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1 Vector-valued functions

[2, Section VIL1,2,3], [3, Chapter II, IV]

In the whole section X denotes a Banach space with norm ||u||y, X* is dual of X, (z*, ) y. x is
the duality between z* € X* and z € X, T > 0, [ = [0,T]. Some theorems hold also for unbounded or
open interval I. Check it.

1.1 Vector-valued integrable functions — Bochner integral
Definition 1. Function u: I — X is called
1. simple, if thereis N € N, A; C I, j € {1,...,N} Lebesque measurable and x; € X, j € {1,...,N}
such that u(t) = Zjvzl XA, (t);.
2. simple integrable on I C I if for all j € {1,...,N}: |A;NI| < +00 or z; = 0.

3. measurable (strongly measurable), if there are u,(t) simple such that u,(t) = u(t) (strongly in X )
forae tel

Definition 2. Function u : I — X is called (Bochner) integrable, provided it is strongly measurable
and there exist uy, simple integrable such that [;||u(t) — un(t)||x dt = 0 for n — oco.
The (Bochner) integral of u : I — X is defined as follows:

1. [;u(t)dt = Z;VZI zjN(A;), if u(t) is simple
2. [;u(t)dt =limy, oo [;un(t)dt, if u(t) is (Bochner) integrable

Remark 1. One has to check these definitions are correct (i.e. independent of x;, Aj in the first part,
and of un(t) in the second part).
One also proves that || [;u(t) dt|| x < [; |lu(t)||x dt for any u(t) integrable.

Theorem 1 (1-Bochner). Functionu : I — X is Bochner integrable iff u is measurable and [; ||lu(t)| x dt <
00.

Theorem 2 (2-Lebesgue). Let u, : I — X be measurable, u,(t) — u(t) for a.e. t € I, and let there
exist g : I — R integrable such that ||u,(t)|| < g(t) for a.e. t and all n. Then wu is Bochner integrable
and [;un(t)dt — [;u(t)dt; in fact one even has || [;un(t) — u(t) dt|x < [;||un(t) —u(t)||x dt — 0,
n— 0.

Definition 3. Forp € [1,00), u: I — X we set

LP(I; X) = {u(t) : I — X; u(t) is measurable and / |u(t)||% dt < oo },
1
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For p = oo we set

L®(1,X) = {u(t) : I = X; u(t) is measurable and t — ||u(t)||x is essentially bounded},

[ull = ess-supye [[u(®)]|x-

FEssential boundedness means: there is ¢ > 0 such that |[u(t)||x < ¢ pro a.e. t € I, ess-sup,; ||u(t)||x =
inf{M e R; \({t € I; ||u(t)||x > M}) =0}.

Theorem 3 (3). [2, Section VIL3, Theorem 14] Let p € [1,4+o0]. (LP(I,X), - |lzr(1,x)) is a Banach
space (we identify the function equal a. e.).

Let X be a Hilbert space with scalar product (,) then L*(I, X) with the scalar product (u,v)p2(; x) =
[ (u(t),v(t))dt is a Hilbert space.

Let I bounded, 1 < p < q < +o0, then LY(1,X) — LP(I, X).

If p € [1,400), the simple integrable functions are dense subspace of LP(1,X). [2, Section VII.3,
Theorem 15]

Remark 2. If X = R then the simple functions are dense in L*°(I,R). This is not in general true if
X is infinite dimensional.

Definition 4. Let u € L' (R, X), ¢ € D(R). We define for t € R u* p(t) = [pu(t — s)p(s)ds.

Definition 5. Let J be an interval. Let u: J — X. We say that u is continuous (u € C(J, X)) if for
any U C X open u=Y(U) is open in J.

We say that u is differentiable in t € J° if the limit limp,_o(u(t + h) — u(t))/h exists in X. We
denote it u'(t). If u is differentiable at every t € J° then u' : J° — X. We say that u € C'(J, X) if
u,u’ can be extended to functions in C(J, X).

We define first derivative of u as uV) = ' and for k € N, k > 1 we define u®) = (u(kfl))’. We say
that uw € C*(J, X) if u,u’ € C*1(J, X).

We say that u € C=(J, X) if for all k € N u € C*(J, X).

By subscript . we always mean that the functions has compact support (in J).
Theorem 4 (4). Let p € [1,00).

1. The set {¢: 1 — X|IN € N,z; € X,p; € C*(I) for j € {1,...,N} such that p = Zévzlcpjxj} 18
dense in LP(I,X).

2. If Y is dense subset of X, the set {¢ : I — X|AN € N,y; € Y,p; € C*(I) for j € {1,...,N}
such that p = Z;VZI w;jxj} is dense in LP(I,X). In particular C°(1,Y) is dense in LP(I,X).

3. If X is separable, then LP(I,X) is separable.

4. Let ¢ € C(R), spt(¢)) C (—=1,1), [gp =1, ¢ >0, ¢y, (t) = nip(nt) forn € N. Let u € LP(I,X)
be extended by 0 outside I. Then u* 1, — u in LP(I,X) as n — +o0.

Remark 3. If X is separable, then also LP(I; X) is separable for p < co. But none of these holds for
p = o0.

Corollary 5 (5). If p € [1,+00), € > 0 and u € LP(U(I,€), X). Then [; |lu(z +t) — u(z)|% — 0 as
t— 0.

Lemma 6 (6). Let p € [1,+00|, up, — u in LP(I, X), then there is a subsequence {un,} of {un} such
that wp, (t) — u(t) in X for a.e. t € 1.



Theorem 7 (7-Holder’s inequality.). Letw € LP(I; X), v € LV (I; X*), where p, p' are Holder conjugate.
Then t — (v(t),u(t)) is measurable and

JICCRCIE) \u(t)H’;(dt)’l’ ([1otong.a)’

Remark 4. Ifv e LV (I, X*), p € [1,+00] then ®,(u) = [; (v, u) satisfies @, € (LP(I, X))*.

=

Theorem 8 (8-Dual space to LP(I; X).). Let X be reflexive, separable and p € [1,00). Denote 2~ =
LP(I; X). Then for any F € 2* there is v € LV (I, X*) such that

(Fou) grs g = /I (v(t),u(t)) x x dt Yu e Z .

Moreover, v is uniquely defined, and its norm in L¥' (I; X*) equals to the norm of F in Z™*.

Remark 5. If X is reflexive, separable, and p € (1,00), then LP(I; X) is also reflexive, separable. Any
sequence bounded in LP(I; X) has a weakly convergent subsequence.

1.2 Weakly differentiable function
Definition 6. We say that u : I — X is weakly differentiable if u € L'(I, X) and there is g € L*(I, X)

such that
VLpED(I):/ugp':—/ggp.
I I

We call g a weak derivative of u and we write %u =g oru=4g.

Theorem 9 (9). Let u,g € L'(I; X). Then the following are equivalent:

2. % (x*,u(t)y = (z*, g(t)) in the sense of distributions on (0,T), for every x* € X* fized.

3. There ezist xg € X such that u(t) = zo + f(f g(s)ds for a.e. t €1.
..................................................................... end of the first lecture 24.2.2017
Theorem 10 (10). Let u: I — X be weakly differentiable.

1. The weak derivative is linear.

2. Ifn: I — R is C', then un : I — X is weakly differentiable, and % (u(t)n(t)) = Lu(t)n(t) +
u(t)n'(t) for a.e. t €1.

Theorem 11 (11). Ifu : I — X be in L} (I, X), v € D(I), J = {t € I,t —spty C I}. Then
uxp € C®(J°) and Vt € J° : (uxY)(t) = u*1'. If moreover u is weakly differentiable then

(ux )u(t) = (we %) (2) for t € J°.

Notation. Symbol X — Y means embedding: X C Y and there is ¢ > 0 such that |lully < cfju| 5
for all u € X. Symbol X << Y means compact embedding: X — Y and any sequence bounded in X
has a subsequence converging strongly in Y.



Definition 7. The claim u € LP(I,X), us € LY(1,Y) means that there is a Banach space Z such that
X—=>2Z,Y—Z ie uec LP(I,Z) and it has a weak derivative uy € LI(I,Z). Moreover u € LP(I,X),
up € LI(1,Y). We will often have X —Y = Z.

Theorem 12 (12-Smooth approximation.). Let u € LP(I; X) with Su(t) € LI(I;Y). Then there exist
functions u, € C®(I;X) with uy € C°(I,Y) such that u, — u in LP(I;X) and u,, — %u(t) in
LYLY).

Theorem 13 (13-Extension operator.). Let p,q € [1,+00), R >0, I = U(I, R). We define

Z={u:l = X;ue LX), u € LYY, ullz = lull oo + el agr.z)
Z={u:l - Xue P(LX),u € LYY} fullz = ull oz + el o2

There is a linear, bounded mapping E : Z — Z such that for all u € Z N C™® (I,X), us € C2(1,Y)
Fu=wuinI.

Remark 6. The spaces (Z,]-||z) and (Z, |- ||z) are Banach spaces.

Remark 7. We can require that Eu satisfies Eu =0 in U (I, R/2)¢ but for this we need X — Y, q < p,
I bounded, i.e. LP(I,X)— Li(1,Y).

Definition 8. We define the Sobolev-Bochner space for p € [1, +o0]
WYL X) = {u: ] = Xsue LX) w € LX)}, lullwiex) = lullegaxy + el oo rx)-
Definition 9. For a € (0,1] we denote C%*(I, X) = {u € C(I, X); [u]o,o < +00} where

o~ sup 10 =)
o = .
s,tel,s#t ‘t - S‘a

We denote || - [lo,o = [ - | z(1,x) + [Jo,a-
Remark 8. The space (CO*(I,X), | “|lo.a) is a Banach space. They are called Hélder spaces. [1, p.254].
Theorem 14 (13-embedding). Let p € (1,4+00], « =1 —1/p. Then WIP(I, X) — C%*(I, X).

.................................................................... end of the second lecture 3.3.2017

In the definition (7) we claimed: v € LP(I,X), u; € LY(I,Y) means that there is a Banach space
Z such that X — Z,Y — Z, i.e. u € LP(I,Z) and it has a weak derivative u; € LI(I,Z). Moreover
we LP(I,X), uy € LY(I1,Y). We will often have X — Y = Z.

Can we say something more about relation of X and Y7

From (9) we see that for a.e. t € I we get u(t) = up + f(f ut(s)ds. We can find u; € X and tg € T
so that u(t) = u; + fti) u(s)ds sou —wuy € C(1,Y). Hypothesis: u —uy € LP(I, X NY) where X NY
is equipped with the norm || - ||x + || - ||v-

Conversely, we approximate u by uj, € C*(I, X) so that u, — u in LP(I, X), uy); — ug in LY(1,Y)
and (ug): € C®(1,Y). Then (ug); € C*°(I,X NY) and we get that u; € cl(C>®°(I,X NY)) in LI(1,Y).
Since X NY is dense in c/(X NY) in Y we get that u; = (u —uy), € LY(I,cl(X NY)inY).

Consequently we define space X = XNY and Y = ¢l (XNY)in Y and we see that for any function

- - s
u there is u; € X such that u —uy € LP(I, X), (u —u1): € LY(I,Y) and X =Y.



Definition 10. Let X be separable, reflexive, densely embedded into a Hilbert space H. By Gelfand
triple we mean X «— H = H* — X*.

Remark 9. Note that since X — H then the restriction of any functional h € H* belongs to X*. We
denote this restriction by R: H* — X*.
Moreover, since X is dense in H, if x* € R(H*), i.e. 3C > 0,Vx € X : |z*(x)| < C||x|| g there is a
unique h* € H* such that R(h*) = z*.
Thanks to identification of H with H* (via Riesz theorem), we have also “embedding” v : X — X*
defined by
(Lu,v) o x = (V,u)H u, veX

where (-, -) g 1is the scalar product in H. In this sense, duality (- ->X7X* can be seen as a generalization
Of ('7 )H

Theorem 15 (15-Continuous representative.). Let (X, H, X*) be Gelfand triple, p € (1,400), X = {u :
I X;ue (1 X),u € LY(LY)} with a norm |- |x = || | o) + |Oell s yy- Let u € LP(T; X),
ur € Lp/(I; X*), where p, p’ are Holder conjugate. Then:

1. X is a Banach space, X — C(I; H) (in the sense of representative); in particular, there is C > 0
such that for any w € X there is u(t) such that

- d
il < € (IO + 100 )

and u(t) = u(t) a.e. in I.

2. function t — ||u(t)||% is weakly differentiable with %Hu(t)”%{ =2 <%u(t),u(t)> a.e. In par-

ticular

X*X

e — Hﬂ(tl)”gﬁz/Q<jtu(t>,u(t>>X*X it

t1
for any t1, ta € I, where u(t) is the continuous representative.

If u,v € X we have for allt,s €I, t > s
(u(®), v(t)) — (u(s),v(s)) = / 2 (ug(7), v(7)) + (ve(7), u(r)) d 7.

Remark 10. Note that, by Theorem 8, uw and u; belong to mutually dual spaces.

Lemma 16 (16-Ehrling.). Let Y <—— X — Z. Then for any a > 0 there is C > 0 such that
VueY :[lullx <allully + Cllullz

Theorem 17 (Aubin-Lions lemma.). Let Y —— X < Z where Y, Z are reflexive, separable. Let
p, q € (1,00), I bounded. Define X = {u: I — X;u € LP(I;Y),u; € L1(I; Z)} with a norm |jul|x =
lullLor,yy + lutllLa(r,z). Then X —— LP(I, X).

Lemma 18 (18). Let p € [1,400). Then

o LP(I,LP(Q)) = LP(I x Q). More precisely, for w € LP(I,LP(Q)) there is a representative 4 €
LP(I x Q) and vice versa.



o WEP(I,LP(Q) = {u: T — LP(Q);u,us € LP(I, LP(Q)} = {u: Ix = Q = Ryu,us € LP(I x Q)}.

o LP(I,WYP(Q) = {u: I — WH(Q);u,Vu € LP(I,LLP(Q)} = {u : Ix — Q — Ryu,Vu €
LP(I x Q)}.

Remark 11. By [John C. Oxtoby: Measure and Category, Theorem 14.4] there is a set M C R? such
that for every x € R every section M, = {y € R; (x,y) € M} is countable, i.e. null set, but the set M is
of a nonzero measure. By Fubini theorem it follows that the set M cannot be measurable. Consequently,
the identification in the last lemma cannot be done pointwisely for arbitrary representative of a class of
the functions in LP(I, LP(QY)). A suitable representative must be chosen.

..................................................................... end of the third lecture 3.3.2017

2 Linear parabolic PDE’s of the second order
by [1, Chapter 7]

Assumption 1. In this chapter we assume: Q C R? open, bounded, with C boundary, I = (0,T),
Q=1x9Q,

o [eLXILW;(Q)),

e a b ce L>®(Q), a¥ =’ fori,j € {1,...,d},

e there is 6 > 0 such that for all £ € R? and a.e. (t,z) € Q: (AE,€) > 0|¢)2.
o Lu=—Y0_ 0;(a"0m)+ YL, bidu+ cu

e gc L*(Q)

We will study the following initial-boundary value problem

Ut+LU:f, inQa
u =0, in I x 09, (1)
u=g, in {0} x Q,

Definition 11. We say that u € L*(I, W012(Q)) NC(I,L*(Q)) with uy € L*(I, (Wolz(Q))*) is a weak
solution to the problem (1) (with b.c. and i.c.) if u(0) = g and

d d
Vi € D(I,W;2(Q)) : /Q(—wpt + ) d70udp+ ) b oue + cup — f) =0 (2)
i,j=1 i=1

Remark 12. We define a mapping £ : Wy*(Q) — (W, *(Q))* by
Yo € WOLQ(Q) C(Lu)(v) = / AVu - Vo + (b- Vu + cu)v. (3)
Q
If u € L*(I, WOI’Z(Q)) NC(I,L*(Q)) with u, € L*(I, (Wol’2(Q))*) then the equation (2) is equivalent to

the equation in Wol’Q(Q)*
u+ Lu=f, ae inl. (4)



Remark 13. The equation

Vv € D([0,T), WOIQ(Q)) : / —uvy + AVu - Vo + (b- Vu+ cu)v = / fo+ / gv(0) (5)
Q Q Q
is equivalent to (2) with the initial condition u(0) = g.

Theorem 19. [20] Under Assumption 1 there is a weak solution to (1) (with b.c. and i.c.). This
solution is unique and depends continuously on f and g. It satisfies the estimate

H“||L°°(I,L2(Q)) + HUHL2(17W01»2(Q)) + ||UtHL2([,W01’2(Q)*) < C(||f”L2(]7W01’2(Q)*) + HQHLQ(Q)v
C is independent of u, f and g.

Definition 12. Let {wy} we a ON basis of L*(Q) and OG basis of Wol’2(Q), e.g. normalized eigen-
functions of Dirichlet Laplacian, m € N. We introduce the approzimation of the problem (1) as follows.
We look for d¥, : [0,T) — R such that it satisfies for k € {1,...,m}

dy(0) = (g, wi) (6)

(dE Y (t) = (f,wp) — /QAVumek + (b Vi, + cum)wg. (7)

The approzimation of w is Up = Y ey dF wy.
Lemma 20. There is a solution to the problem (6) and (7) on [0,T) such that dt, € W12(I).

Lemma 21 (Gronwall lemma.). Let y(t), g(t) be nonnegative (scalar) functions, y(t) continuous and
g(t) integrable, such that

y(t) < K —I—/ g(s)y(s)ds Vtel
0
Then .
y(t) < Kexp </0 g(s) ds) Vtel

Lemma 22 (22-Apriori estimates). There is C' > 0 independent of uy,, m, f and g such that

Hum”LOO(I,B(Q)) =+ ||U’WHL2(17W(}’2(Q)) + ”(um)tHLQ(LWOlQ(Q)*) < C("f“[,z([,wgv?(g)*) + HQHLQ(QM
............................................................................. end of the fourth lecture
Lemma 23 (23). We can extract a subsequence {vy} = {um, } of {um} such that

vy — u in L2(I, Wy*(Q))
(ve)e — ug in L2(I, Wy* ()"
Remark 14. We can also get v, — u in L>(I,L9(Y)) for any q € [2,2*) by Aubin-Lions theorem.
Remark 15. To get reqularity we want to use as a test function functions u, us, ug, Au.

Remark 16. There are two approaches to regularity: 1) get uniqueness and then construct a regular
solution. It follows that any (the unique) solution is reqular. 2) take any weak solution and show that
it 1s reqular. Sometimes one can show that the reqularity implies uniqueness.



Theorem 24 (24). Let moreover to the assumptions of Theorem 19 it holds g € W[}’Z(Q), f e
L2(I1,L%(Q)), 0 is C*®, A,b,c € C(Q) depend only on x € Q. Then the unique weak solution u
of (1) satisfies

we LI, W3AQ)) N LI, Wy ?(Q)), s € L2(I, L*(Q))

together with the estimate
lell 2w () + lull oo w2y + Ul 2,2y < CUF 2 2@ + 19lly2)-
The constant C > 0 is independent of u, f and g.

Remark 17. Strategy of the proof: use the same approximation as in the proof of Theorem 19. Moreover
test the approximated problem with u; and then move uy to the right hand side and use stationary theory
on time levels.

Lemma 25 (25-Apriori estimates). There is C' > 0 independent of upy,, m, f and g such that

[wmll oo (rwr 2@y + 1 (wm)ell 2,20+ < CUIf 2,207 + 19l 2q))s
Two interesting Lemmas that were not presented in the lecture follow.

Lemma. [3, Theorem I1.2.9] Let f : I — X be Bochner integrable. The for a.e. t € I

t+h t+h

im{  [f(s) = F@®)lxds =0 and f  f(s)ds= f(b).

h—0 t t
............................................................................... end of the fifth lecture

Lemma. [2, Corollary 28] (Banach-Alaoglu for normed spaces). Let X be a normed linear space. Then
(Bx+,w*) is compact. If X is separable, (Bx~,w™) is moreover metrizable.

Remark. The previous lemma is used e.g. to extract weakly* convergent subsequences from the bounded
sequences in  L°(I,L2(Q)) and L®(,W,?(Q)) since LY(I,L2Q))* =  L®(I,L3()),
LY(I, WOIQ(Q)*)* = L>(I, WOI’Z(Q)), LY(I,L2(Q)) and L'(I, W012(Q)) are separable.

Theorem 26. If moreover to assumptions of Theorem 24 the assumptions g € W22(Q), fi € L*(, L*(Q))
holds then the unique weak solution of the problem (1) u satisfies u € L (I, W?2(Q)), uy € L (I, L*(2))N
L*(I, W&’Q(Q)), uy € L(I, Wol’Q(Q))* and the estimate

[l oo (w22 ) Fllwell oo 1,20y Fllwell Lo w2y Fllweell 2wt 2y < Cllgliwe2@) 1 w22 @)
holds.

Lemma 27. [1, Section 7.5, Problem 6] If f, is bounded in L°°(I,L?(Q)) and f, — f in L*(I, L*(Q))
then

£l oo (1,22(0)) < Su%HmeLOO(I,LQ(Q))-
me

Lemma 28. [1, Section 7.5, Problem 9] There is v, B > 0 such that for all u € W*2(Q) N Wol’2((2)

allullfyasq) < (Lu, =Au) + Blull72 (o).



Remark. In Theorems 24 and 26 we needed that Tr(g) = 0. It is so called compatibility condition of
zeroth order. It causes that Tr(u) can be continuous. The complementarity condition of the first order
reads f(0) — Lg € Wol’2(§2) causing that Tr(ut) can be continuous up to t = 0.

Remark. If data are smooth and satisfy complementarity condition one can prove higher reqularity
than in Theorems 24 and 26, see [1].

Remark. For parabolic problems regularity is a local notion. If Qag(to, o) = (to — (2R)%,t9) x
U(xo,2R) C Q and data are regular in Qar(to, xo) then the weak solution is regular in Qgr(to,xo).

.............................................................................. end of the sixth lecture

3 Linear hyperbolic PDE’s of the second order

In this section we follow [1, Chapter 7.2.1-7.2.4].

Assumption 2. In this chapter we assume: Q@ C R?® open, bounded, with C* boundary, I = (0,7,
Q=1x9Q,

o fc LI, L%(N)),

e a b, ce CYQ), a¥ =a’ fori,je{l,...,d},

e there is 0 > 0 such that for all ¢ € R? and a.e. (t,x) € Q: (AL, €) > 0|€)?.
o Lu=—30_,0;(a"0u)+ YL, bidu+ cu

o ge W), h e LA(Q)

We will study the following initial-boundary value problem

u + Lu = f, n @,
u=0, in I x 09, (8)
u(0) =h, wu=yqg, in {0} x Q,
Definition 13. We say that u € L®(I, Wy*(Q)) with u; € L=(I, L*(Q)) and uy € L2(I, (W, 2(2))*)
is a weak solution to the problem (8) if u(0) =g, us(0) = h and

d d

Vi € DI, W2 (Q)) : / (wpu + > a”0udjo + > b dup + cup — fp) =0 (9)
Q ij=1 i=1

Remark 18. We recall the mapping L : WOI’Q(Q) — (WOIQ(Q))* defined by

Y e WOI’Q(Q) : (Lu)(v) = /QAVU Vv + (b-Vu+ cu)v (10)

(it depends on t € I through mappings A, b and ¢). If u € L*(I, W012(Q)) with uy € L=(I, L*(Q)) and
ug € L2(I,(WH2(Q)*) then the equation (9) is equivalent to the equation in Wol’Q(Q)*

upg + Lu=f, a.e inl. (11)



Remark 19. Ifu € L*>(1, W(}’Q(Q)) with uy € L (I, L*(Q)) and uy € L2(I, (WH2(Q)*), the equation

VUE'D([O,T),W&Q(Q)) :/ uvy + AVu - Vo + (b Vu + cu) v—/ fv—i—/ hv (0 /gvt
Q Q
is equivalent to (9) with the initial condition u(0) = g and u(0) = h.

Theorem 29. [29] Under Assumption 2 there is a weak solution to (8). It satisfies the estimate
el oo (w2 ) + Nl oo a2y + el 2 w2 @)y < CUF 22 @) + 9w @) + 1l L2(9);
C is independent of u, f, g and h.

Theorem. [Correction of Theorem 19] Any weak solution u of (1) satisfies
HU||L°°(I,L2(Q)) + HUJHLQ(]’WOLQ(Q)) + ||utHL2([,W01’2(Q)*) < C(Hf”p([,wom(g)*) + HQHLQ(Q)

C is independent of u, f and g.
Consequently, the weak solution of (1) is unique.

Theorem 30. [30] The weak solution of (8) is unique.

Remark 20. The equation (9) cannot be tested with u; since it does not belong to the correct reqularity
space.

............................................................................. end of the eighth lecture

Theorem 31 (31). Let moreover to the assumptions of Theorem 29 A b, c be smooth and independent
of t, g € W22(Q) N W012( ), h € W012( ), [ € WY2(I,L%(Q)). Let u be a unique weak solution
X

of the problem (8). Then u € L>®(I,W*2(Q)), u; € L>¥(I, W01’2(Q)), uy € L®(I,L3(Q)) and uy €
L2(I, (WY2(Q)*) and it satisfies the estimate
[ull Lo (rw22 ) + Nl oo w2y Fllusell oo .2 ) + Nl g2 w20y 13)
< C(fllwrer,rz) + llgllw22@) + [hllwizq))-

Theorem 32 (32). [{, Theorem 7.2.6] Assume m € N, g € W™L2(Q), h € W™2(Q), (9/0t)*f €
L2(I,Wm=k2(Q)) for k € {1,...,m}. Let compatibility conditions hold
go=9€Wy?(Q), ho=heW,*Q)

82l 2
VLEN, 2 <mgu = (55 5)(0) — Lgai—s € Wy(Q) (14)

82l—1
VieN2l+1<m:gyi1 = (Wf)(O) — Lhoyy_ 1 € Wova(Q).

Then (0/0t)*u € LI, WmH=k2(Q)) for k€ {1,...,m+1}.

Corollary. Assume g,h € C®(Q), f € C®°(Q) and the compatibility conditions (14) hold for every
l € N. Then the unique weak solution of (8) satisfies u € C*(Q).

Further we assume b =0, ¢ = 0 in (Q and A is smooth independent of t. We fix g € 2 and assume
existence of a function ¢ : Q — [0, +00) such that

10



* q€C®(Q\A{zo}),
 q(z0) =0,
e AVq-Vqg=11in Q\ {zo}.
Example 1. If A = Id we define ¢ = |x — xo|.
Further we fix ty € I and define
C = {(x1) € Qqe) < to — 1},
Cy={zx € Q,q(x) <ty—t} fortel0,ty.
Remark 21. Fort € [0,ty) the set Cy has smooth boundary.

Theorem 33 (33-Coarea formula). [4, par.C.3] Let u : R? — R be Lipschitz, for a.e. © € R the set
{z € RGu(zx) = r} be a smooth, d—1 dimensional hypersurface in R?, f : R? - R, f € C(RY)NL'(RY).

Thtin

Corollary. A particular case of Theorem 33 is a sferical Fubini theorem. It corresponds to the case

Theorem 34 (34). Let u be a smooth weak solution of the problem (8), (to,z0) € Q, C C Q. If
u=u=0o0nCy f=0o0nC thenu=0 onC.

Remark 22. To prove Theorem 34 we do not need to know boundary values.
Corollary. If uy and uy are two smooth solutions of (8) that coincide in Cy then u; = ug in C.

Homework 10. Show that Theorem 34 holds for weak solutions. Find minimal assumptions on requ-
larity of A. Hypothesis: It is enough to assume A € C(R?).

.................................................................. end of the ninth lecture (28.4.2017)

4 Semigroup theory

4.1 Lecture by doc. Prazak

Text copied from http://www.karlin.mff.cuni.cz/ prazak/vyuka/Pdr2/

Up to now we considered evolution PDEs: %u — Au + ---. The rest of lectures is more close to
functional analysis.
Motivation:
Let us have the equation ' = az, where z (0) = 1 ... the solution is e, an exponential function.

tA

Generalization: a «+ A € R™™: 2/ = Az, x(0) = x¢ the solution is e'“z(, a matrix exponential

function. Goal: generalization to general Banach space, the study of equations of the type
d
(4.1) P Az, 2 (0) = x0, x € X,
where X is a Banach space, A : X — X is a linear operator, e. g., A = A. How to define a general
exponential function e4? The power series is suitable only for bounded operators. Problem: A is
unbounded operator, > °° 24" iy general does not make sense. Remark: —A : W& 2 WL g

n=0 n!
bounded, but in different spaces.

11



Idea:

A is “well unbounded” (i. e., bounded from above), then e!4 will be possible to define for ¢ > 0.

Notation: [Unbounded operator]
e X ... Banach space with respect to [|-]|.

e £(X)={L:X — X is linear continuous operator} is a Banach space, ||L||;(x) = sup ex ||Lz||,
lzll=1

e Unbounded operator is the couple (A4, D (A)), where D (A) CC X is a subspace (domain of
definition of A), A: D (A) — X is linear.
Def.: [Semigroup, cy-semigroup]
The function S(¢) : [0;00) = £ (X) is called a semigroup, iff
1. S(0) is identity
2. S(t)S(s)=S(t+s),Vt,s >0

3. If moreover S(t)x — x, t — 07 for Vx € X fixed, we call S () a cyp-semigroup.

Remark:

e co-semigroup ... abstract exponential. Possible definitions of standard exponential: either a
solution of 2/ = az, x(0) = 1 or a power series e = > (aﬁ = limyo0 (1 + %t)n, or a

solution of functional equation: f(x+y) = f (z) f (y) + continuity and f (-) is nonzero. Then
,,S(t) = et*“  co-semigroup is a suitable candidate for exponential.

e stronger assumption (3') [|S(t) —Illyx) — 0, t — 0% (so called uniform continuity) implies
S(t) = e for some linear continuous operator A, see ex. 5.1.

Lemma 35. [Ezponential estimates, continuity in time of co-semigroup]
Let S(t) be a co-semigroup in X. Then

1.3IM>1,w>0s t [[SE)llgx) < M- et for vt >0.

2. t— S(t)x is continuous [0,00) — X for Vo € X fized.

Proof:

1. we claim: 3M > 1,36 > 0s. t. [|S(t)|zx) < M, Vt € [0,6]: by contradiction: if not, then
Ftn — 0% st [S(ta)llgx)y = +oo, but S(tp)z — = for Vo € X fixed due to the part (3)
of semigroup definition and so ||S(¢,) x| is bounded. That is a contradiction to the principle of
uniform boundednes, see functional analysis (a set of operators is bounded in operator norm iff
|S(tn) x|| is bounded for V).

Set w = %lnM, i. e. M = e*% then for t > 0 arbitrary it holds that t = nd 4+ ¢, € €
0,0), n € N. Then [[S®)llzx) = HS((S—%—(S—F-'-—I—(S—I—&)HL(X) = [[S(6)---S(0) SE)llzx) <
nx

1SO)Z20x) 1Sl gxy < M - M" < M - e,
wnd

=€
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2. continuity: in 07 we have due to part (3) of definiton of semigroup. Continuity (from the right
and from the left) in ¢ > 0 remains:
Continuity from the right: S(t +h)z = S(¢t) S(h)x — S(t)z, h — 0% due to the property (3),

——
—x
S(t) e L(X).
Continuity from the left: (WLOG h <t) S(t —h)z— S(t)x = S(t—h)[z — S(h)z]. Estimate:

——
S(t—h)S(h)a
— 0 due to (3)

N "
1S —h)x = S(t) x| < 1S = h)llgex) lle = S(h) ]|, h — 0T
—_————
< Me*!t, independent of h due to the first part

Def.: [Generator of a semigroup]

An unbounded operator (A4, D (A)) is called a generator of semigroup S(t) iff

1 1
Az = lim —(S(h)z —x), D(A):{xeX, lim — (S(h)z — ) existst}.
h—0+ h

Remark:

it is easy to show that the operator defined by this formula is linear and D (A) C X is a linear subspace.

Theorem 36. [Basic properties of a generator]
Let (A, D (A)) be a generator of S(t), a co-semigroup in X. Then:

1. x € D(A) = S(t)xz € D(A) for ¥Vt >0,
2. x € D(A) = AS(t)z=S(t) Az = LS(t)x for Vt > 0 (int =0 only from the right),
3 xeX, t>0 = fgS(s)deGD(A), A(fgS(s):pds> =S(t)x —=x.

Proof:

=S(h+1t)=5(t) S(h)due to (2)
1 — ?
1. x € D(A), t >0 given, E(S(h)S(t):c—S(t):z) -y = S(t)zreD(A),AS(t)x =y

2.2€D(A)... AS(t)x = S(t) Az see part 1, %S(t) x = S(t) Az from the right for V¢ > 0, see first
part (3 (S(t+h)z — S(t)z) — S(t) Az), h — 0.
From the left? %}L_S@m — S(t) Az ash — 0T for t > 0 fixed? %}L_S@)x =S(t—h) [%} -

? _
S(t) Az = S(t — h) [l“*f(,f)ﬂ —S(t—h)S(h) Az — 0: S(t — h){ [S(h);fx] — S(h) Ax} =0
—— ——
L. 4.1, 1: bounded in |||, w — Az due to (3)

as in L. 4.1, 2.
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3. Denote y = fo s)xds, v € X for t > 0 fixed.

(S(h)y—y) = ;L<S(h) / S(s) wds — /0 S(s)xds)

fo s+ h)xzds, subst. — a shift by h

_ 2( /h " () s /0 S(s) xds) )

1 [tth h—0+ —~
= h/ S(s )xds—/ S(s)xzds = S(t)xz —S(0)x

derlvatlve of continuous integrand (L. 4.1) w. r. t. upper bound

S| =

Therefore y € D (A), Ay = S(t)  — x, which was to be proven.

Remark:

The theorem states:
1. D (A) is invariant w. r. t. S(?).
2. S(t), A commute in v D (A), moreover ¢ — S(t) x is a classical solution of 4z = Az, x (0) = o,
if x € D (A).
Def.: [Closed operator]|
We say that an unbounded operator (A, D (A)) is closed, iff: u, € D (A), up, — u, Aup, v = u €
D (A) and Au = v.
Remark:

it is easy to show that (A, D (A)) is closed <= D (A) is complete (i. e., Banach) with respect to the
norm ||ul| + ||Au/||, the so-called graph norm.

Remark:

unbounded, but closed operators: natural property of derivative in different function spaces, examples:

1.2 = L'1,X), A:u(t) = %u(t), D(A) = WY (I,X) ... see chap. 1: statement (see

ex. 2.1): wuy, (¢ ) eWL (LX), upy (t) > u(t) v LM (I,X), Su, (t) > g(t) v (I,X) = u(t) €
whi(1,Xx), 4 Zu(t) = g (t). This is equivalent to closedness of (A, D (A)).

2. X = C'([0,1]) ... theorem from analysis: f, (t) € C'([0,1]), fu (t) = £ (t) v [0,1], &f, () =
%g (t) v [0,1] = f(t) € C*([0,1]), %f( ) = ¢ (t). That is equivalent to closedness of “%” in
C ([0,1]) = X with the definition domain C* ([0, 1]).

Theorem 37. [Density and closedness of generator] Let (A, D (A)) be a generator of a co-semigroup
S(t) in X. Then D (A) is dense in X and (A, D (A)) is closed.
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Proof:

1 h
Density ... x € X given. z = lim;,_,q+ 7 / S(s) xds (continuity of integrand), i. e., we have elements
0

N—
€D(A) dle V.4.1.3

from the definition domain which approximate given element.

Closedness ... z, € D(A) given, x, — z, Az, — y = 1€ D(A), Az = y. Observe:
s+ S(s)zy, is CF smce dtS( s)xn = S(s )Axn due to Th.4.1, 2 and due to Newton-Leibnitz we have
S(h)zp — S(0) = [, C‘ZSS( ) Tpds = fo s) Axnds. Take a limit n — co. LHS — S(h)x — z, RHS

. exchange of lim and [: Az, — y, therefore 15(s) Az — S(s) yll < [|S(s)ll 2 (x) [[Azn — yl|, uniform

%/—’
bounded independently of s € [0,h]

convergence. Therefore by the limit we obtain + (S(h)z — z) = + fo s)yds, take h — 07. RHS — y
(continuity of integrand), i. e., LHS — y or in other words x E D (A), Aac =y, which was to be proven.
Remark:

Theorem 4.2, proof of closedness: S(h)x, — x, = fo s) Axpds, ©n, € D (A) is needed. In Th. 4.1,

3 we already have S(h)x —z = (fo xds), x € X. Wouldn’t it be possible to shift A into the
integral straight away?

Problem: does it hold that A ([, f (s)ds) = [, Af (s)ds? For continuous operators A it holds, see
ex. 1.1. For closed operators A it is possible to prove, see ex. 5.3. It is not possible to use this argument
above as we are just proving the closedness of generator A.

Remark:

e Th. 4.1:(A, D (A)) is a generator of a semigroup S(t) = Vag € D (A) is z (t) = S(t) ¢ a classical
solution of (4.1).

e Key problem: (A, D (A)) given, = Jdcg-sg. S(t) s. t. A is a generator of S(t).

Lemma 38. [Uniqueness of a semigroup] Let S(t), S (t) be co-semigroups which have the same gener-
ator. Then S(t) = S (t) for ¥Vt > 0.

Proof:

Trick: y(t) = S(I' —)S(t)z, x € D(A), check y(t) € C([0,T],X), y (t) = 0Vt € (0,T) =
y(T)=S(T)y(0) = S(T)z. D(A)is dense in X (Th. 4.2)

Def.: [Resolvent, resolvent set, spectrum]

Let (A, D (A)) be an unbounded operator. We define
resolvent set p(A) = {\;A\] — A — X is one-to-one} C R (generally can be considered a subset of C),
resolvent R(\, A)= (M —-A)_,: X = D(A),Ae€p(A),

spectrum o (A) = {\ € C,\[ — A is not invertible}. Equivalently o (A) = C\p (A).
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Remark:

e (A,D(A)) is closed = R(\, A) € L(X), since A is closed <= D (A) is Banach with graph
norm ||z|| + ||Az||. Moreover by the closedness is t A : D (A) — X continuous. Banach theorem
on open mapping: inversion is continuous, i. e., R (A, A) : X — D (A) is continuous.

e the following relations hold:
(i) ARMA)x = ( r—zVrelX,

AR (N, A)
(1)) RN A)Arx = ARNA)xz—xVreD(A),
(it) RNA)zrz—RpA)zx = (u—AN)RNA)R(pA)xVeelX,

where (iii) is so-called resolvent identity.

Proof of (i):
ARMNA)z=[(A=X)+MN]RNA)xz=—AN—-A)RNAX+ARNA)x

The other relations are proven similarly, (i)-(ii)) = AR (A, A)xz = RA(X\, A)z, x € D (A). Heuristics:
R(\A) =15 A

Lemma 39. [Formula for the resolvent by Laplace transform/
Let (A, D (A)) be a generator of co-semigroup S(t); let [[S(t)[ zx) < Me“t. Then X € p(A
VA > w and the resolvent can be expressed as R(\, A)z = [;* e MS(t) zdt, |R A Dy < 2=

) for

Proof:

WLOG: w = 0, (sec ex. 6.2) since co-sg. generated by (A, D (A)) < S (t) = e “'S(t) is co-sg.

generated by (K, D (ﬁ)) where A = A —wI, D (K) = D (A). Moreover R ()\, g) =R\t w,A).
Therefore [|S(¢)||z(x) < M, A >0 == Ne p(A). Denote Rz = JoT e MS(t) zdt (Laplace transform

of semigroup S(t)), z € X, A > 0 fixed. Integral defined: integrand continuous (L. 4.1), |/integrand|| <

e MM |zl € L' (0, 00),

Hf{xH < e MM ||z dt = 2 ||z, i. e, R € L(X), ( R

M
<M

We will show that Rz € D (A):

% IS(h) — 1) R = % [ /0 T NS Sz — eMS (1) xdt] ,

S(h+t)
Substution in first integral: [ e =M S(¢) :l:fh “A=h) §(t) z, together:
M _q oo Abph
= / e MS(t) wdt—S— e MS(t) z dt
h Jo hJo
Ra

Take h — 0F: — ARz — .
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I e, Rz € D(A), ARz = NRz —x, V& € X, in other words (\] — A) Rz = z,i. e. \[—A: D (A) —
X is onto.
Is injective? Let x € D (A) be fixed,

~ & Ex. 5.4, A closed (Th. 4.2. &
ARz = A </ e MS(t) w) * 4 EEE ( ) / A (e*AtS(t) x) dt
0 0

(exchange op. and sg: Th. 4.1, 2) = / e MS(t) Axdt = RAx
0

i e AR = RAin D(A) — R(M —A)z = ARz — RAX "2 4 i o vz € D(A) :
RN —A)z=x ... M — Aisinjective! I. e., R = R (A, A), the proof is done.

Def.: [Semigroup of contractions]

We say that S(t) is a semigroup of contractions, if ||S(t)|[zx) < 1, V¢ = 0

Theorem 40. [Hille-Yosida (for contractions)]
Let (A, D (A)) be an unbounded operator. Then it is equivalent:

1. Jcg-semigroup of contractions, which is generated by (A, D (A)).
2. (A, D (A)) is closed, D (A) is dense in X, X\ € p(A) for VA > 0 and it holds that

IROVA) g x) <

>| =

Homework 11. 1. Prove Lemma 38: If co-semigroups S(t) and S(t) have the same generator, then
S(t) = S(t) for allt > 0.

Hint. For a fited 7 > 0 and x € D(A), show that the function y(t) = S(t —t)S(t)z is constant on
[0, 7].

2. Fill the gap in proof of Lemma 39: show that (A,D(A)) is the generator of S(t) if and only if
(A, D(A)) is the generator of S(t), where S(t) = e~“'S(t) and A = A — wI with D(A) = D(A).

Also show that in this situation R(\, A) = R(\ + w, A), whenever A € p(A) <= \+w € p(A).

Hint. It is enough to prove just one implication.
3. Verify the resolvent identity
R\, A)x — R(p, A)x = (u— N)R(\, A)R(p, A)x
forallz € X, and A\, p € p(A).

Hint. Deduce first formally using R(\, A) = ﬁ.

4.2 Follow-up of the course by PK

Remark 23 (Generalized Hille-Yosida theorem). Let M > 0, w € R. Then (A, D(A)) generates a
co semigroup satisfying an estimate ||S(t)||L(X) < Me for all t > 0 iff (A, D(A)) is closed, densely
defined, for all A > w: X € p(A) and for alln € N |R*(\, A)||L(X) < M/(A —w)™.
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Remark 24 (Lumer-Philips theorem). [5, Theorem 4.3,Section 1.4] If for all x € D(A), A > 0 the
inequality || Ax — Az|| > A||z|| holds and there is Ao > 0 such that \gI — A : D(X) — X is onto, then
(A, D(A)) generates a cy semigroup of contractions.

If (A, D(A)) generates a co semigroup of contractions on X, then for all x € D(A), X > 0 the
inequality | A\x — Ax|| > A||z|| holds and X € p(A).

Remark 25. If (A, D(A)) generates a ¢y semigroup S of contractions on X, xo € D(A), then u : t —
S(t)zo solves the PDE u; = Au in (0, +00), u(0) = zo. Moreover, u € C(]0,+00), X)NC*([0, +0), X),
Au € C([0, +00), X).

If xo € X \ D(A) we in general do not get the same statement. There are 2 possibilities
1. introduce a new weaker notion of solution, i.e. solution of the problem is ¢ — S(¢)xo.

Definition 14. (it was not mentioned in the lecture) Let (A, D(A)) generates a cy semigroup S
of contractions on X, xg € X. We call u : t — S(t)xo a mild solution of the problem u; = Au in
(0, +00) with the initial condition xo € X.

2. introduce a semigroup with better properties—differentiable semigroups, see [5, Section 2.4, The-
orem 4.7].

Assumption 3. We assume:
e QO C RY open, bounded, with smooth boundary.
e a’ b',c € C®(Q) and are independent of t fori,j € {1,...,d},
e there is 6 > 0 such that for all ¢ € R? and a.e. (t,z) € Q: (A&, &) > 0|¢)2.
o Lu=-— Zgjil 0j(a Q) + 327 b'0ju + cu

Theorem 41. Let Assumption 3 hold. Define X = L*(Q), D(—L) = W*2(Q) N Wol’Q(Q). Then
(=L, D(—L)) generates a co-semigroup.

Remark 26. Remark 25 together with Theorem 41 gives existence of a mild solution of the problem
ug = —Lu in (0, 400) with the initial condition u(0) € L?(£2).

Homework 12. Let X = L*(Q). We set S(0) = I and fort > 0 we define S(t) :u € X — S(t)u € X
by

d . _ b 3/ Lzl
Vr e R .S(t)u(a:)—(47rt) Rde au(y)dy.

Show that S is a co semigroup on X and that its generator is the Laplace operator /.

........................................................................ end of the lecture (12.5.2017)
Further we want to study the problem

ug = Au+ f in (0,7),

U(O) =1uyp € X, <15)

where f: (0,7) — X is integrable, (4, D(A)) an unbounded operator, generator of a ¢y semigroup S.
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Definition 15. [5, Definition 2.1, Section 4.2] A function u : [0,T] — X is a classical solution of
the problem (15) if u € C([0,T),X) N CY(0,T), X) and for all t € (0,T) u(t) € D(A) and (15) holds
pointwisely.

Remark 27. Any classical solution u of (15) satisfies

T
u(t) = S(t)uo + /0 S(t—s)f(s)ds. (16)

Definition 16. Let (A, D(A)) be a generator of a co semigroup S, ug € X, f € LY(0,T,X). Then
u:[0,T] = X, ueC([0,T],X) satisfying for all t € (0,T) the equality (16) is called a mild solution of
the problem (15).

Theorem 42 (42). Let X be a co semigroup and (A, D(A)) be its generator. If ug € D(A), f €
CY([0,T), X) then the mild solution of (15) is the classical one.

Corollary (of Theorems 41 and 42). Under Assumption 3 if f € L'(0,T, L*(2)), up € L?(Q), S is the
semigroup constructed in Theorem 41, there is a mild solution of the problem u;+ Lu = f in (0,T) with
u(0) = ug. If moreover f € C1([0,T], L%(Q)) and ug € W>2(Q) N Wol’Q(Q) then the mild solution is the
classical one.

Now we want to concentrate to the wave equation
uy + Lu = fin (0,T) x Q,
u=0 on (0,7) x 09,
u=g,uy =h in {0} x Q,
which can be reformulated to
u=v, v=—Lu+f in(0,T) x Q,
u=0,v=0 on (0,7) x 09, (17)
u=g,v=~nh in {0} x Q.
Theorem 43. Let Assumption 3 hold with A symmetric, b =0, ¢ > 0 on Q). We set X = Wol’2(Q) X
L2(Q), with the scalar product {((u,v), (f,9)) = [o AVUV f+cuf+vg and the corresponding norm ||| x .
We set])(jl)N: W22(Q) N Wol’2(Q) X W01’2(Q) and for all (u,v) € D(A) we set A(u,v) = (v, —Lu).
Then (A, D(A)) is a generator of a ¢y semigroup of contraction on X.
Corollary. Under Assumption 3 if f € L'(0,T,L*(%)), g € Wol’Q(Q), h € L*Q), S is the semi-
group constructed in Theorem 43, there is a mild solution of the problem (17). If moreover f €

CY([0,T),L?(Q?)) and g € W?2(Q) N W&’Q(Q), h € Wol’Q(Q) then the mild solution is the classical
one.

5 Nonlinear parabolic equations of second order

In this section we want to consider a nonlinear parabolic problem
up —diva(Vu) + f(u) =h in I xQ,
u=mwup in {0} xQ, (18)
u=0 on [ x Jf.

As usually I = (0,7), T >0, 2 C RY Q = I x Q. Given are functions a : R — R f: R — R and
data ug : Q@ = R, h: Q — R. We search for the unknown function u : Q — R.
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Assumption 4. Let us assume
e I=(0,7), T >0,QCR? with a smooth 9Q, p € (1,4+00),
e a:RY - R? satisfies a € C(R?), a(0)=0,
Ja > 0,v¢ € Rz al¢fP < a() - €
38> 0,96 € R |a()] < B(ET +1)
V61,6 €RY:0 < (a(&) — a(&)) - (&1 — &)
o f:R — R satisfies

3y >0, €[0,p—1],Vw e R: [f(w)] < y(jw|” +1)

o he (LP(I,WyP(Q)))*, up € L*(Q).
Definition 17. We say that u € LP(I, Wol’p(Q) st a weak solution of the problem (18) if u(0) = ug and
VoD W) s [ —upi+a(Vu)- o+ fwe = [ (i
Q I

Homework 13. Show that if u is a weak solution of the problem (18), the initial condition is well
defined.
Alternatively show that is u is a weak solution of the problem (18) then u € C([0,T], L*(9)).

Example 2. Let S € N.Show that there is a ON basis of L*(2) such that it is also a OG basis of
W2(Q). It consists e.g. from the solutions uy € W2(Q) of the problem

Yo € W (Q) - / Viu: Vi = )\/ wp.
Q Q

The problem corresponds to the eigenvalue problem (—1)*ASu = Au in Q with suitable boundary condi-

tions.
Recall Minty Browder’s trick from PDE’s 1. See, e.qg., [4, Section 9.1].

........................................................................ end of the lecture (19.5.2017)
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