, x+ y + z = 0}
3. f (x, y, z) = sinx sin y sin z, M = {[x, y, z] ; x+ y + z = π

2
, x > 0, y > 0, z > 0}

4. f (x1, . . . , xn) = xp

1
+ · · · + xp

n
; M = {[x1, . . . , xn] ; x1 + · · · + xn = a, x1 > 0, . . . , xn > 0};

where a > 0, p > 0. 5. f(x, y, z) = 10z + x− y, M = {[x, y, z], x2 + y2 + z2 ≤ 1, y + x ≥ 0}
6. If x ∈ Rn and M ⊂ Rn, the distance of the point x to the set M equals

dist(x,M) = inf{ρ(x,y) : y ∈ M}, the distance of the set M to a set N ⊂ Rn equals

dist(M,N) = inf{ρ(x,y) : x ∈ M,y ∈ N}. Compute the distances:
(a) of the point [a, 1

2
] ∈ R2 to the parabola y = x2; (b) of the point [−a,− 1

a
] ∈ R2 (a > 0) to the

hyperbola branch y = 1/x, x > 0; (c) of the line y = x− 50 to the parabola y = x2.

7. f (x, y) = x2 + y2, M = {[x, y], x2 + 4y2 = 1}
8. If M ⊂ Rn is nonempty and bounded, its diameter is defined by

diamM = sup{ρ(x,y) : x,y ∈ M}. Compute the diameter of the set {[x, y] ∈ R2 : |x|p + |y|p = 1}
(for p > 1).
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Answers and hints. In most problems one can use Lagrange multiplier theorem. 1. a)
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not attained. (Sup and inf on M are the same as on M .) 4. for p = 1 f is constant on M ;

for p > 1 sup ap, not attained, min a
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to suitable subsets and use induction n.) 5. max
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] (Geometric interpretation can be used to solve

the problem without computation.) 8. 2 for p ∈ (1, 2〉, 2
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2p for p > 2. (Use Lagrange multiplier

theorem to maximize ρ([x, y], [u, v]) for [x, y] and [u, v] from the set. Show that in the maximum

point necessarily x = −u and y = −v. Further show that for p 6= 2 necessarily x = 0 or y = 0 or

|x| = |y|. Conclude.)


