SAMPLE PROBLEMS FOR THE WRITTEN PART OF EXAM

Problem 1 - version 1 Compute the inverse of the matrix A. (Hint: Let B be the matrix made
from A by multiplying the second row by %, the third row by % and the fourth row by 2—17 Compute
first B~! and then deduce the value of A™1.)

1 3 9 27
3 3 9 27
A= 9 9 9 27
27 27 27 27
Sketch of the solution.
The matrix B equals
1 3 9 27
11 3 9
B= 1 1 1 3
1 1 1 1
To compute the inverse we take the matrix
13 9 2711 0 0 O
113 970 1 0 0
(BIT) = 1 11 3]0 0 1 0
111 170 0 0 1

Using standard elementary row transformations we arrive to

1000 -3 5 0 0
0100 35 -2 2 o0
0010 0 4§ -2 3]
1 1
0001l o o L -1
thus
1 3
o2 90
12 3 9
-1 _ ] 2 2
B o 1 -2 3
00§

Finally, since A can be made from B by multiplying the second row by 3, the third row by 9 and
the fourth row by 27, the matrix A~! will be made from B~! by multiplying the second column
by %, the third column by % and the fourth column by % Therefore

1 1
2 5 7 7
ATl=1 2 25, (1)
0 3 BT
0o o0 L —L

Approximate evaluation:

Correct beginning of computation of the inverse: 1 point.

Correct application of elementary row transformation: 5 points. (The computation should be, of
course, given explicitly step by step, in order the way to the result can checked.)

Pointing out the value of B~!: 1 point.

Determining the value of A~! including explanation: 3 points.



Problem 2 - version 2 Compute determinants of matrices A and B” A, where A is given below
and B is made from A by multiplying the first column by 17 and fifth column by %

2 3 4 5
12 13 14 15
13 23 24 25
14 24 34 35
15 25 35 50

=
I
G W N =

Sketch of solution: Standard rules for transformation and determinant yield:

1 2 3 4 5 1 2 3 4 1 1 2 3 4 1
2 12 13 14 15 2 12 13 14 3 08 7 6 1
det | 3 13 23 24 25| =25det |3 13 23 24 5| =25det| 0 7 14 12 2
4 14 24 34 35 4 14 24 34 7 0 6 12 18 3
5 15 25 35 50 1 3 5 7 2 01 2 3 1
123 4 1 0 -9 —-18 -7
0 0 -9 —-18 -7 0 0 9 _s
=25det |0 0 0 —9 —5 | =25det
0 0 0 -3
00 0 0 -3 L2 3 1
01 2 3 1
-9 —18 -7
=25-1-(-1)'**det [ O -9 -5
0 0 -3

=—25-(-9) - (-9)- (-3)=25-3".

Hence det A = 25 - 3°.

Further, det BT = detB = 17 - % ~detA =5-17-3°.
Finally: det(BTA) = det BT - det A = 17 - 5% - 310.
Approximate evaluation:

Computing det A: 7 points.

Deducing the value of det(BTA): 3 points.



Problem 1 - version 3

Find all the solutions of the system Ax = b for the below given matrix A and given three right-hand
side vectors by, by a bg.

1 3 9 27 1 1 1
31 27 9 3 1 2
A= 3 27 9 br=1 o |,b2=1|,bs= 3
31 9 27 2 1 4

Sketch of the solution:

We will use Gauss elimination method. The best possibility is to make the computation simulta-
neously for all the three vectors. IL.e., take the augmented matrix

1 3 9 2711 1 1
31 27 913 1 2
(Alby by b3) = 1 3 27 912 1 3
31 9 2712 1 4

and perform the elimination (i.e., transform the matrix to the row echelon form using elementary
row transformation). We will get

1 3 9 2771 1 1 1 3 9 27111 1 1
0 -8 0 -72 0 -2 -1 0 -8 0 -72| 0 -2 -1
0 0 18 18| 1 0 2 0 0 18 —18/ 1 0 2
0 -8 —18 —54| -1 -2 1 0 0 —18 18| -1 o0 2

1 3 9 2711 1 1

0 -8 0 -72/0 -2 -1

“lo o 18 —18/1 0 2

0 0 0 O01l0 0 4

Now we can write down the solutions:

For by: [-9t+ 1, -9t,t+ .1], t € R.

For bo: [-9t+ 1, -9t + 1,t,t], t € R.

For bs: no solution.

Approximate evaluation:

Correct beginning of the elimination: 1 point.

The elimination itself: 4 points.

Deducing the formulas for solutions for by 2 points, for bs 2 points.
Nonexistence of solution for bs: 1 point.



Problem 2 Determine and draw the domain of the function

y —sinx
f(z,y) = Yy

compute its partial derivatives with respect to all the variables at all points where they exist.
Sketch of the solution: Domain is the following:

Dy ={[z,y) € R?: (y>0and y >sinz) or (y <0 and y <sinx)}.

Picture of the domain:

Partial derivatives are computed using standard rules:

E)f( ) 1 Y —Ccosx
—(x —

gz Y T3 y —sinz Yy
of 1 Y sin x

G_y(x’y):2 y—sinz y?

Both formulas are valid at points [z, y| satisfying y > 0 and y > sinz or y < 0 and y < sinz.

It remains to check the points [z, y] satisfying y = sinz, y # 0.

At these points partial derivative with respect to ¥ is not defined, since there is no vertical segment
centered at the respective point contained in the domain.

Further, partial derivative with respect to = has a sense only in points [§ 42k, 1] and [~5+2k7, —1]
for k € Z, since otherwise there is no horizontal segment centered at the respective point contained
in the domain.

Finally, %(g + 2km, 1) and %(—% + 2km,—1) for k € Z do not exist. This can be checked, for
example, using the definition of partial derivatives.

l—sinx
[l=sinz _ T
ﬁ(z +2km,1) = lim - = lim Y- 27
8:1; 2 T—5+2km T — (% + 2]{771') T xr — b)

. v1—coszx . 1 —coszx
= lim — = lim —y/ ——— - sgn(x).
x—0 —X x—0 xz

This limit does not exist, since the limit from the right equals —% and the limit from the left
equals %

Similarly for the other points.

Approximate evaluation:

Determining the domain: 2 points.

Picture of the domain: 1 point.

Formulas for the partial derivatives: 2 points.

Domain of the validity of these formulas: 1 point.

Determining in which of the remaining points the partial derivatives can be defined: 2 points.
Computation of the respective limits: 2 points (1 point each).



Problem 3: Let us consider the equation
cos(z + y?) +sin(z? +y) =1

and the point [—1,—1]. Show that this equation defines a C*° function y = f(z) defined on a
neighborhood of —1, which satisfies f(—1) = —1. Compute f’(—1), f”’(—1) and determine the
equation of the tangent line to the graph of f at the point [—1, f(—1)].

Sketch of solution. Denote F(x,y) = cos(x + y?) + sin(2? + y) — 1. To show the existence of f
with the given properties, it is enough to check the assumptions of the implicit function theorem:
(1) F is C* on an open set containing [—1, —1]. This is true, because F' € C*°(R?). This follows
from the properties of the elementary functions.

(2) F(—1,—1) = 0. This can be checked by computation.

(3) 88—1;(—1, —1) # 0. Indeed,

oF

utall 1.
oy

(=1, —1) = —sin(x 4+ y?) - 2y + cos(z? + y)‘x:—l,y:—l =

The implicit function theorem then yields the existence of f with the required properties. In
particular, f satisfies

cos(z + f(x)?) +sin(2? + f(z)) —1=0 on a neighborhood of — 1.

To compute the first derivative, we differentiate this equation:

—sin(z+ f(2)?) - (1+2f(x)f'(z)) +cos(z®* + f(z))-(2z+ f'(z)) =0  on a neighborhood of — 1.
If we substitute there x = —1 and use that f(—1) = —1, we get

—sin(0) - (1 — 2f'(—1)) + cos(0) - (=2 + f'(~1)) =0,

hence f/(—1) = 2.
To compute the second derivative, we differentiate once more. We get

—cos(z + f(2)?) - (1 +2f(2)f'(2))?* = sin(z + f(2)*) - (2(f'(2))* + 2f (2) f" (2))
—sin(2? + f(x)) - 2z + f'(x))* +cos(z? + f(x))- (2+ f”(x)) =0  on a neighborhood of — 1.

Further, we substitute x = —1 and use the fact f(—1) = —1 and the already computed value
f'(—1) = 2. We get

—cos(0)- (1+2-(=1)-2)% —sin(0) - (2-2% +4f"(—1)) —sin(0) - (—2+2))* 4+cos(0) - (2+ f”(—1)) = 0,

hence f"(—1) =T1.

Equation of the tangent plane is then y = —1 + 2(x + 1).
Approximate evaluation:

Checking the assumptions of IFT: 3 points

The equation satisfied by f: 1 point

Differentiating the equation for the first time: 1 point
Computing f/(—1): 1 point

Differentiating the equation for the second time: 2 points
Computing f”(—1): 1 point

Tangent line: 1 point



Problem 4: Determine sup and inf of the function f on the set M and decide whether these
values are attained, if

f(z,y,2) =2%y and M = {[z,y,2] € R® : 2? +¢? +22% = 4,22 > 1}

Sketch of solution:

Existence of extrema: f is continuous on R3. The set M is closed (it is determined by equality
and non-strict inequality of continuous functions) and bounded (it is contained in the closed ball
centered at origin with radius 2. Therefore it is compact. Thus the extrema (minimum and
maximum) do exist provided M is nonempty. This assumption will be checked later by finding
some points in M.

To find extrema, we decompose M to two sets, M = M; U M, where

My = {[z,y,2] e R®: 2% + ¢y +22% = 4,22 > 1},
My = {[z,y, 2] €R33$2+y2+222:4,x221}.

Further, denote g;(z) = 22 + y? + 222 — 4 and ¢»(z,y, 2) = vz — 1. For future use let us compute
gradients:

Vf(x,y,2) = [2zy, 2%, 0],
Vgl(l', Y, Z) = [23:7 2y7 42]7
ng(l’, Y, Z) = [Zv 07 IL']

Let us now investigate the set M. By the Lagrange multiplier theorem, if at some point [z, y, z] €
M, there is a local extremum of f with respect to M;, then at this point either Vg; = o or there
is A € R such that Vf + \-Vg; =0.

Let us first consider the first possibility. Vg1 = o only at the point [0, 0, 0], but this point does
not belong to M; (it does not satisfy the respective equation). So, this possibility is excluded.
So, in points of extrema there is A € R such that

2zy + A\ - 22 = 0,
2+ -2y =0,
0+A-42=0

The third equation implies that either z =0 or A = 0. If z = 0, then also xz = 0 and such points
cannot be in M; since all the points of M; satisfy zz > 1. If A = 0, then the second equation
yields = = 0, which is again in contradiction with xz > 1. Therefore there are no extrema in M;.
So, let us continue with M,. By the Lagrange multiplier theorem, if at some point [x,y, z] € My
there is a local extremum of f with respect to Ms, then at this point either Vg; and Vg, are
linearly dependent or there are A1, Ao € R such that Vf 4+ X-Vg; + AaVgs = 0.

Let us first consider the first possibility. If Vg; and Vg, are linearly dependent, then either there
is &« € R such that Vg; = aVgs or there is @ € R such that Vgs = aVyg;.

If Vg1 = aVygs, ie. [2x,2y,4z] = [az,0,az], necessarily y = 0. Further, we get 20 = az =
« - iaw = %azx. It follows that either x = 0 or a? = 8. If = 0, then necessarily z = 0, which is
not possible as [0,0,0] ¢ Ms. Hence o? = 8, so 22 = 222. Hence, from the first equation defining
My we get 222 + 222 = 4, thus 22 = 1 and 22 = 2. But it is in contradiction with the second
equation zz = 1. So, the possibility Vg; = aVgs, is excluded.

Suppose now Vgs = aVg;. If a # 0, we get Vg, = éVgg, which is impossible by the previous
paragraph. If « = 0, we get x = z = 0. But it contradicts the equation zz = 1, so no such point
belongs to Ms.

Finally, suppose that there are A1, Ao € R such that Vf + \- Vg, + A2Vgs = 0. Le., we have the

following system of equations:
2xy + A1 - 2z + Aoz =0,

224+ A -2y + X -0=0,



If we multiply the first equation by x and the third one by z and subtract the resulting two
equations, we obtain
227y 4+ A\ (222 — 42%) = 0.

If we now multiply this equation by y, the second equation by 22 — 222 and subtract the resulting
equations, we get
22%y% — 2%(2? — 22%) = 0.

Since = # 0 due the the equation zz = 1, the above equation can be divided by 22, so we get

1
2y? — 2% + 222 =0, hencey? = 51'2 — 2%

If we substitute this into the first equation definining M, we obtain
3 9 2
—x° 4 27 =4.
2

If we substitute there moreover z = %, we get

3 1 3
5:1:2 + 2= 4, hence 5334 — 42?4+ 1.

This is a biquadratic equation, so

s, 4++10 4++/10

P —— h == 5
X 3 ence r 3

where all the four combinations of signs are allowed.

2 4410

— 22, In case z = +4/ Y0 we obtain in this way four

_ 1 2 _ 1
Now we compute z = + and y* = 5w 3

4—+/10
3
If we compute the values of f at the four obtained points and compare them, we get the results:

Maximum %\/5\/ 14 + 5v/10 at points [:t\/4+§/ﬁ, \/2\/13_0_3’:|:’/4+§/E} (the two signs are the
same), minimum —%\/3\/ 14 + 54/10 at points [i—\/ 4+_g/ﬁ, —1/ 2\/13_0_3, £,/ 4+?/ﬁ] (the two signs

are the same).

Approximate evaluation:

Existence of extrema: 2 points

Decomposition to M; U Ms: 1 point

On M 1-

- the case of the zero gradient 1 point

- the stating of the equations with mutlipliers 1 point
- solving the equations 2 points

On Mz:

- the case of linearly dependent gradients 2 points

- the stating of the equations with mutlipliers 1 points
- solving the equations 3 points

Final discussion: 2 points

points, in case x = + no solutions are obtained since one gets y? < 0 which is impossible.




Problem 5: Compute the following antiderivative on maximal possible intervals:

/ a4t + 2?2+ +1
x
(2 +x+ 1) (22 + 5z +4)

Sketch of solution:

The integrand is a rational function. The degrees of nominator and denominator are equal to 4,
so we should start by division of the two polynomials.

The denominator can be expanded to z* + 623 4+ 1022 + 9z + 4, hence we have

x4t 2+ +1 x4+ 2+ +1 —223 — 922 —8x —3

(2 +2+1)(22+52+4) 24+623+ 1022+ 97 +4 R S BT e

The second fraction is a rational function where the degree of the nominator is strictly smaller
than the degree of the denominator, so the next step is the decomposition to the partial fractions.
First we need to decompose the denominator to a suitable product. We have

2t + 623 + 1002 +9r +4= (2 + o+ D)(@* +5x+4) = (22 +ox+1)(z+4)(z + 1),

where the first step follows from the fact that left-hand side has been computed by expanding the
respective product. Further, the quadratic polynomial 22 + x + 1 has no real roots, so the above

decomposition is the required one. Now, to decompose the fraction to partial fractions we need to
find A, B,C, D € R such that

223 — 922 —8x —3 B Ax + B n C n D
24+ 623 +1022+92+4 2242+1 x+4 x+1°

If we multiply this equation by the denominator of the left-hand side, we get
223 — 92 — 82 -3 = (Az+ B)(z+4)(z+ 1)+ C@* +x+1)(z+1) + D(2? + 2+ 1)(z + 4).

If we substitute there x = —1, we get
2
—2 =23D, hence D = —3
If we substitute xr = —4, we get
1
13 = —39C, hence C' = —3

To find the values of A and B, we will compare the coefficient of the polynomials on the right-hand
side and on the left-hand side. The coefficient at 23 of the right-hand side is A+C +D = A — 1.
We thus get

—2=A—1, hence A= —1.

Further, the coefficient at 2° on the right-hand side is 4B + C' + 4D = 4B — 3. We thus get
—3 =4B — 3, hence B = 0.
We therefore have

1 2
—22% — 922 — 8z — 3 —x -3 -3

x4+6x3+10x2+9x+4:x2+x+1+x+4+x+1'

The first fraction should be furhter decomposed:

—x 1 2z+1 3

24+zr+1 :_§x2+x+1+x2+x+1'




The antiderivative to the first fraction is —% log(z2 4+ x + 1). The antiderivative to the second one
is computed in the standard way:

1
5 1 1 1 4 1
2
7dx—/—-—dx—/—-— dx
/5132+33+1 2 (z+3)2+43 2 33(z+3)2+1

V3 2
2 2 /3 c 1 2r+1
= [ - dr = — arctg —— on R.
/3 (Fx+3)2+1 V3R TR

By putting together the partial results we get that

et 443+ 22+ +1 c 1 1 20 +1 1 2
der=2—-1 2 1)+— tg ————1 4|—=1 1
/(x2+x+1)(x2+5x+4) T=r-3 og(z”+z+ )+\/§arc g 73 3 og |z+4| 3 og|z+1|

on each of the three intervals (—oo, —4), (=4, —1) and (—1, +00).
Approximate evaluation:

Division of polynomials: 1 point

Decomposing to the partial fractions:

- correct statement of the general equation 1 point

- solution 3 points

Integration of the first fraction:

- further decomposition 1 point

- integration of the first part 1 point

- integration of the second part 3 points

Integration of the second and third fractions: 2 points
Putting the results together: 1 point

Determining of the intervals: 2 points




