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NSD polynomů

Polynomy jedné proměnné nad tělesy: Euklidův algoritmus

Problém: Nad Q nám začnou během děleńı se zbytkem exponenciálně
velmi r̊ust délky koeficient̊u

[Př́ıklad v Sage]

A nešlo by NSD nad Z poč́ıtat bez výletu do Q?

A jak poč́ıtat NSD polynomů v́ıce proměnných?

To vše bude obsahem dnešńı hodiny

Model složitosti: Počet operaćı na jedné cif̌re R
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velmi r̊ust délky koeficient̊u
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To vše bude obsahem dnešńı hodiny
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A jak poč́ıtat NSD polynomů v́ıce proměnných?
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NSD polynomů
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Primitivńı polynomy

Připoḿınám cont(f ) je obsah polynomu f ; je to NSD všech
koeficient̊u

Primitivńı polynom má obsah 1

Primitivńı část polynomu f , značená pp(f ) je f / cont(f )

Algebra I: Pokud R je gaussovský obor integrity, tak R[x ] je
gaussovský.

Plat́ı f , g ∈ R[x ]

NSDR[x](f , g) = NSDR(cont(f ), cont(g)) · NSDR[x](pp(f ), pp(g)),

tedy stač́ı poč́ıtat NSD pro primitivńı polynomy

Př́ıklad ze Z[x ]:

NSDZ[x](2x2 − 8, 10x + 20) = 2 NSDZ[x](x
2 − 4, x + 2) = 2(x + 2)
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Připoḿınám cont(f ) je obsah polynomu f ; je to NSD všech
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Př́ıklad ze Z[x ]:

NSDZ[x](2x2 − 8, 10x + 20) = 2 NSDZ[x](x
2 − 4, x + 2) = 2(x + 2)

Alexandr Kazda (Univerzita Karlova) Poč́ıtačová algebra 17. dubna 2020 3 / 23
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Primitivńı polynomy
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Př́ıklad ze Z[x ]:

NSDZ[x](2x2 − 8, 10x + 20) = 2 NSDZ[x](x
2 − 4, x + 2) = 2(x + 2)

Alexandr Kazda (Univerzita Karlova) Poč́ıtačová algebra 17. dubna 2020 3 / 23



Gaussovo lemma

Pro primitivńı polynomy z gaussovského oboru integrity R plat́ı

NSDR[x](f , g) = NSDQ[x](f , g),

kde Q je pod́ılové těleso R (nap̌r. R = Z a Q = Q)

Tady NSDQ[x] voĺıme tak, aby ležel v R[x ] a byl primitivńı

Př́ıklad NSDZ[x](x
2 − 1, x2 − 2x + 1) = NSDQ[x](x

2 − 1, x2 − 2x + 1)

Jsme zvykĺı, že tělesa jsou
”
lepš́ı“, než jenom gaussovské obory, ale

výpočty v Q jsou pomalé

Proto praktické použit́ı Gaussova lemmatu je p̌rekvapivě na výpočet
NSDQ[x] pomoćı NSDZ[x]
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NSDQ[x] pomoćı NSDZ[x]
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Proto praktické použit́ı Gaussova lemmatu je p̌rekvapivě na výpočet
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Pseudoděleńı

Bylo: děleńı f div g , f mod g v okruhu R[x ] funguje jenom když
uḿıme dělit vedoućım členem g

Pseudoděleńı: Poč́ıtejme

f pdiv g = (lc(g)deg f−deg g+1f ) div g

f pmod g = (lc(g)deg f−deg g+1f ) mod g

Výhoda: Funguje v každém euklidovském oboru

Nevýhoda: Nar̊ustá velikost koeficient̊u

Nápad: Co během Euklidova algoritmu koeficienty polynomů dělit
nějakým společným dělitelem

Alexandr Kazda (Univerzita Karlova) Poč́ıtačová algebra 17. dubna 2020 5 / 23
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Nevýhoda: Nar̊ustá velikost koeficient̊u
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Pseudoděleńı
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Posloupnost polynomiálńıch zbytk̊u

Polynomial remainder sequence – PRS

f , g ∈ R[x ] jsou si podobné, pokud existuj́ı nenulové k , l ∈ R, že
kf = lg ; znač́ıme f ∼ g

PRS je posloupnost f1, f2, . . . , fk ∈ R[x ] taková, že
1 f1, . . . , fk−1 6= 0, fk = 0
2 deg f1 ≥ deg f2
3 fi+1 ∼ (fi−1 pmod fi )

PRS jsou polynomy z Euklida modulo ∼
Pozorováńı: R gaussovský, f1, . . . , fk PRS v R[x ]. Pak
fk ∼ NSD(f1, f2)
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NSD pomoćı PRS

Kostra algoritmu pro R = Z[x ], R = Q[y , z ][x ] a podobně

Data: f , g primitivńı polynomy, deg f ≥ deg g
Result: NSD(f , g)
f1 := f ;
f2 := g ;
while fi 6= 0 do

fi+1 := 1
αi+1

(fi−1 pmod fi );

i := i + 1;

end
return pp(fi−1);

Jak volit αi+1? Různé strategie. . .
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αi+1
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Euklidovská PRS: αi+1 = 1

Primitivńı PRS: αi+1 = cont(fi−1 pmod fi )

Primitivńı PRS je pomalá nap̌r. pro R[x ] = T [y , z ][x ]
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Euklidovská PRS: αi+1 = 1
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Primitivńı PRS: αi+1 = cont(fi−1 pmod fi )
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Euklidovská PRS

Jednoduchá na implementaci

Délka koeficient̊u roste zhruba exponenciálně

Heuristický argument: Necht’ fi má koeficienty délky `i

Pro náhodné polynomy bude typicky deg fi = deg fi−1 − 1

Potom fi+1 = lc(fi )
2fi−1 − (ax + b)fi

Pak zhruba `i+1 = 2`i + `i−1
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Euklidovská PRS, II

Máme rekurenci `i+1 = 2`i + `i−1

Zkuśıme dosadit `i = λi

Pak λ2 = 2λ+ 1;

to má řešeńı λ = 1±
√

2

[Numerické experimenty v Sage]
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Máme rekurenci `i+1 = 2`i + `i−1
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Primitivńı PRS

Lineárńı nár̊ust délky koeficient̊u (to dokazovat nebudeme)

[Př́ıklad v Sage]
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Lineárńı nár̊ust délky koeficient̊u (to dokazovat nebudeme)
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Redukovaná PRS

fi+1 := 1
αi+1

(fi−1 pmod fi )

Značme δi = deg fi − deg fi+1

Redukovaná PRS (J. J. Sylvester, cca 1850): α3 = 1;
αi+1 = lc(fi−1)deg fi−2−deg fi−1+1

Vlastně děĺıme multiplikátorem pro pseudoděleńı z p̌redchoźıho kroku

Neńı jasné, proč αi+1 děĺı fi−1 pmod fi
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Redukovaná PRS, II

Délka koeficient̊u typicky roste lineárně

Heuristický argument: Necht’ fi má koeficienty délky `i

Zase p̌redpokládejme deg fi = deg fi−1 − 1

Potom fi+1 = (lc(fi )
2fi−1 − (ax + b)fi )/ lc(fi−1)2

Pak zhruba `i+1 = 2`i + `i−1 − 2`i−1 = 2`i − `i−1

Tedy `i+1 − `i = `i − `i−1

`i+1 − `1 = (`i+1 − `i ) + (`i − `i−1) + · · ·+ (`3 − `2) + (`2 − `1)
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Redukovaná PRS, II

Délka koeficient̊u typicky roste lineárně
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Redukovaná PRS, II

Délka koeficient̊u typicky roste lineárně
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Redukovaná PRS, III

`i+1 − `i = `i − `i−1,

To popisuje lineárńı r̊ust!

[Př́ıklad v Sage]

Redukovaná PRS běhá v praxi o něco málo rychleji než primitivńı PRS
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Redukovaná PRS, IV

Asymptotické chováńı

Necht’ deg f = n, deg g = n − 1,

Předpokládejme deg fi = n+ 1− i pro všechna i a `i = ci pro nějaké c

fi−1 pmod fi má složitost O((n − i + 1)(ci)2)

Složitost O(
∑n

i=1(n − i + 1)c2i2) = O(c2n
∑n

i=1 i
2) = O(c2n4)
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Redukovaná PRS, IV
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Redukovaná PRS, IV

Asymptotické chováńı
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Redukovaná PRS, IV
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Složitost O(
∑n

i=1(n − i + 1)c2i2) = O(c2n
∑n

i=1 i
2) = O(c2n4)

Alexandr Kazda (Univerzita Karlova) Poč́ıtačová algebra 17. dubna 2020 15 / 23



Subrezultantová PRS

fi+1 := 1
αi+1

(fi−1 pmod fi )

Značme δi = deg fi−1 − deg fi

Necht’ β2 = lc(f2)δ1 ; βi+1 = lc(fi+1)δiβ1−δi
i

Pak α3 = 1; αi+1 = lc(fi−1)β
δi−1

i−1

Uff. Pro δi = 1 to je redukovaná PRS:

β2 = lc(f2)1; βi+1 = lc(fi+1)1β1−1
i = lc(fi+1);

αi+1 = lc(fi−1)β1
i−1 = lc(fi−1)2

Redukovaná PRS (J. J. Sylvester, cca 1850): α3 = 1;
αi+1 = lc(fi−1)deg fi−2−deg fi−1+1

Rezultanty budou. . .

Lze dokázat, že délka koeficient̊u roste vždy lineárně a výpočet αi+1

je rychlý
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Alexandr Kazda (Univerzita Karlova) Poč́ıtačová algebra 17. dubna 2020 16 / 23
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Značme δi = deg fi−1 − deg fi

Necht’ β2 = lc(f2)δ1 ; βi+1 = lc(fi+1)δiβ1−δi
i

Pak α3 = 1; αi+1 = lc(fi−1)β
δi−1

i−1

Uff. Pro δi = 1 to je redukovaná PRS:
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je rychlý
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Subrezultantová PRS
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13. Rezultant a Sylvestrovo kritérium nesoudělnosti

Theorem

Bud’ R gaussovský, Q jeho pod́ılové těleso, Q algebraický uzávěr Q.
Bud’te f , g ∈ R[x ], deg f , g ≥ 1. PNTJE:

1 NSDQ[x](f , g) 6= 1

2 deg NSDR[x](f , g) > 0

3 ∃u, v ∈ R[x ] \ {0}, že

deg u < deg g

deg v < deg f

uf + vg = 0

4 f , g maj́ı společný kǒren v Q
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Důkaz

Gaussovo lemma: NSDQ[x](f , g) 6= 1⇔ deg NSDR[x](f , g) > 0p

Necht’

deg u < deg g

deg v < deg f

uf + vg = 0

Pak f |vg a deg f > deg v , tedy f , g maj́ı společný ireducibilńı faktor

Nechd’ d = NSDR[x](f , g). Pak volba u = g/d , v = −f /d nám dá (3)

uf + vg = (g/d)f + (−f /d)g = gf /d − gf /d = 0
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Nechd’ d = NSDR[x](f , g). Pak volba u = g/d , v = −f /d nám dá (3)
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Důkaz

Gaussovo lemma: NSDQ[x](f , g) 6= 1⇔ deg NSDR[x](f , g) > 0p

Necht’

deg u < deg g

deg v < deg f

uf + vg = 0

Pak f |vg a deg f > deg v , tedy f , g maj́ı společný ireducibilńı faktor
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Důkaz II

Rozmyslete si, že Euklidův algoritmus v Q a Q běž́ı zcela stejně

Necht’ NSDQ[x](f , g) 6= 1. Pak NSDQ[x](f , g) 6= 1.

Tedy f , g maj́ı společný lineárńı faktor v Q[x ]

x − α|f , g znamená, že f (α) = g(α) = 0
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Polynomy u, v

Vrat’me se k bodu (3)

Berme m ≥ n

f = fnx
n + fn−1x

n−1 + · · ·+ f0

g = gmx
m + gm−1x

m−1 + · · ·+ g0

Hledańı koeficient̊u polynomů u, v omezených stupňů, že fu + gv = 0
je soustava lineárńıch rovnic

Rovnice:

fnum−1 + gmvn−1 = 0

fn−1um−1 + fnum−2 + gm−1vn−1 + gmvn−2 = 0

...

f0u0 + g0v0 = 0
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Polynomy u, v

Vrat’me se k bodu (3)

Berme m ≥ n

f = fnx
n + fn−1x

n−1 + · · ·+ f0

g = gmx
m + gm−1x

m−1 + · · ·+ g0
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fnum−1 + gmvn−1 = 0

fn−1um−1 + fnum−2 + gm−1vn−1 + gmvn−2 = 0

...

f0u0 + g0v0 = 0
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Matice soustavy fu + gv = 0

M(f , g)T =



fn 0 0 . . . gm 0 0 . . . 0
fn−1 fn 0 . . . gm−1 gm 0 . . . 0
fn−2 fn−1 fn . . . gm−2 gm−1 gm . . . 0

. . .

f0 f1 f2
. . .

. . .

0 f0 f1
. . .

. . .

0 0 . . . g0 g1 g2 . . . gn−1

0 0 . . . 0 g0 g1 . . . gn−2

. . .
. . .

0 0 0 f0 0 0 0 . . . g0


Netriviálńı řešeńı u, v právě když det(M(f , g)) = 0
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Rezultant I

deg f = n, deg g = m; berme m ≥ n

Sylvesterova matice je (n + m)× (n + m) matice M(f , g), jej́ıž
prvńıch m řádk̊u má tvar

(. . . , 0, fn, fn−1, . . . , f0, 0, . . . )

a zbylých n řádk̊u tvar

(. . . , 0, gm, gm−1, . . . , g0, 0, . . . )

Rezultant polynomů f , g je res(f , g) = detM(f , g)
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Rezultant II

Př́ıklad: res(x2 − 5x + 6, x − 6) v Z[x ]

det

1 −5 6
1 −6 0
0 1 −6

 = 36 + 6− 30 = 12

Theorem (Sylvesterovo kritérium)

Bud’ R gaussovský, Q jeho pod́ılové těleso, f , g stupně > 1 nad R.
PNTJE

1 f , g jsou soudělné v Q[x ]

2 res(f , g) = 0
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