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1. Introduction

We study solutions of an inhomogeneous elliptic system
—div(A(Vu)) = —divf (1.1)
on a domain 2 C R", whereu : 2 — RVandf : 2 — RV*" We assume that f € BMO, where BMO is the space of
functions with bounded mean oscillation, and A is given by

A(Vu) = ¢'(|V vu
(Vu) = ¢'(] U|)ﬁ

for a suitable N-function ¢. Throughout the paper we will assume ¢ satisfies the following assumption.

Assumption 1.1. Let ¢ be a convex function on [0, co) such that ¢ is C! on [0, oo) and C? on (0, o). Moreover, let
¢'(0) =0, lim;_, o ¢'(t) = o0 and

@' (t) ~ te"(t) (1.2)
uniformly in t > 0. The implicit constants in (1.2) are called the characteristics of ¢.

The assumptions on ¢ are such that the induced operator — div(A(Vu)) is strictly monotone. If we define the energy

4(v) :=/<p<|w|>dx—/f-wdx,
then the system (1.1) is its Euler-Lagrange system and solutions of (1.1) are local minimizers of g.
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A significant example of the considered model is the p-Laplacian system, for which p € (1, 00), p(t) = %t”, A(Vu) =
|Vu|P~2Vu, and the system (1.1) has the form
—div(|VulP~2Vu) = —divf.
Note that ¢(t) = %t" satisfies! Assumption 1.1.In the rest of this introduction we restrict ourselves to this case. Iff € jid (£2),

where 1 + 1 = 1, then naturally [Vu| € I? or equivalently A(Vu) € L” . The question of the nonlinear Calderén-Zygmund
theory (originated by Iwaniec in [1]) is, whether higher integrability of f transfers to higher integrability of Vu and A(Vu).
Iwaniec showed that f € LY(R") implies A(Vu) € LY(R"), whenever g € [p’, o0).

This raises the question of what happens in the limiting case ¢ = co. We know from the linear theory of the Laplace
equation (corresponding to p = 2) that f € L* cannot imply Vu € L*°. This is related to the fact that the mapping f — Vu
is (in the linear case) given by a singular integral operator. It is well known that such operators are in general not bounded
from L to L*°. However, it is possible to replace L by the space BMO, since singular integral operators map BMO to BMO.
Therefore, the natural question arises if f € BMO implies A(Vu) € BMO. The first BMO result was done by DiBenedetto and
Manfredi in [2]. Their result, however, only treated the super-quadratic case p > 2. Our inequalities are more precise and
therefore valid for all p € (1, co) and even for more general growth.

Theorem 1.2. Let B C R" be a ball. Let u be a solution of (1.1) on 2B, with ¢ satisfying Assumption 1.1.
If f € BMO(2B), then A(Vu) € BMO(B). Moreover,

IACVY) llpmos) < C][ [(A(Vu)) — (A(Vu)) 2| dx + c|If llsmos) -
28

The constant ¢ depends only on the characteristics of .

This theorem is a special case of our main result in Theorem 5.3. The technique used in the proof, is in the spirit of the
pioneering work of Iwaniec and is based on comparison arguments with p-harmonic functions.

Additionally to Theorem 1.2, we are able to transfer any modulus of continuity of the mean oscillation from f to A(Vu).
This includes the case of VMO, see Corollary 5.4. Moreover, f € C%#(2B) implies A(Vu) € C%#(B) with corresponding local
estimates, see Corollary 5.5. The 8 is restricted by the regularity of the p-harmonic functions.

Our results also hold in the context of differential forms on 2 C R", where we get the corresponding estimates, see
Remark 5.9. By conjugation we can also treat solutions of systems of the form d*(A(dv + g)) = 0.

The special case f = 0 in Corollary 5.5 allows us to derive new decay estimates for ¢-harmonic functions. On the one
hand we get decay estimates for A(Vu), see Remark 5.6. On the other hand by conjugation, see Remark 5.9 we also get decay
estimates for Vu, see (5.7).

We study systems, where the right-hand side is given in divergence form, since it simplifies the presentation. The results
can also be applied to the situation, where the right-hand side divf of (1.1) is replaced by a function g. Note that any
functional from (W(} "?(£2))* can be represented in such a divergence form. Whenever, such g can be represented asg = div f
with f € BMO,, (a refinement of BMO, see Section 5), then our results immediately provide corresponding inequalities. For
example we show in Remark 5.7 that g € L" implies locally A(Vu) € VMO. This complements the results of [3,4], who proved
A(Vu) € L*® forg € L™! (Lorentz space; subspace of L"), where the result of [3] is for equations only but up to the boundary.

2. Notation and preliminary results

We use c as a generic constant, which may change from line to line, but does not depend on the crucial quantities.
Moreover we write f ~ g if and only if there exist constants ¢, C > 0 such that ¢f < g < Cf. Note that we do not point out
the dependencies of the constants on the fixed dimensions n and N. For v € Ll]oc (R™) and a ball B C R" we define

(v)p ::][v(x)dx = l/v(x)dx, (2.1)
B Bl Jp

where |B| is the n-dimensional Lebesgue measure of B. For A > 0 we denote by AB the ball with the same center as B but
A times the radius.

Areal function ¥ : RZ% — R=? is said to be an N-function if it satisfies the following conditions: ¥ (0) = 0 and there
exists the derivative ', which is right continuous, non-decreasing and satisfies ¢»'(0) = 0, ¢¥/'(t) > O0fort > 0, and
lim;_, o, ¥'(t) = oo. Especially, ¢ is convex. Assumption 1.1 assures that ¢ is an N-function. The complementary function
@* is given by

0 () = stuloa(ut — (1))

and satisfies (¢*)'(t) = (¢’)~'(t). Moreover, for any t > 0 there holds
P(t) < ¢'(Ht < p(2), P* (9 (1) < p(20). (2.2)

1 Also o(t) = % fot (1 + s)P2sds and (t) = % foth +52)"7" s ds with u > 0 satisfy Assumption 1.1.
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It follows from the Assumption 1.1 (see for example [5]) that ¢ and ¢* satisfy the A,-condition, i.e. ¢(2t) < ce(t) and
©*(2t) < ce*(t) uniformly in t > 0, where the constants only depend on the characteristics of ¢. For further properties of
the N-function we refer to [6].

As a further consequence of Assumption 1.1 there exists 1 < p < g < oo and K; > 0 such that

@(st) < Ky max{s’, s?}ep(t) (2.3)
for all s, t > 0. The exponents p and q are called the lower and upper indices of ¢, respectively. We say that ¢ is of type
T(p, q, K,) if it satisfies (2.3), where we allow 1 < p < g < o0¢ in this definition. Note that (2.3) implies

min{s?, s9}@(t) < K;p(st) (2.4)
foralla,t > 0.Every ¢ € T(p, q, K;) satisfies the A,-condition; indeed ¢ (2t) < K129¢(t).

Lemma 2.1. Let ¢ be of type T(p, q, K1), then ¢* € T(q', p’, K3) for some K, = K>(p, q, Ky).

This lemma is well known. However, for the sake of completeness, we include the proof in the Appendix. In particular, if
¢ € T(p,q,K)with1 < p < q < oo, then also ¢* satisfies the A,-condition. Under the assumption of Lemma 2.1 we also
get the following versions of Young’s inequality. For all § € (0, 1] and all t, s > 0 it holds

ts < KiK§ '8 90(t) + 87 (s), 25)

ts < 8 (t) + KoKP 71817 0% (s). '

For an N-function ¢ we introduce the family of shifted N-functions {¢,}a>0 by ¢ (t)/t :== ¢'(a +t)/(a +t). If ¢ satisfies

Assumption 1.1 then ¢/ (t) ~ ¢”(a + t) uniformly in a, t > 0. The following lemmas show important invariants in terms of
shifts.

Lemma 2.2 (Lemma 22, [7]). Let ¢ hold Assumption 1.1. Then (@p))*(t) ~ (¢*)ja) (t) holds uniformly int > 0and P € R¥*",
The implicit constants depend on p, q and K only.
We define

p = min{p, 2} and q := max{q, 2}. (2.6)

Lemma 2.3. Let ¢ be of type T(p, q, K;) and P € RN*", then @ip| is of type T(p, q, K) and (gip))* and (¢*)jap)| are of type
T(q,p', K).

The proof of this lemma is postponed to the Appendix.
We define V : RN*" — RN*" by

VQ _ AQ _ Q

v 2_4 . = - ’
V(Q)| Q-Q vl Al Q]

in particular we have

V@ = \/w’(IQI)IQI“%-

In the case of the p-Laplacian, we have ¢(t) = %tp,A(Q) =|Q|P2Q and V(Q) = |Q| 5 Q.
The connection between A, V, and the shifted N-functions is best reflected in the following lemma, which is a summary
of Lemmas 3, 21, and 26 of [8].

Lemma 2.4. Let ¢ satisfy Assumption 1.1. Then

(AP) —A(Q) - (P—Q) ~ [V(P) = V() (2.7a)
~ ¢i(IP - QJ) (2.7b)
~ (¢7) po AP) = AQ)) (2.70)
uniformly in P, Q € RN*". Moreover,
AQ)-Q = V(QF ~ Q). (2.7d)
and
AP) — AQ)| ~ (¢01) (IP — Ql) (2.7¢)

uniformly in P, Q € RNV*",
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The following lemma is a simple modification of Lemma 35 and Corollary 26 of [7] by use of Young’s inequality in the form
(2.5) and Lemma 2.2.

Lemma 2.5 (Shift Change). For every ¢ € (0, 1], it holds that

Ppi(t) < c' P g (6) + e[V (P) — V(Q)I,
(@) () < ce' gD *(t) + &lV(P) — V(Q)I?,
(@) am) (0) < ce" (@ ) () +elV(P) — V(Q)I%,

forallP,Q € RN*" and all t > 0. The constants only depend on the characteristics of ¢.

By L and W!¥ we denote the classical Orlicz and Sobolev-Orlicz spaces, i.e. f € L? if and only if f o(If)dx < oo and
f e W ifandonly if f, Vf € L. By WOW(Q) we denote the closure of C{°(£2) in W1¢ ().
We define for Baball and f € L} (R")

R
B
(Mf)(x) = sup M.
Box
The space BMO of bounded mean oscillations is defined via the following semi-norm (for £2 open)
lIvllBmoce) = sup ][ If — (sl dx = sup M;f;
BC$2JB BC$2

saying that v € BMO(B), whenever its semi-norm is bounded. Therefore f € BMO(R") if and only if M*f € L (R™).
We need also the following refinements of BMO, see [9]. For a non-decreasing function w : (0, co) — (0, co) we define

1
= ]£ IF — (F)sldx.

where Rg is the radius of B. We define the semi-norm

M of =

. ft
lvliBmo, (@) = sup M,, pf .
BC$2

The choice w(r) = 1 gives the usual BMO semi-norm, while w(r) = r* with 0 < o < 1 induces the Campanato space
(which are equivalent to the Holder spaces C%%).

3. Reverse Holder estimate

In this section we refine the reverse Holder estimate of Lemma 3.4 [10], where the case f = 0 was considered. For this
we need the following version of Sobolev-Poincaré from [8, Lemma 7].

Theorem 3.1 (Sobolev-Poincaré). Let ¢ be an N-function such that ¢ and ¢* satisfies the A,-condition. Then there exists
0 < 0y < 1and c > 0 such that the following holds. If B C R" is some ball with radius R and v € W-¢ (B, RN), then

][go(“’_(”)*") dx < c(][<p90(|w|)dx) ) (3.1)
B R B

For gradients of solutions of (1.1) we can deduce the following reverse Holder inequality.

Lemma 3.2. Let u be a solution of (1.1). There exists & € (0, 1) such that for all P, fy € RN*" and all balls B satisfying 2B C £2

1
5
][|V(VU) —V(P)|Pdx < C(][ IV(Vu) — V(P)[* dx) +ct (@) ey (f —fol) dx
B 28 28

holds. The constants c and 0 only depend on the characteristics of .
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Proof. Let n € C§°(2B) with x5 < n < x2s and |Vn| < c/R, where R is the radius of B. Let « > q, then (@ — 1)p’ > . We
define £ := n*(u — z), where z is a linear function such that (u — z),3 = 0 and Vz = P. Using £ as a test function in the
weak formulation of (1.1) we get for all f, € RN*"

() = |BI"(A(V) — A(P), n* (Vu — P))
= |BI”"(f — fo. n*(Vu—P)) + [BI "' (f — fo, an® '(u—2) ® Vi)
— |BI"(A(Vu) —A(P), an* "' (u —2) ® V)
= (1) + (1) + (V).
With the help of Lemma 2.4 we get
M ~][n“|V(Vu) —V(P)|* dx.
B
By (2.5) for ¢p; and § € (0, 1), by (¢p))* ~ (¢*)japy due to Lemma 2.2, (o — 1)p’ > « and by Lemma 2.4 we estimate
1 < C5]_E,][ (@) ey (If = fol) dx + 3][ n%@p|(|Vu — P|) dx
2B 2B

< 681"7/][ (w*)\A(P)\(|f—fo|)dX+5C][ n®|V(Vu) = V(P)[* dx.
2B 2B

Similarly, we estimate with Lemma 2.4

() < c (@"ue)(f = fol) dx + C][ <ﬂp(|u ; Z|) dx.
28 28

With Lemma 2.4, Young’s inequality with ¢pp|, (¢ — 1) > o and (2.2) (second part) in combination with Lemma 2.4 we
deduce analogously

lu—z|
R

¢ -g [u—z|
< 8][ n*(@p)* (¢p (1Vu — P])) dx + c6' q][ o) dx
2B 2B R

< 3][ n”‘lV(Vu)—V(P)|2dx+c81’a][ o [ =2 ax
2B 2B R

Moreover, it follows from Theorem 3.1 for ¢p| for some 6 € (0, 1), Lemma 2.4 and the facts that (u — z),3 = 0and Vz = P
that

W) = cf gl - e ax
2B

6
/ w('”f') dx < c(f (o1 (Vu —P|>)9dx)
2B 2B
< c<][ [V (Vu) — V(P)|% dx) )
2B

For small § we can absorb corresponding terms into (I) such that the claim follows. O

Our aim is to give estimates in terms of A(Vu). We will give estimates exploiting reverse Holder inequalities as well as
BMO properties. These will enable us to replace the right hand side of Lemma 3.2 with adequate quantities. At first we need
the following lemma for improving reverse Holder estimates. The lemma is a minor modification of the [11, Remark 6.12]
and [12, Lemma 3.2].

Lemma 3.3. Let B C R" be a ball, let g, h : 2 — R be integrable functions and 6 € (0, 1) such that

1
12
][|g|dX§C0 ][|g|9dx +][ Ih] dx
B 2B 2B

for all balls B with 2B C £2. Then for every y € (0, 1) there exists c; = c1(co, y) such that

1

Y
][|g|dxsc1 ][ gl dx +c1][ 1] dx.
B 2B 2B
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We will use this result to prove the following inverse Jensen inequality.

Corollary 3.4. Let 2 C R" and v be an N-function of type T(1,q,K),g € LY (£2) and h € L}OC(Q). If there exists 6 € (0, 1)
such that

1
9
][w(|g|>dxsco<][ w(|g|)9dx) +][ 1] d,
B 2B 2B

for all balls Bwith 2B C $2, then there exists c; = c¢1(co, K, q) such that

][w(|g|>dxsclw<][ |g|dx>+c1 Ih] dx.
B 2B 2B

Proof. By Lemma 3.3 we gain for a fixed y < %

][1/f(|g|)d><561< W(Igl)"dX) +cif |hldx.
B 2B 2B

Due to Lemma A.3, which can be found in the Appendix, the function ((y(t))?)~! is quasi-convex; i.e. it is uniformly
proportional to a convex function. Therefore, the result follows by Jensen’s inequality. O

The estimate of Lemma 3.2 can be improved in the following way.

Corollary 3.5. Let u be a solution of (1.1). For all P € RN*" and all balls B such that 2B C £2

][IV(Vu) —V(P)[*dx < c(@®)ap) (][ [A(Vu) — A(P)| dx) + c(@) ey (If llemor))
B 28

holds. The constants only depend on the characteristics of ¢.
Proof. If follows from Lemma 2.4 that
V(Vu) = V(P[> ~ (¢*)ap) (IA(V) — A(P)]).

Therefore, we can apply Corollary 3.4 on the inequality proven in Lemma 3.2 to gain
][ IV(Vu) — V(P)]* dx < c(@)ap)| (][ |[A(Vu) — A(P) dX) + cf @)@ (f — fob) dx,
B 2B 2B

for any fy € RN*". The result follows by using Lemma A.1 to the last integral

]€B(¢*>‘A<Q)|<Lf — fo dx < @) (If lamoc)-

This inequality reflects the reverse Jensen property of the BMO norm. O

4. Comparison

The key idea in the proof of our main result is to compare the solution u with a suitable ¢-harmonic function h. Later we
transfer the good properties of h to u. Regularity of ¢-harmonic functions is well known in the case of a p-Laplace system with
@(t) = tP for p € (1, 00). Recently, the result was extended in [ 10, Theorem 6.4] for general ¢ satisfying Assumption 1.1:

Theorem 4.1 (Decay Estimate for ¢-harmonic Maps). Let 2 C R" be an open set, let ¢ satisfy Assumption 1.1, and let
h € W¢(£2, RN) be p-harmonic on £2. Then there exists o > 0 and ¢ > 0 such that for every ball B C £2 and every A € (0, 1)
there holds
IV(Vh) — (V(Vh));p|* dx < CAZ“][ [V(Vh) — (V(Vh))s|* dx.
AB B

Note that ¢ and « depend only on the characteristics of .
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For a given solution u of (1.1) let h € W'¢(B) be the unique solution of

—divA(Vh) =0 inB,
h=u onadB.

The next lemma estimates the distance of h from u.

Lemma 4.2. Let u be a solution of (1.1). Further let h solve (4.1). Then for every § > 0 there exists cs > 1 such that

][ [V(Vu) — V(VR)? dx < 8(¢™)iavu)sl (][ [A(Vu) — (A(Vu))2sl dx) + ¢85 T (@) 14w (If Mo 28))
B 2B

holds.

Proof. We have for any f, € RV*"
() :== |B|"YA(Vu) — A(Vh), Vu — Vh) = |B|"Yf — f, Vu — Vh) = (II).
Firstly, by Lemma 2.4

0 ~ ][ |V (Vu) — V(Vh)|? dx.
B
Secondly, by Young's inequality (2.5) with ¢|v, and Lemma 2.4 we get
() < ) +ce'7 g’ (F —fob dx.
We absorb the first term of the right hand side for some small ¢ > 0 and apply Lemma 2.2
D=c B((p*)\A(Vu)\(Lf — fol) dx.
With the shift change of Lemma 2.5 with A(Q) = (A(Vu)),p we getfory > 0

an = C)/Fﬁ][((P*)m(Qn(Lf —fol) dx + )/][ IV (V) = V(Q)|* dx.
B B

643

We set fo = (f),p and estimate the first integral by Lemma A.1. The second integral is estimated by Corollary 3.5 with P := Q.

The claim follows by choosing y > 0 conveniently. O

5. Proof of the main result
We need the following calculation:

18) 1, — (&)al < ][ g — (ghsldx < 2°Mig.
B

2

Nl

By m iterations of the previous we find

m—1
(g)2-ms — (@)s] <2" Y M., g <m2" max M. g

<i<m-—1
e 0<i<m

(5.1)

Proposition 5.1. Let B C R" be a ball. Let « be the decay exponent for ¢-harmonic functions as in Theorem 4.1. Then for every

m € N there exists ¢, > 1 such that

mZ
M _ngA(VI)) < €277 Y M2 (A(V) + cnllf llsmoes)
0<i<m

20
< ¢V m max M3, (A(VaD) + Clf lamocas)-

0<i<

The constant cy, is dependent only on the characteristics of ¢ and «. The constant c is independent of m and «.
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Proof. Define A(Q) := (A(Vu))zp and A(Qp) = (A(Vu)),-mp. With Lemma 2.3 we find (¢*)aep), is of type T(q', P, K) for
some K independent of P.

Let h be the ¢-harmonic function on B with u = h on the boundary 9B as defined by (4.1). Then V(Vh) satisfies the decay
estimate of Theorem 4.1 and we can get

M = ][ V(Y1) — (V(Vt))ymp dx
2—mp

< C]Efm,g [V(Vh) — (V(Vh))y-mp|? dx + C]Eme [V (Vu) — V(Vh)|? dx
< cz—"ﬂ“][g [V(Vh) — (V(Vh))g|? dx + c2m"]£ [V(Vu) — V(Vh)|? dx
< c2*m2“]£ [V(Vu) — (V(Vu))g|? dx + c2’"”]£ |V(Vu) — V(Vh)|? dx
< c2*m2a][8 [V(Vu) — V(Q)> dx + czm"][B |V (Vu) — V(Vh)|? dx.

Now using Corollary 3.5 and Lemma 4.2 we get

(M) < c27™ +82™) (") )] (]é |A(Vu) — A(Q)] dX) +¢c2™8 (") 1) (If llBmoczB)) - (5.2)
B

We use Lemma 2.5 to change the shift A(Q) to A(Q;,) (for the first integral with ¢ = 1 and for the second integral with
e=y)
D) <c@ ™+ 82””)(¢*)|A<Qm>|(M§B(A(Vu))) + 28" 9 (0*) 1acqu | (If lmocs))
+c7™ 4 82™ 4+ ) [V(Q) — V(Qm) .
From Lemma 2.4 we know that
IV(Q) = V(Qn)I* < c(@)a@m IAQ) — AQm)])
and from (5.1) that

AQ) —AQm)| =2" Y M (A(Vu).

0<i<m-—1

The previous two estimates and (¢*)aq,) € T(@, P, K) imply

V@Q) —V(@wI* < c(so*)|A<Qm>|( > M§iB<A<Vu>)).

0<i<m-—1

Overall, we get

() < c@ ™ +82™ + y)(w*)A<am>< 2 Mi’uB(A(Vu») +c2™8" Ty 90" jag (I lBmo28)) -

0<i<m

We fix y := 27™2% and § := 27™2%"™" t0o get

(I <c27™ (90*)|A(Qm)|< > M§1iB(A(VU))) + 2 metm@Y (%) s gt (If llBMoc2B)) -

0<i<m

Note that for all b € [0, 1/K] and t > 0 we have by (2.4)

1 1
b(9™) A () = E(bK)(‘ﬂ*)m(an(f) < (@)@ ((DK)7 t).

Without loss of generality we can assume in the following that m is so large that c2~™** < 1/K. Therefore

M =< (w*)m@m(ez’"i > M;,-B(AWu))) + (@) 14 CmlIf llsmoczs))

0<i<m

< (@) (szz;, > M (AVw) + Cm||f||BM0(2B)>- (53)

0<i<m
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On the other hand

A

][ (@) 1am (IA(VY) — A(Qm)]) dx < C][ (A(Vu) — A@Qm)) - (Vu — Qp) dx
2—MmB 2—MmB

IA

c][ [V(Vu) — V((VU)y-mp)|* dx
2—mp

by Lemma 2.4 and (A(Vu) — A(Qn))2-mp = (VU — (VU)y-mp)p-mp = 0.
Consequently we get using Lemma 2.1, Jensen’s inequality and Lemma A.2

A

(@) 1A (M iy (A(V))) < C(W*)|A(Qm)|(][ |A(Vu) —A(Qm)|dx)
2-mp

IA

C][ (@) 1a@m (IA(VY) — A(Qn)]) dx < (D). (54)
2-mp
If we apply the inverse of (¢*)jaco, to the combination of (5.3) and (5.4) we get the claim. O

Remark 5.2. Let u be such that it satisfies (1.1) on R" and M*(A(Vu)) < oo almost everywhere (for example A(Vu) €

jid (R™)). Then for suitable large m (such that c27m 7 < ) we deduce from Proposition 5.1 by taking the supremum over

all balls containing x
M*(A(Vu)(x) < cllf llpmogen)-
In particular, |JA(VW) [lpmo@ny < c|If [IsMmo@n)-

We can now prove our main result that the BMO,,-regularity of f transfers to A(Vu). Note that the case w = 1 is just
Theorem 1.2.

Theorem 5.3. Let B C R" be aball. Let u be a solution of (1.1) on 2B, with ¢ satisfying Assumption 1.1. Let @ : (0, 0c0) — (0, 00)
be non-decreasing such that for some € (0, 25—‘3‘) the function w(r)r=f is almost decreasing in the sense that there is cy > 0

that w(r)r=? < co w(s)s™P forall r > s. Then

maxM 0.2 mB(A(VU)) = CMw 28AVY) + c|If lBmow(28) -

Moreover,

IACVU) lBMow®) < CMiqZB(A(VU)) + cllf llsmow(28) -

The constants depend on the characteristics of ¢, 8 and c.

Proof. Leto = ,, ,then 0 < B < 0. We divide the estimate of Proposition 5.1 by w(27™R), where R is the radius of B.
o vie ’R) 1
M; 2 ng(A(VW)) < c27 molllifn m o, 21 _igAVu) + CmWHfHBMO(ZB)
(2''R )’3 ®(2R)
mo
<c2 m MaX SmR)E e mR)ﬁ 21 ip(AVU)) + cn w(2-"R) IIf lBmow (28)

IA

€2 Pm max M7, (A1) + n2 ™S lemow s

Since o > B, we find mg such that c2 ™ ~Fm < % for all m > my. This implies

a)ZmB

1
(A(Vu)) < 200 max M’ .21~ ig(AVU)) + cn2t™P IIf lBmow(28) -
Applying this to all m € [mg, 2mg] we get

1
max M’ wa-mpAVY)) < = max M’ .21-ig(AVD) + iy [If [l BMOw (28 -

mo<m=<2mg 2 0<i<2m

Using this estimate repeatedly with B replaced by 2-™ 2B with | € {2, 3, ...} and using ||f l|gyo,a-mozs < IIf IBMOwcB)
we get

max M’
mg<m<Img

1
w,-mgAVI)) = o max. M? .21-ig AV 4 g [f l[BMOw(2B) -

0<i<Im,
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This estimate implies by induction

max M,y (ACVI) < max M. . (ACV)) + g If mon s
=i=mgp ?

—m
mo<m<lmg @2 "B

The estimate maXo<j<m Mﬁl,iB(A(Vu)) < cmOMgB(A(Vu)) proves the first claim of the theorem. A standard covering
argument proves the second claim. O

Corollary 5.4. Let B be a ball in R", u be a solution of (1.1) on 2B and ¢ satisfy Assumption 1.1. If f € VMO(2B), then
A(Vu) € VMO(B).

Proof. Since f € VMO(2B), there exists a non-decreasing function @ : (0, c0) — (0, co) with lim,_,q @(r) = 0, such that
If llemocs,) < @(r), for all B, C 2B. The result follows by Theorem 5.3 by defining w(r) = min {cb(r), ro } a

The next result is a direct consequence of Theorem 5.3 with the choice of w(r) = r? and the equivalence of BMOg =
BMO,s and C%#,

Corollary 5.5. Let ¢ hold Assumption 1.1. Let u be a solution of (1.1) on a ball 2B C R". Let « be the Holder coefficient (defined
in Theorem 4.1) for ¢-harmonic gradients.
If f € COP(2B) for B < %—‘i‘, then A(Vu) € C%#(B). Moreover,
IACVW) Mo, 8y =< clIf lBmog 28) + CR_ﬂ][ IA(Vu) — (A(Vu))2s|.
2B

The constant depends on B and the characteristics of ¢.

Let us remark that the result in Corollary 5.5 is optimal in the sense that any improvement of « in the decay estimate
Theorem 4.1 transfers directly to the inhomogeneous case in the best possible way.

Remark 5.6. If h is p-harmonic on the open set 2 C R", then for any ball B C 2 we have the following decay estimate for
A(Vh).Forany 8 < zﬁ—‘i‘ (where « is from Theorem 4.1) and any A € (0, 1] there holds
IA(Vh) — (A(VI))35] < csARYP ACV ) [lgmo, s)
AB

IA

cﬁxﬂ][ |A(Vh) — (A(Vh))|.
B

Remark 5.7. Let us consider the system

—div(A(Vu)) =g withA(Vu) = ¢’(|Vu|)|§—uu|,
where the right-hand side function g is not in divergence form. If g € L", then there exists locally f € W™ withdivf = g
by solving the Laplace equation. Since W " embeds to VMO, it follows by Corollary 5.4 that A(Vu) € VMO locally.

Let us compare this to the situation of [3,4], who studied the case g € L™! (Lorentz space) and proved A(Vu) € L*. Since
L™ embeds to L*, we conclude that for such g additionally holds A(Vu) € VMO locally.

Certainly, if g € L* with s > n, then we find f € W' and therefore f € C%° witho =1 — g Hence, by Corollary 5.5 we
get Holder continuity of A(Vu).

Remark 5.8. Let us explain that our result includes the estimates of [2] in the super-quadratic case p > 2 with ¢(t) = tP.
Let A(Q) := (A(Vu))p. Then p > 2 implies ¢(t) = t? < @|g|(t) and (¢™)ja) (t) < ¢*(t) = cptp/. Hence, with Lemmas 2.2,
A.1 and Theorem 1.2 we estimate

][IVu —QPdx < ][§0IQI(|VU —Q[)dx
B B

IA

c][ " (AVY) — AQ)]) dx
B

IA

C][(w*)(IA(VU) —AQ)]) dx
B

IA

cIAYVY) [Bo)

cllf o) + € (Mig(A(VU)))" .

IA
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Now, the estimate

( |Vu — VuB|dx> <(][|Vu—Q|dx>

implies
1
f [Vu—Q|dx < C”f”BMO + C(Mzng(A(Vu))) -

This is the same result as that of Manfredi and DiBenedetto [2]. Only the last, lower order term is expressed by Manfredi and
DiBenedetto in terms of u rather that Vu. This is just due to another application of the Caccioppoli estimate.

Remark 5.9. Our result also generalizes to the case of differential forms on 2 C R". In this Euclidean setting, we have

the isometry AF = R(Z), so the case of differential forms is just a special case of the vectorial situation. In particular, if
g € BMO(£2; A" and d*A(du) = d*g, withu € W'¢(£2; A*~1), then Theorem 5.3 (same w) provides

lA(du) llgmo,, ) < cllgllemo,,28) + CMf,,zg(A(dU))- (5.5)

Let us show that a simple conjugation argument (see also [13,14]) provides another interesting result: We start with a
solution v € W9 (2; A1) of

d*(A(dv+g)) =0
which is a local minimizer of [ ¢(|dv + g|) dx. By Hodge theory we find w € W'¢" (2, A**1) such that
A(dv+g) =d'w
Applying A~! and then d we get the dual equation
dg = d(A™1(d*w)).
If we define A* := (—1)*®"=0 % A=1x, then we can rewrite this equation as
d* (A" (dw)) = +d*(xg).

Moreover, we have (see [14]) that A*(dw) = (¢*)'(Jdw|)-2Z ] In particular, we are in the same situation as with u if we
replace ¢ by ¢* and dw by du. Therefore, by (5.5)

A (dw)lBmo,, ) < cllg Mo, (28) + CMi,ZB(A*(dw))-
This and A(dv + g) = d*w implies
ldv + gllsmo, ) < cligllsmo, 28) + CMi,ZB(dU +2).
The triangle inequality gives
lldvllemo,, @) < cllgllsmo, 28 + CMj,,zg(dU)~ (5.6)

In particular, we can apply this argument to the ¢-harmonic function h. Then (5.6) (with g = 0) implies the decay
estimate

|Vh — (Vh);5] < cA?§ |Vh — (Vh)g| (5.7)
AB 2B

forall A € (0, 1] with 8 = ?‘"
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Appendix

The classical John-Nirenberg estimate [15] proves the following lemma in the case ¥ (t) = tP. We give an extension to
N-functions .

Lemma A.1. If v is an N-function, which satisfies the A, condition, B C R" a ball and g € BMO(B), then

][I/f(lg g)sl) dx < cy(lIgllamos)

where c only depends on A, (V).
Proof of Lemma A.1. Because i € A,, there exists ¢ < oo only depending on A;(¢) such that
' (st) < crmax{1, 7y (o),

where c; only depends on A, (y).
Since g € BMO(B) we find by the classical John-Nirenberg estimate which can be found in [15]:

lixeB: |g(x) — (g)] > A} p( —coh )

=
|B|

llglIBmoB)

where ¢, € (0, 1] only depends on the dimension. This implies

][wg o)) dx = /°° {xeB: lg()ﬁﬂ_ g > ”'w/(,\)dx
0

/ooexp ek (0 d
0 llg llBmoB)

o s
_ ”g”BMO(B)/ exp(— S)kﬁ( ”g”BMO(B))dS
0 C.

2

OO
”g”BMO(B) (”g”BMO(B)) exp(—s) max({1, s} ds

- IIgllBMO(B) (“g“BMO(B))(l + (@)

<a+ F(q)W(zHg ”CBZM"(B’)

q
2
< (1+F(Q))(CO> Y (ligllemo). O

Proof of Lemma 2.1. It has been shown in [16] that if ¢ € T(p, q, K), then ¢! € T(1/q, 1/p, K;), where K; only depends
on p, q and K. From this, (2.4) and

t<e ') (1) <2t
it follows, that (¢*)~! € T(1 — 1/p, 1 — 1/q, 2K;) and as a consequence ¢* € T(¢', p', K») with K, = K»(p, q, K). O

Proof of Lemma 2.3. Let ¢ € T(p, q, K). Then ¢, is of type T(p, q, Ks), where K5 only depends on K, p, q. Recall that every
N-function  satisfies ¢ (t) < ¢¥/(t) t < ¥ (2t), see for example [6]. This and ¢ € T(p, q, K) implies

@(2st) w( )

¢'(st) < 5 = < K29 max{s”, s1} 2 < K29 max{s"~1, s9 1}’ (t).
s

We define T = ‘j;f:. This implies

"(t(a+t
Mst < K24 max{rpﬁ’ qul} (a +1)
a+ st a+st

K2% max{t? 2, 172}l (t)
K2%s max{tP 2, 17 %}¢. ()

@ (st)

A
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for all s, t > 0. Now we split the casess > 1ands € (0, 1) and apply p < 2 < q. It follows
max{tP2, t97%} < max{s"72, s772}.

This and the previous estimate proves the claim for ¢p. Since ¢ € T(p, q, K), we have ¢*(q', p’, K;) by Lemma 2.1. This
proves the claim for (¢*)jap). Now, the equivalence (¢jp|)*(t) ~ (¢*)apy (t) of Lemma 2.2 concludes the proof. O

In the following equivalence lemma is used in the proof of Proposition 5.1. It allows us to express the mean oscillation of
V(Vu) in terms of different mean values.

Lemma A.2. Let ¢ satisfy Assumption 1.1. Let B C R" be a ball and g € L¢(B; RN*"). Define g, € RN*" by A(gs) = (A(g))s.
Then

][ V(©) — (V(e)al dx ~][|V<g> V(g dx ~][|V(g> — V(gn|? dx
B B B

holds. The constants are independent of B and g; they only depend on the characteristics of ¢.

Proof. Define g, € RV*" by V(gy) := (V(g))5. We denote the three terms by (I), (II) and (IIl). Note that
cRNxn

= in ][IV(g) — P|* dx,
P B

which proves (I) < (II) and (I) < (IID).
We calculate with Lemma 2.4 and (A(g) — A(ga))g =0

(I ~ ][(A(g) —A(gn) - (g — g dx = ][(A(g) —A(ga)) - (g — gv) dx.
B B

Again, by Lemma 2.4, Young’s inequality with ¢g| in combination with (2.2) (second part) and again Lemma 2.4 we estimate

n

IA

c][ P (18 — gal)lg — gv| dx
B

IA

8][¢|g\(lg — gal) dx + c(s][<p\g|(lg —gvl) dx
B B

< ac][ V() — Vign) [ dx + Cs][ V(g) — Vign)P dx
B B
< 5l + ¢ (D).

It follows that (I) < c(I).
On the other hand with Lemma 2.4 and (g — (g)g)p = O there follows

(1) ~ ][(A(g) —A((g)p)) - (g — (g)p) dx =][(A(g) —Algv)) - (g — (g)p) dx.
B B

By Young’s inequality with ¢ it follows analogously to the estimates of (II) that (IlI) < ¢s(I) + 8 c(IlI). Now, (IlI) < c(I)
follows. O

Lemma A.3. Let v be of type T(p, q, K) and let y € (0, 1) such that yq < 1. Then the function (/)™ is quasi-convex, i.e.
there exists a convex function k : [0, 00) — [0, co) such that (y¥)~1(t) ~ « (t). The implicit constant only depends on q and
K.

Proof. Define p(t) := 7 (t). Since v is of type T(p, g, K), there holds ¥ (st) < Ks%y(t) forallt > 0ands > 1. This
implies sy ~'(u) < ¥ '(Ks%u) forallu > Oands > 1.From p~'(u) = ¥ ') and ¥~1(t) = p~1(t") we get
sp~1(u) < p~'(K¥s"%). In particular, with yq < 1 there follows
-1 —1(gveva—1 -1y
o (u)fp (KYs"" su) _ p~ (Ksu)

u su su

forallu > 0 and s > 1. Therefore, Lemma 1.1.1 of [ 17] implies that p~! is quasi-convex. O
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