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Abstract We investigate the application of a multiscale sparse grid finite element
method for computing numerical solutions to a two-dimensional singularly per-
turbed convection-diffusion problem posed on the unit square. Typically, sparse
grid methods are constructed using a hierarchical basis (see, e.g., Bungartz and
Griebel [1]). In our approach, the method is presented as a generalisation of the two-
scale method described in Liu et al. [3], and is related to the combination technique
outlined by Pflaum and Zhou [7]. We show that this method retains the same level of
accuracy, in the energy norm, as both the standard Galerkin and two-scale methods.
The computational cost associated with the method, however, is &(NlogN), com-
pared to @(N?) and &(N>/?) for the Galerkin and two-scale methods respectively.

1 Introduction

Consider the following two-dimensional convection-diffusion problem:
Lu:=—gAu+b-Vu=f inQ:=(0,1)% and u=0 ondQ. (1)

We are interested in the case where the parameter € may be arbitrarily small, and so
the problem is singularly perturbed. Special layer-resolving meshes are often used
to obtain accurate numerical solutions to such problems, with the piecewise uni-
form mesh of Shishkin [5] receiving particular attention in the literature. Sparse grid
methods for singularly perturbed reaction-diffusion problems, solved on Shishkin
meshes, have been analysed [3, 4]. For the convection-diffusion problem, there are
computational and theoretical investigations of combination techniques [6, 2]. The
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work of Franz et al. [2] is of particular interest to us: it considers a two-scale combi-
nation technique on a Shishkin mesh. It is our goal to develop on that, by applying
the technique described in [4]. We use a standard finite element formulation, but
with a sparse grid basis for the finite element space. We give a sketch of the analysis
that leads to establishing uniform convergence, and present the results of numerical
experiments that demonstrate the efficiency of the method.

2 Solution decomposition and Shishkin mesh

We shall assume that the functions b and f are sufficiently smooth so that (1) has
a unique solution in H}(Q) N H?(Q). For b(x,y) = (b1(x,y),b2(x,y)) on Q we
assume that

bl(x,y) > ﬁl >0 and bz(x,y) > ﬁz > 0. 2)

As a consequence, the solution to (1) features exponential boundary layers near the
boundaries at x = 1 and y = 1. To resolve these, we employ a piecewise uniform
Shishkin mesh. The transition points between the coarse and fines meshes are deter-
mined by the parameters

Bi B>

The mesh is then constructed as described in, e.g., [2, §2.2]. It features four distinct
subregions (see [2, Fig. 1])

1 1
rx:min{z,aglnN} and ry:min{z,aglnN}. 3)

Q;=1[0,1-1]x[0,1-1)], Qp=[1-1,1]x[0,1-1)],
QIB - [O,I—Tx} X [1 —Ty, 1]7 QBB = [1 _T)ﬁl] X [1 —Ty7 1].

The behaviour of the solution to (1) is particular to each of these subregions. Fol-
lowing [2, Assumption 2.1], we shall assume that there is a corresponding decom-
position of the solution

u=v+ g+ 0p+7z, “)

where @g; is associated with the edge at x = 1, @ is associated with the edge at
y =1, and z is associated with the corner layer at (1, 1). These may be bounded as

oty "tz —(m+n) ,—(B1(1—x)+B2(1-y))/e

W(X7y> S C, axTayi’l(x,y) S Cg e ) (Sa)
8"”" am+n X
awaa;ﬁlw‘ <ce e Pl ‘ Waa;m (x,y>’ < cee PI/E  (sb)

for 0 < m—+n < 3. For m+n = 4, we have the following bounds
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LW(X ) <C LHZ(X ) < cgl-mn (6a)
dxmoyn Y 0 dxMmoyn Y 00 ’
am+nw81 aernw
<C 7m+1/2 1B <C 7}’l+1/2. 6b
‘ Tndy (x,) - € , Tay (x,y) - € (6b)

For p € [2,0) and ¢ € W>P[0, 1], the piecewise linear interpolant /¢ of ¢ satisfies

H¢ _[N¢||0,p,[xi_1,)€f] +th(¢ _[N(P)/HO.,[).[)C;_],)CZ‘]

. (N

< Cmin {hi||¢/HO-,P~,[xi—laxi]7h12||¢//||0ap:[xi—lvxi]} .
Define Vy ([0, 1]) to be the space of piecewise linear functions on the one-dimen-
sional piecewise uniform Shishkin mesh with N intervals. The space Vy ([0,1]) is

defined in the same way. Taking the tensor product of these spaces gives Vyy Q)=
Vi, ([0, 1]) x Vi, ([0, 1]). Let Iy, v, be the piecewise bilinear interpolation operator

that projects onto Vy, N‘_(Q). We write Iy, and [  as the interpolation operators
that interpolate only in the x- and y-directions respectively. Thus we have

In, N, = In 00 loN, = Ion, ©IN, 0, (8a)

d d
—1 =1Iyn, 0 =1 and —1 =Iy.oo=1Mln,- 8b
S ety = Joy, © 5= In0, oy Moty = oo olon, (8b)
From standard inverse inequalities in one dimension one sees that

y

oy oy
dy

I ox

+ky
0.K

<llvllox Vye VM’M(Q), )
0,K

where K is a mesh rectangle of size A, x k,. We also use the following inequalities,
which are easily established using standard inductive arguments: for k > 2

k=1 k=1 k=1
Y it <pd YAt <aM D and Y 2 <k (10)
i=1 i=1 i=1

3 Multiscale Interpolation

The interpretation of multiscale interpolation that we employ is discussed in detail
in [4, Section 3.1]. Here we briefly review the main concepts. We define I , to
be the piecewise bilinear interpolation operator that maps onto Vy, (£2). Further to
this we take the following definition of the two-scale interpolation operator from [2]

and [3]:
. 1% = Iy won) +lunn =1
NN 7 INu(N) T Iu(N)N (N u(N)
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where [L(N) is an integer that divides N, and where, for example, I u is the

> “N,u(N)
piecewise bilinear interpolant of u in V), LN Now suppose we choose i(N) =N /2.
We define the Level 1 interpolation operator as:

Iy =Ty +1y y—1y (n

=

By applying this Level 1 operator to the positively signed terms in (11) we arrive at
the Level 2 operator:

12— oy =1 I Iy —Iy v —Iy x. 12
vy =l oyt =yl y =y (12)

Applying the Level 1 operator to the positively signed terms of (12) gives the Level

3 operator. In general, the Level k operator is constructed by applying the Level 1

1)

operator to the positively signed terms of / ,(vk ~ - The multiscale operator constructed

(k)

in this manner, which we denote Iy, satisfies the following formula (for more
detail, see [4, Lemma 3.1]):

k k
Iy = Z Ny Z , fork=0,1,2,.... (13)

For the further analysis of the method we require a bound on the difference between
Ig‘,z, and I ,,. We do this by first expressing the difference between interpolants at
successive levels in a succinct manner. Lemma 1 shows how the difference between
an interpolant at a given Level k and at Level k — 1 can be written as the product of

one-dimensional operators.

Lemma 1. ([4, Lemma 3.2]) Let Ij(f_ 3\, be the multiscale interpolation operator de-
fined in (13). Then, fork=0,1,2,..

k1
f— k
II(\CN]) _II<\’3\/ = Z (IN o1 x 0) (10,2,(”’,. ) N.) : (14)
=0 =T

ok T By
Our main goal in this section is to establish a bound on ||u — Iﬁ,’?vung, where
lulle = {&llVull§ o + lullg 2} (15)
We do this by first establishing a bound for ||11(f3vu IZ(VN ulle.

Lemma 2. Suppose Q = (0, 1)2. Let u be a function satisfying the assumptions of
Section 2 and Iz(f, 3\, be the multiscale interpolation operator defined in (13). Then

there exists a constant C independent of €,N and k such that, fork =1,2,...,

Iy — 1y ulle < C(e'2N'0 + 45N InN + N~ In'/2N 4 k4 HIN ).
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Proof. We wish to show that
k
11§ =145 ullo.o < CN=O +kakHINTH), (16a)
and
2|V (I Nu—Iy )l < C(eV*N' =0 44N InN+ N~ In'/2N). (16b)

For brevity, we shall consider only (16b) in detail; the arguments for (16a) are sim-
ilar (see also, [4, Lemma 3.3]). By (4) and Lemma 1 we have

k k—
V2|V — 1y w)lo.o

k=1
1/2 _
eV (Z:.) (IN 0 12,’11 0> <Io,2kN“ 1072A{Vi> (V+wBl+wIB+Z)>
l

We analyse each of the right-hand side components separately. For the smooth com-
ponent v, we have by (5)—(8) along with (10) that

0 k—1
1 1 1 —1
ax2<;o ﬂm)(%mi a;)v
k—1 -1 2
N 0%v
<Cce'? : I .y .
=ce” X 02 o ) 52

Lo N NTLON TR 9%y
12
SCS / Z <2i+1) <2k—i>
i=0

9x29y? ||o.0
For wg; on £;; U £, using an inverse estimate (9) together with (8) and (7) yields

0,2

0,2

S C4k+181/2N_3.

) _

el/2 k—1

/ P (11(\/3\/0’31 1( N.N )wBl)

0,2,U,;
0 _
e +e' 2| =1y oy
dx 0,92,,U5 dx 0,92,,U5
eX0)
<ce'/?|| ==L < Ce'’N| g llo.0,uq,, < Ce*N'"°. (17)
* oo ua,

On the region Qg U Q5. by (6-8) and (10) we have
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a k—1
1/2
el/ ,T.Z Invog=Tn o) \ Iy _w_—1y n )0
X i—0 21 2i+1 ok—T—i ok—i
0,Q5,UQp
k—1 -1 -2 4
N N 2w
< Ce'/? 8( : ) InN ( ) Bl
i;() 2i+1 2k—i 3xzay2 0,2,,U0;

< C4*IN3 N,

For the third term ;5 on £;; U Qy; using (5) and an argument similar to (17) yields

k)

( k—1)
e (IN,NwIB —Iyy

1/2
e/ W)

0,9,UQ,

<ce'?  max e PU0/E < celi2NO,
(x,y)EQ”UQBI

On the region Q;, U Qpp, (10), together with (6)—(8), leads to

p] k—1
1/2
el/2|| = Iy —1 I —1 ®
Jx ;;) ( %’0 zi{VH ’0) ( 0. zk*N]*i 0’2‘~"> "
= 0,2,,UQp,
k=1 —1 -2 4
N N A0}
<ce'? ) ( i+1> 82( ki> lnzN’ 75,2

=\2 2 dx*dy 0,92,,U2p,

< C4*eNT3In?N.

For the last term, z, by using an inverse estimate (9) and an argument similar to (17)
we see that on the region £, U £2;, we have

1/2 1/2 1/2a71—
el/ < Ce'*Nl|z]lo.0,ua,, < Ce"*N'~°.
0.2,V

d . k-1
2 ey

By (5) we have on the region £p; that

_ az|)?
e 2| = -1l <cel”? / A,
dx ' 0,925, 2y || 0% 00, Qp,
0
< Ce'?[meas Qg)'/? o <CN~°m'/2N.
0, Qp;

Finally on the region 5, by (6)—(8) one obtains the following bound:
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p] k=1
1 I 1 -1 4
nk ( no~ T, ,o) (o 0)
0,Qpp

k-1 -1 -2
N N
1/2 2 2
<ce' i§:0 (6<2i+1) lnN> (e (zki> In N)‘

k—1
S C87/2N73 1n3N Z 22]{7!’4’1873 S C4k+] 8]/2N73 1113 N.
i=0

o

d*z
x29y? ||y o

Collecting all these bounds together, observing that £ < N~! and then discarding
those terms that are bounded by larger terms, we arrive at the following result:

e || lynu—Iyyw)| < CPNTO L 4TINTIN N2 N).

0,Q

The corresponding bound for £'/2 ||8/8y(11(V 1! N 'u)||o.¢ is derived in a similar
fashion. Combining these results then completes the proof.

Lemma 3. Let u and I](\,Z\, be defined as in Lemma 2. Then there exists a constant C

independent of €, N and k such that, fork=1,2,.
1y — Iy wulle < e — I e +C(k— 1) (€N + N~ 1n'/2N).
Proof. The proof of this lemma follows closely that of [4, Lemma 3.6].

(k)

Lemma 4. Let u and 1, N be defined as in Lemma 2. Then there exists a constant C
independent of €, N and k such that fork=1,2,.

1Tnte — Iy tlle < C(k(e"/>N'=0 4+ N=In'/2N) +- 4N In N 4 kN,

Proof. This result follows from the triangle inequality and Lemmas 2 and 3.

Corollary 1. Taking k= log, N—1and ¢ > 3/2, there is a constant C independent
of N and € such that

|\1]@Vu —Iyyulle <CN~'InN.
Proof. This is a direct consequence of Lemma 4 and observing that ¢ < N~!.
Theorem 1. Let u and ]1(va 3\, be defined as in Lemma 2. Taking k= log, N — 1 there
exists a constant C independent of €,N and k such that
llu —I@VMHS <CN~'InN.
Proof. By the triangle inequality, a standard interpolation result, Lemma 4 and

Corollary 1 we have

lu— I yulle < [lu— Iy yulle + |y yu— Iy yulle <2CN~'InN < CN~' 1o,
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4 Error analysis

It is known (see, e.g., [8, Theorem 3.109]) that, if uy y is the finite element solution
obtained by the standard Galerkin FEM with bilinear elements, then,

lu—uy ylle <CN“'InN. (18)

To define the sparse grid finite element solution, first let ‘I’;N (x) be the usual
piecewise linear basis function supported on the subinterval [x;_;,x;+1]. We define
VA(,k])V(Q) C H}(Q) to be the finite dimensional space of piecewise bilinear functions

defined on the tensor product Shishkin mesh given by

stki)v(g ) = span {W’N (x) ij/zk 0) }:jlljv;; -1
+ span { %N/z (x) l//jvpkil ) }:11]:///2%—1 -1
+---4span { qlfv/ 2 (x) w;v/z ) };::1111;//2:_1 B
+ span { ‘V,N /2 (x) lllj'v ) };‘15:’\,/2’;1

In general the choice of basis we make for this space is dependent on whether k is
odd or even. When £ is odd, the basis is chosen as follows:

=
|
—

)/2 1 i=1:2:N /201
NJ2! - N2kl
{Wi v }j=1:N/2k’1—1

~
Il

0

N/z(k+1)/2 N/Z(kfl)/z i:1:N/2(k+l)/271
U {Wi Yi } J=LN /202

k 1y i=1:N /2! 1
U {V/I_N/Tv,j,v/zl‘ I}

i=1:2:N 2k=1 1
I=(k+3)/2 I /

When £ is even, the basis is chosen as follows:

k21 _1y i=1:2:N /201
/2/ /2k 1
IL:JO {V/’V ij }jzl:N/zk—Ll
NJ2K2 N okl i=LN/242 1
U {Wi Yi }j:I:N/zk/Ll

k 1y i=1:N/2! 1
U {V/iv/zlv/jv/zk I}

i=1:2:N /21
I=k/2+1 I /
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Equipped with this choice of basis and sparse grid finite element space the corre-
sponding multiscale sparse grid finite element method is: find ub) e Vls,k}\, such that

/ eVullh Vg v+ / b- Vil vy = / fony forallvyy eV, (19)
Q ’ ’ Q ’ ’ Q ’ ’ ’

Theorem 2. Let u be the solution to (1), subject to the assumptions of Section 2, and
let u%dN be the solution to (19), where k= log, N — 1. Then there exists a constant C
independent of € and N such that

u—1ul|le <CN~'InN.

Proof. Noting the result from Theorem 1 and following an argument similar to [8,
Theorem 3.109] gives the desired result.

5 Numerical results

We verify the bounds of 2 with numerical results, based on a test problem taken
from [2, §4]:

—eAu— 2+ X)uy— B+ )y +u=f in Q=(0,1)7 (20a)
and u = 0 on d€2, with f such that
u(x,y) = cos(x/2)[1 —e /€)1 —y)*[1 —e /%], (20b)

which exhibits exponential boundary layers at x = 0 and y = 0. In Table 1 we show
results computed when this is solved using both the standard Galerkin method with
bilinear elements, and the multiscale sparse grid method (19). In the top table we
take N = 28 and show that the errors for both methods are robust for small €, as
proved in Theorem 2 (also, compare with [2, Table 3]). In the lower table, we
take € = 1078, and present results for N = 26,27, ....219 for both methods, and
for N = 2!! for the sparse grid method. This verifies the almost first-order conver-
gence proved in Theorem 2, and shows that the error associated with the multiscale
method is only slightly larger than for the Galerkin method. However, as shown, the
sparse grid method is far more efficient (times are solve-times for the linear systems,
measured in seconds, using a direct solver in MATLAB 8.1 (R2013a) on a single
core of an AMD Opteron 2427, 2200 MHz processor with 32Gb of RAM, averaged
over three runs).
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N=256]|| e=1 |e=10"2]|e=10"*|e=10"%|e=10"8|e=10"1°
Galerkin ||2.771e-03|3.580e-02|3.560e-02|3.560e-02(3.560e-02|3.560e-02
Multiscale||3.000e-01{4.157¢-02{3.730e-02|3.726e-02|3.726e-02|3.726e-02

e=108|| N=20 | N=27 | N=28 | N=2° | N=210| N=21!
Galerkin ||1.064e-01]6.223e-02|3.560e-02]2.003¢-02|1.113e-02 -

Time (s) 0.04 0.20 1.13 6.99 131.06 -
Multiscale(|1.111e-01|6.509¢e-023.726e-02{2.097e-02{1.165e-02|6.410e-03
Time (s) 0.01 0.03 0.16 0.94 6.26 53.47

Table 1: The Galerkin, ||u — uy y||e, and multiscale, |ju — ”1(\]/()1\/ |le, methods applied to solving (20a)
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