Second order uniformly convergent numerical
method for a coupled system of singularly
perturbed reaction-diffusion problems with
discontinuous source term
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Abstract In this work we consider a coupled system of m(> 2) linear singularly
perturbed equations of reaction-diffusion type coupled in the reaction terms with
discontinuous source term. The leading term of each equation is multiplied by a
small positive parameter. These singular perturbation parameters are assumed to be
distinct in magnitude. Overlapping boundary and interior layers can appear in the
solution. A numerical method is constructed that involve an appropriate piecewise-
uniform Shishkin mesh, which is fitted to both the boundary and interior layers. The
parameter-uniform convergence of the numerical approximations is examined.

1 Introduction

We consider a coupled system of linear singularly perturbed boundary value prob-
lems with discontinuous source term in the interval Q = (0, 1). A single discontinu-
ity in the source term is assumed to occur at a pointd € 2. Let Q| = (0,d) and 2, =
(d,1) and the jump at d in any function ¥ is given as [¥](d) = ¥ (d+) — ¥ (d—).
The corresponding boundary value problem is:

Lu:=—Eu"+Au=f, xcQ U, @)

u(0)=p, u(l)=gq, )

where E=diag(gy,...,&,) with small parameters €1,...,§,, are such that 0 < & <
- B

A(x) = (a;j(x))mxm and  f(x) = (fi(x))mx1 (3)
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are given. We assume that the coupling matrix satisfies the following conditions:

m
aii(x) > Z laij(x)], for 1 <i<m, and a;;(x) <0 for i# j, 4)
jij=1

and for some constant ¢, we have

m

0<a< min a;i(x)). 5
i Y (a (o) )

Since f is discontinuous at d, the solution # does not necessarily have a continuous
second order derivative at d, but the first derivative of u exists and is contiunous.

A coupled system of m > 2 singularly perturbed reaction-diffusion equations
were considered in [3]-[5]. Parameter-uniform numerical method of second order
was considered in [4] with continuous source term. Rao and Chawla [7] considered
a coupled system of two singularly perturbed linear reaction-diffusion equations
with discontinuous source term. The scheme was proved to be almost first order
uniformly convergent in which the diffusion parameter associated with each equa-
tion of the system had a different order of magnitude. Paramasivam et. al. [5] proved
the same result for an arbitrary number of equations. We have considered m > 2 dif-
ferent diffusion parameters and source term in the system has a discontinuity at a
point in the interior of the domain, and improved order of convergence upto order
almost two.

This paper is arranged as follows. Section 2 presents the properties of the ex-
act solution of the problem. In Section 3 piecewise-uniform variant of Shishkin
mesh, is introduced, then the finite difference scheme that approximates the sin-
gularly perturbed problem is constructed. In Section 4 the statement and proof of
the parameter-uniform error estimate is given. Results of numerical experiments are
presented in Section 5.

Notations We use C to denote a generic positive constant and C = (C,C, ... ,C)T
to denote a generic positive constant vector which are independent of the pertur-
bation parameters and the discretization parameter N, but may not be same at
each occurrence. Define v < w if v; < wj;, for 1 < i < m. We consider the maxi-

mum norm and denote it by || . ||s, where S is a closed subset of Q. We define
IV lls=max|v(x)| and || v [|ls=max{[| vt [Is, ]| vz lls,-.. [l vin [ls}-

2 Properties of the exact solution

Theorem 1. The problem (1)-(2) has a solution u = (u1,...,uy)" withuy,... u, €
CH Q)N CHQUQ,).

Proof. The proof is similar to the proof of Theorem 2.1. in [5].
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Theorem 2. Suppose uy,. .., u, € C°(Q) N C*(Q;UR,). Further suppose that u =
(ur,...,um)" satisfies w(0) > 0, u(1) >0, Lu(x) > 0 in Q; U8, and [u')(d) <0.
Then u(x) > 0, for all x € Q.

Proof. The result can be proved by following similar arguments considered in [7].

Lemma 1. Let A(x) satisfy (4)-(5). If u = (u1,...,un)" be the solution of (1)-(2),
then,
]| g < max{[[(0)]|, [lu(1)]], & Ifll2,ue, }-

Lemma 2. Let A(x) satisfy (4)-(5) and let u be the exact solution of (1)-(2). Then
foreachi=1,....m x € QUL,.
X _k
[ ()] < € (Ju(O) |+ ()| + I oy, for k=0.1,2.
3 —5 _
Ju ><§>| < Cey 2 (lu(O)] + ()| + [If 1,00, + VI Il 0,00,), and
ul ()] < Ce e ()| + ()| + If llayues + &1 lFloue,)-

To derive sharper bounds on the derivatives of the solution, the solution is decom-

posed into a sum, composed of a regular component v and a singular component

w. That is, u = v + w. The regular component v, is defined as the solution of the

following problem:

Lv(x)=f(x), x€Q U, v(x)=A"'x)f(x), x€{0,d—,d+,1}.

and the singular component w is defined as the solution of the following problem:
Lw(x) =0, X €Uy,

w(x) =u(x) —v(x), x€{0,1}, Wld)=—pd), w)d=— ()

The following layer functions are used in defining the bounds on derivatives, for

1<i<m:
Be, (x) :=exp(—x/a /&) +exp(—(d —x)\/ /&), (6)
Be, (x) :=exp((d —x)v/ o /€) +exp(—(1 —x)\/a/g). @)

Theorem 3. Ler A(x) satisfy (4)-(5). Then the regular component v and its deriva-
tives satisfy the bounds forallx € Q1U, i=1,...m,and k=0,1,2,3,4,

_k
C(1 —I—Si(] 2>Bgll_ (x)), x€ Qy,

|Vl(k)(x)‘_()lu_(22 < (1-%)
C(1+¢& *'Bg, (x), x€ .

(s)
i €

(0, %) such that Efng[i (xl(sj)) = EITSBEIj (xl(sj)) Also, sfng,i (d —xl(sj)) = sj’SBglj (d—
(s) d—

x(‘])) On [O,xl(vj)) U(d —xl{fj),d) we have & *Bg, (x) > ef‘YBglj (x) and on (x;;,

Lemma 3. For 1 <i< j<mand 0 < s <3/2, there exists a unique point x
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Theorem 4. Ler A(x) satisfy (4)-(5). Then the regular component v and its deriva-
tives satisfy the bounds for all x € Q1 UL, i=1,....m,and k=0,1,2,3,4,

m B, (x)
C(1+): % : ) xeQ,
g=i eqz_

) g
q=

k_
zgz

W9 0)laue, < (

Lemma 4. Ler A(x) satisfy (4)-(5). Then the singular component w of the solution
u of (1)-(2) satisfies fori=1,...,m

m Bglq(x) co
— X 1
Bg, (x), x€ 1, | @) 4=i 63
) <c{ gt TES W) <c
m Z " L XEQ, fork=1,2
i er] i B€1q(x) E,Q
3 ? ’ , X 1s
— 2 —
W el<cq ) 8‘7( ) e @ <€ %0 g
Z q , XE L, Z 'q , XE .
q=1 g=1 8‘1

Theorem 5. Let A(x) satisfy (4)-(5). Then the singular component w can be decom-
posed in this way as follows, for 1 <i < m:

=Y wie, )= Y i, (0
q=1 g=1

g , XEQ, x/z , XEL,
fe, W <CQ 50 e, <C Bgf )
gq , XE &y, 8;1/2 , X €y,
" B, () 0
Be, (x), x€ £ , X €821,
< ’ ’ " < V&
‘&yzsq( )‘— {Ber (x)7 xeD | i 1eq(x)|—c Bgrq(x xeQ
£q b b
Bg, (x)
lq
4 , X€E 917
&y ()] <CQ g
g , XE .
q
Proof. Define a function wy ¢, (x) as follows:
=N ), (32 3/2
o - WE )(x;('nil),m) forx € [O’XI(nzl).m)’
3/2 3/2
Wi en (x) = Wi(x) forx e [x;(nzl),m’d_xfnil),m]’
[(—d5,"7,)"]

2,?:0 i wgk)(d—xfsizlzm) forx e (d—xfjﬁ{wd).
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For m —1 < q <2, define the functions wy ¢, (x) as follows:

3 =M @) 32) (3/2)
Ek:OTW,’ (xq,lﬂ) forx € [0 X, 1(1)7
Wig, (x) = § Wilx) = Y wig(x) for x € [x,” (/2) 4= xi/]z’)q]7
t=q+1
e d
£ 0 @R forve (@-xa),

and
Wi, e, =wi(x Z wi sq

Now proceed similar to the proof of Lemma 14 in [4] on the intervals Q; and 2,
separately. Similarly to derive the higher order derivative bounds on the components
of w;(x), the functions y; ¢, (x), for 1 < g < m are defined as below.

(R
oDl ) forx e 0,2, ),
Vign (X) = ¢ wi(x) forx € [x fn> 1 m,d x( ) }
M
Z,fzowi’,”lm”wgk) (d —xﬁrfzhm) for x € (d —xE,:zl,m,d).
Form —1 < g <2, define the functions y; ¢, (x) as follows:
() )
ZE:OWTMWEI‘) (xéljm) forx € [0, x((] )1 q)
m
1
Yig, (x) = wi(x) — Z Vig (x) forx € [x é )1 qufxg—)l-,q]’
t=g+1
(1) \k
g D W) forxe (d—a d),

and

Vi £1 Z)’z g\ X

3 Discretization of the problem

A piecewise uniform variant of Shishkin mesh with N mesh-intervals is now con-
structed on Q{V U .Qév which uses the following transition parameters:

d 1—d

Og,,, = min 72\/51111\/ ,  Og,, =min ( )2\/871] N
O, g O, c

Og, "= min{lz‘f“g\/gln]v}, Og, = min{gz"“,Z\/ZlnN},

for k m —1,..., 1. The interior points of the mesh are denoted by
={x: 1<z<7—1} Ufr:5+1<i< N—1}=0NuQl.
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- . . 7N
Let h; = x; —x;_; be the i’ mesh step and 7; = %, clearly xy =d and Q =
2

{x;:i=0,1,...,N}.Let N =2/, > 8 be any positive integer.

The interval [0,d] is subdivided into 2m + 1 subintervals [0, O, [
(CFSIW1 ,0g,, |, (0g, ,d— 0, ],(d— 0, ,d— e, l,..., (d— O, ,d]. On each subin-
terval [0,0g, | and (d — Og, ,d], a uniform mesh of N/ 2"™+2 mesh intervals are
placed. On each subinterval (o, , Gglkﬂ] and (d — O, | ,Gg,k], forl <k<m-—1,a
uniform mesh of N/2"~*+3 mesh intervals, and on (G, ,d — G, ] a uniform mesh
of N/4 mesh intervals are placed. Similarly, we divide the interval [d, 1] into subin-
tervals [d,d + 0, |,..., (d+0¢,  .d+0g,],(d+0g,, 1 — 0, |,(1 — g, , 1 —
g, )., (1 =0, ,1]. On each subinterval (d,d + o, | and (1 — g, , 1], a uni-
form mesh of N /2"*2 mesh intervals, on each subinterval (d + O, d+ 0O, ] and
(1— g, 11— O, ], for 1 <k <m—1, a uniform mesh of N/2"K+3 mesh inter-
vals, and on (d 4 o, ,1 — O, | a uniform mesh of N/4 mesh intervals are placed.

Define the discrete finite difference operator LV as follows:

LNU(x;)) = —E8*U(x;) +A(x)U(x;) =f(x:), forall x, € QY (8)

U()C()) =D, U(XN) =q, (9)

and at xy, = d the scheme is given by:

LNU(d) = —E 8*U(d) +A(d)U(d) =f(d), (10)
where I . )
522()([-) = %iw’ D Z(x;) = %7

N _ hy fld=hy)+hy | fd+hy )
D*Z(xl.):%7 and f(d): > 5 3+l 2+1.

hy+hy
7 2Tl

Lemma 5. Suppose the mesh function W satisfy Wo > 0,Wy > 0 and LNW > 0 for
all x; € §N, then W > 0 for all x; € ﬁN.

Lemma 6. If U be the numerical solution of (8)-(9), then,
[Ulgv < max { IO NTM, g I lapo o }

4 Error analysis

The truncation error will be bounded using the following result which can be veri-
fied by a Taylor expansion. Let ¢; € C*(Q,UQ,). Thenfori=1,...,N —1 we have
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Cs/(xH-l xi-1)9;l3 (11)
|£j(d722_52) ()| < C&‘]h |0jla, Xig1 —xi =x;i—xi_1 =h (12)
“ Cey _ max 16 (x)]. (13)
Axe[xt 1%it1]
wherejzl,...,m,i#%,|z.,-|, max\ 2|, VreN.

Using the bounds on the derivatives on the regular components derived in Section
2on (11) and (12), we have
| (LY = L), (xz) <
CN—2 forx,-gé{cg,k,d—og,k,d+cgrk71—0'%},
C\é,_s“j(hgk +he,,) forxi € {0y ,d —0g, ,d+Cg, ,1 -G, },]. >k,
C\/—gk(hgk +he,,) forxi e {Gglk,d— Gglk,d+ O, » 1— Ggrk},] <k.
To evaluate the error estimates for the singular components on different subintervals
proceed as follows:
Case (i) For x; € [Gg,’ ,d—0g JUld+0e,, ,1—0g, ]
Consider first that xi [Ggl , 2] Using (13) and bounds on singular components, we
have, fork=1,.
g, ()

(LY~ Lyw)s () < ey 3
g=j "4
We can prove a similar result when x; € [%,d — Gglm}. Similar arguments prove a
similar result for the subinterval [d + o, ,1— 0, |. Hence, forx; € [Gglm ,d— Gglm] U
[d+ O, ,1 —Cg,, | we have,
(LY~ Lywy(x) |< CN2.

Case (ii) For x; € (0, Ggll) (d— O, ,d)U(d,d+ Ggrl) (1— O¢,, s 1).
Since the mesh is uniform in these intervals, using (12) and the bounds on the sin-
gular components yields

m B (x
(LY = Lyw); () |< REllegw!| Sh?zgl;() <C(V "IN
= q

=Bg, (xi—1) <CN 2.

S c || Bglm

| [xio1.%it1]

Case (iii) For x; € (cg,k 1O, YU(d— O, ., ,d— Gglk) U((d+ O, ,d+ O, ., Yu(d—
e, ,d— Ggrk), where 1 <k <m—1.

Using the decomposition in Theorem 5 of singular components and bounds on sin-
gular components gives,

dZ
(@Y =Lw); ) = Z (5~ e, () &5~ yea(x)l. (1)
Consider the first part of (14) and using the bounds on singular components, we ob-
tain
m—1 d2 5
| Z SJ(W 5 )y] 8q(xl | < H Z 8/y] Sq” i1 xie1] g CBE["H] (‘xi—l) S CN™~.
q=1

Using the bounds on singular components for the second part of (14), we have

811

2
|£J dx2 _62)yj7£/11<xi)| S ||yj Em ||<C( 11nN)2'
Case (iv) For x; € {Gg,k7d — Gglk,d—&— g, ,1— O'S,k}7 where 1 <k <m-—1.
Using the decomposition of the singular components and bounds on singular com-
ponents defined in Theorem 5 gives
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d? d?
[ (LN = L)w);(x;) \<\ZEJ prel 52)Wj,sq(xz')+8j(ﬁ—52)Wj,em(xz')|o (15)

Consider the first part of (15) for the case j < k, and using the definition of point
(s)

X we have

| Z 8] W] 8q('xl)| < H Z €j quH[xl X1 = <CN2

q=1

and if, j > k, using the bounds on singular component and the analysis in Case (i)

m d2 2 B
| Zlej(ﬁ_a ng‘l(xl | < H Z 8] ]&1”[’51 lxl+l] <CN
q= q=1

For the second part of (15), use bounds on singular components defined in Theorem
5, to obtain

‘gj(dxz 82 ))’j e (Xi)| < ng(hek +h€k+|) | st [<C \/WN :
Case (v) At the point xy 2 =d ,hy/ =hyj 1 =h and Of, = O, = 24/ %‘ InN,
(LY (U —w)j(@)] < CN"'IN),  2<j<m.
The result can be proved by following the similar calculations considered in [7].

Theorem 6. Let u be the solution of the problem (1)-(2) and U be the solution of
discrete problem on the variant of Shishkin mesh defined in Section 3, then

|U—u| v <C(N~'InN)>.

Proof. Define the mesh functions 1, Mg, N3, Na fork=1,...,m to be

-1
i o . [
Mik(xi) := I, <1+V28khj>’ Mo (x;) == ITj_ (1+ 28kh> ;
1

i o i o -
n3(x;) = ITj_, (H'Vzglhj)’ Na(x;) = I;_, (H' 281’1/) :

These mesh functions satisfies the following properties:

D™ nu(xi) = mmk(m D nu(xi) = %nlk(xi)a

Doy (xi) = —@(l+ﬁi+l/@> Mok(xi), D™ Maxl(xi) = _%Thk(xi)a

D n3(x;) = mm(&), D n3(x;) = \/\/2%773(3@)

D Mu(i) = = iy v MO D) = = g,
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Define the barrier functions 6y, 64,0, for k =1,...,m as follows:
Gelk S 681 9
Gk(x,') = 117 O-E/k <x<1- Oy, »
ol 1= 0, <xi <1,

Nk (i) 0<x;<d— Oe,

Mx(d=0¢, )’
Ba((i) = L, d*Gszk <X Sd+0‘e,-k,
Mok (d+0ey, )’ d+0g <x <1,
and N
N3 (xi _
0a(x;) = { ;,73(@))’ 0<x <d,
4(Xi '
na(d) * d<x; <l
N

Now define the mesh function for i # 5

©*(x;) =C(N~'InN)? 1+29k %)+ 6ra () (1., )T £ (U —u)(x),
i—1

N

2

OF (x;) =C(N'InN)2(1+64(x))(1,..., )T £ (U—u)(x;).

and fori =

Using the discrete maximum principle defined in Lemma 5, we conclude that

|U—u] v <C(N~'InN)>.

5 Numerical results

Example 5.1 Consider the singularly perturbed reaction-diffusion equations with
discontinuous source term

— e (x) +3u1 (x) — (1 —x)uz (x) — (1 —x)uz(x) = fi(x), XEQIUQ,,
— &y (x) — 2u1(x)+(4—|—x)u2(x) —uz(x) = fo(x), xE€Q U,
— &3u3(x) — (x)—3M2( )+(6+X)M3(X) = f3(x), XEQUD,
u(0) :0, u(l)=
where
_Je for0<x<0.5 _J cosx for0<x<0.5
f‘(x)_{z for0.5<x<1, fz<x)_{4 for0.5 <x< 1,
and ( 2)
1+x%) for0<x<0.5
fle) = {3 for 0.5 <x < 1.

For the construction of piecewise-uniform Shishkin mesh Qy, we take a = 0.95
for Example 5.1. Since the exact solution of the Example 5.1 is not known, we
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estimate the error for U by comparing it to the numerical solution U obtained
on the mesh Xx; that contains the mesh points of the original mesh and their mid-
points. That is, X2; = x;,j = 0,...,N,X%j+1 = (xj +xj+1)/2,j =0,...,N — 1. For
different values 0f~N and €1, &, €3, we compute the maximum point-wise errors
Dlg\’1 e = |(U—-U)(x)) ||§N, where the singular perturbation parameters take val-
ues from the set Sg, ¢, 6, = {(€1,€2,6)),61 =107/,0< j < 12,6, =10"7,0< 1<
j,e5=107%0<k< 1}. For each fixed j, the choices for / are: [ =0, 1,...... ,Jj and
for each fixed /, the choices for k are: k =0,1,...... ,1. That is, for a fixed &;, there
are 0,1,...... , J choices of &, and for fixed €; and g, there are 0, 1,...... ,I choices

of &;. Then the parameter-uniform error is computed as DV := max {DQ’l er63 )
SS] 162,63 e

The maximum point-wise errors for all possible values of €, &, €3, the parameter
uniform error for each N and the order of convergence which is calculated using the
In(DY) —In(D?N)
In(2InN) — In(In(2N))
this table that the present method gives almost second order parameter uniformly

convergent results as proved in the Theorem 6.

formula p" = , are shown in the Table 1. It can be seen from

Table 1 Maximum point-wise errors Dg, ¢, ., DY and €, &, €3 —uniform rate of convergence p"
for Example 5.1.

g =107/ N=256 N=512 N=1024 N=2048 N = 4096

0  1.60E-06 3.99E-07 9.99E-08 2.49E-08 6.13E-09
1 1.07E-05 2.43E-06 6.67E-07 1.51E-07 3.81E-08
2 7.27E-05 1.78E-05 4.45E-06 1.11E-06 2.84E-07
3 6.95E-04 1.75E-04 437E-05 1.09E-05 2.75E-06
4 631E-03 1.70E-03 4.34E-04 1.09E-04 2.73E-05
5 1.81E-02 7.78E-03 2.19E-03 6.77E-04 2.02E-04
6  1.90E-02 1.16E-02 4.11E-03 1.33E-03 4.05E-04
7 3.51E-02 1.16E-02 4.11E-03 1.33E-03 4.05E-04
8  7.40E-02 3.57E-02 1.29E-02 3.96E-03 1.13E-03
9  7.90E-02 3.86E-02 1.49E-02 5.02E-03 1.57E-03
10 7.90E-02 3.86E-02 1.49E-02 5.02E-03 1.57E-03
11 7.90E-02 3.86E-02 1.49E-02 5.02E-03 1.57E-03
12 7.90E-02 3.86E-02 1.49E-02 5.02E-03 1.57E-03
DY 7.90E-02 3.86E-02 149E-02 5.02E-03 1.57E-03
Pl 1.24 1.61 1.82 1.92
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