Modified SUPG method on oriented meshes

Jan Lamac

Abstract We consider the SUPG method for the numerical solution of the scalar
steady convection-diffusion equation using conforming simplicial piecewise linear
finite elements. We change the convective vector in the SUPG stabilizing term and
adjust the triangulation so that the discrete maximum principle is satisfied. Then the
error analysis is performed and the method is tested on several numerical examples.

1 Introduction and the idea of the method

Let us solve the convection-diffusion equation

—eAu(x) +b(x)Vu(x) = f(x) inQ CR", (1)
u(x) =0 on dQ, )

where n € N, Q is a bounded polytopic domain with Lipschitz-continuous boundary
29, € > 0 is the constant diffusivity, b € W!(£)" is a given convective field and
f € L*() is an outer force. Further, we assume that the boundary 92 is divided
into three subsets I = {x € dQ2, b(x)n(x) > 0}, Iy = {x € dQ2, b(x)n(x) = 0} and
I" ={x€dQR,b(x)n(x) <0} satisfying

0Q=T,UT uT_ and L NIp=I)nI.=I_NI,=0.

Here, a vector n(x) denotes a unit outer normal to the boundary d€. Let us also
emphasize that in the whole article any two vectors are always multiplied by the
standard inner product.
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As € — 0, the equation (1) becomes singularly perturbed and near the bound-
ary I} the finite element solution often contains spurious oscillations. We call this
region exponential boundary layer. In order to diminish the oscillations at the expo-
nential boundary layers, one may use the SUPG method [1]. However, the SUPG
method does not diminish all the oscillations, in particular, at the parabolic (char-
acteristic) boundary layers. These regions usually appear near the boundary Iy, but
also along interior layers that propagate from discontinuous boundary conditions at
I .

Apart from the SUPG method, one can also use the method of Mizukami and
Hughes [3]. Unlike the SUPG method, the Mizukami-Hughes method satisfies the
discrete maximum principle and therefore it diminishes all the spurious oscillations
at the layers. The drawback of the Mizukami-Hughes method is its nonlinearity and
the absence of an error analysis. In order to eliminate this drawback we construct
a special mesh, which is well-aligned with the vector field b. The created linear
method then enjoys both positive properties of the Mizukami-Hughes method and
the SUPG method — it satisfies the discrete maximum principle and we can apply an
error analysis analogous to the SUPG method.

Since € is considered to be very small, the exact solution at any point x € Q
in fact depends almost only on the values in the direction —b(x). It means that
the discretization of the convective term should use only the upwind values. To
achieve this, we construct a special mesh .7}, . Each element of such a mesh should
have one of its edges oriented in the direction of the vector b. Then, if bk is a
constant approximation of b on the element K € .7, parallel to one of its edges and
if we use simplicial finite elements with linear basis functions {¢@x ;}**', only two
values of bx V@ i, i € {1,2,...,n+ 1}, are nonzero. This property can be used for
characterization of a good mesh.

Due to their length we omit proofs of all lemmas and theorems. They can be
found in the future work [2].

2 Derivation of the method

At the beginning of any finite element discretization, we derive the weak formulation
of the respective problem. Let us therefore multiply (1) by the function ¢ € H& (Q)
and integrate over the whole domain 2. Using the Green’s theorem the weak for-
mulation of (1) reads: Find u € H} (£2) such that

e(Vu,Vo)a+(bVu,0)o = (f,9)o Vo € H)(Q). 3)

Further, let us define a triangulation .7}, of the domain . It consists of the finite
number of open simplicial elements K. We assume that Q = U ke7,K and that the
closures of any two different elements K K € ), are either disjoint or possess a
common d-dimensional simplex (d € {0,1,...,n— 1}). We also denote by .#, the
set of nodes of .7, and by .4}, C ., the set of all inner nodes of .7,.
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To derive the Galerkin’s finite element discretization of (1), we define a finite ele-
ment space X, = {v, € C(),vy|x € Pi(K),VK € F},} and a space of test functions
Vi = X, NH(Q). The barycentric coordinates {@x. ]};‘:% of the element K € .7,
then form a basis of P;(K) and we reorder them so that

bV ok < < bVk i1
k|Voxl = Jk |Vek j|

dx, forj=1,2,...,n. (@)

Remark 1. Since Z;’ill JxbV ok jdx =0 for each K € .7}, then if one of the previous
expressions is nonzero we obtain | «bVog 1dx <0and /, kPVog pp1dx > 0.

Further, we assume that for each K € .7}, the barycentric coordinates {¢x,; };‘i{
satisfy
(¢k,j, Pxi)k < 0 wheneveri# j. (5)

In 2D this assumption is satisfied for triangulations not containing obtuse triangles.
The SUPG method adds weighted residuals R(u) = —€Au+bVu— f to the usual
Galerkin’s finite element method. Since R(u) vanishes for the exact solution, we
can add any multiple of R(u) to the weak formulation. Unlike the original SUPG
method, which adds the residual multiplied by the streamline derivative of v, we add
the residual multiplied on each K € .7, by derivative of v in the direction Pk ,+1 —
Ck. Here C are the barycentres of K and Py, j =1,2,...,n+1, are the vertices of
K satisfying @k ;(Px j) = &;j for 1 <i,j<n+1.
Thus, the solution u € H(% ()N H?(Q) of the problem (3) satisfies also for all
¢ € Hy(Q)
a(u, (P) = F(9), (6)

where

F(@)=Y (f,0+(Pxni1—Ck)VQ)x  and 7)
Keg),

a(u, @) = £(Vu, Vo) + (bVu, 9o+ Y (— €Au-+bVu, (Pgpi1 — CK)V(p)K. )
K7,

If we now apply the finite element method using the continuous piecewise lin-
ear finite elements, the spurious oscillations unfortunately persist (analogous to the
original SUPG method). The reason is the presence of the positive off-diagonal en-
tries in the matrix obtained by the discretization of the last two terms in (8) resulting
in the non-fulfillment of the discrete maximum principle.

In order to eliminate these positive entries, we define dx = Pk 41 — Pg,1 and
consider the element-wise constant approximation by of the vector field b by vectors
that are parallel with dg on each element K. More precisely, first of all we consider
that our mesh is “well-aligned” with respect to the vector field b and then on each
element K we construct a constant approximation bg of b. This "well-alignment”
provides following assumptions.
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(/1) The ordering given by (4) on each K € .7, uniquely defines the vector dg =
Px n+1 — Px.1. We assume that if any edge e of .7}, corresponds to dg of some
K, then e corresponds to dg for each K containing e. We denote by &), the set
of such edges.

(«72) Each inner node P of .7}, is the endpoint of exactly two edges of &,.

Remark 2. Let us call a discrete streamline any set of edges . C &, such that for
each e € . there exists ¢’ € .¥ such that

d#te & ened #0. )

The discrete streamline .7 is closed if for each e € . there exist exactly two dif-
ferent edges ¢’ and ¢” satisfying (9). Consequently, the assumptions (/1) — (/2)
do not allow closed discrete streamlines in 2D. Indeed, if there is a closed discrete
streamline then there exists a node (”inside” the closed streamline) which does not
satisfy (272). The mesh satisfying (271) — («72) can be, for instance, constructed
by approximation of streamlines by linear spline functions. This will be the subject
of future work. Further assumptions on the structure of the mesh will be given by
the inequalities (23) and (25).

It remains to define the piecewise constant approximation of b. On each element
K € 9}, it is defined in the following way

by = K] </ bV(Pmdx) di. (10)

Finally, we apply the finite element method and the new method reads:
Find u;, € V}, such that for all ¢;, € V}, holds

an(un, on) = Fu(@n), (11)
where
ap(u, @) = e(Vu,Vo)a+ Y (bxVu, @)k
ke,
+Y ( AU+ bV, (Pini1 — CK)V(p) C(12)
K<, K
F(@) = ¥ (£0+ Pean —Co Vo) (13)

Ke.J,

and the vectors bg are defined by (10). The stability of this method then results from
the following remark.

Remark 3. Instead of adding stabilization terms to the weak formulation (3) one
can equivalently define the method (11) by changing the test functions @k ;, j €
{1,2,...,n+1},K € F, to

Ok,j = Ok.j+ (Pxnr1—Cx)Voxk ). (14)
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Then for all j=1,2,...,n we obtain @k j = @k, ;j — # whereas Qg 11 = Qx nt1 +
%. This choice of test functions is the same as in the Mizukami-Hughes method
[3]. It means that the derived method satisfies the discrete maximum principle.

3 Coercivity

3.1 Technical lemmas

Since [ v, —vi(Ck) dx = O for all vy, € V},, we can write

(bKVMh, v+ (Px 1 — CK)VVh) = (bKVMh, v+ v (Pr 1) — Vh(CK))K =

bk |

= (bKVthvh(PK,n-‘rl)) |K‘ ‘d |

(Mh(PK.n+1) - bth(PK,l)) Vi(Pg ns1)-

Consequently, for the bilinear form a;, holds

|bx|

d| (Vh(PK,;z+l)*Vh(PK,l))Vh(PK,nJrl)- (15)

ah(vh,vh) = 8|Vh|%,.Q + Z |K|
Ke ),

Thus, when proving coercivity of the bilinear form a,, it is necessary to estimate
the second term on the right-hand side of (15). For this purpose we use the following
lemmas.

Lemmal. LetNeN,0<p; <1, j=1,2,...,N,and g, j=1,2,...,N, are positive
numbers satisfying q;/qj—1 < pj—1 for j=2,3,...,N. Then forallv; € R, j =
2,3,...,N+1, holds

N
1
qva+ Y, qi(Vi —vivin) > 24
=2

\\Mz

( —Pi)divVii- (16)

Lemma?2. Let NN, N>8 0<68 <4and qj, j=1,2,...,N, are positive num-
bers satisfying q;/qj—1 < 1+ 8/N* for j=2,3,...,N. Then for all v; € R,
j=2,3,....N+1, holds

) > 4-8
q1vs + ZZCI./‘(VJ'H*V./‘VHI) Z N Zq, Vit (17)
j=

Remark 4. If we take § = 0 in Lemma 2, we obtain factor N2 on the right-hand
side of (17). It can be shown that the constant 2 in this estimate is not optimal,
nevertheless, the order is optimal (#

The upper bound 0 < 4 is not optimal as well. However, if we consider N =5,
T =142 2 N2 =4 5 for j =2,3,4,5, thenqlvz—l—zj qu( j+1—vjvj+1) =0 for
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(v2,v3,v4,vs,v6) = (16,24,24,18,9). Hence, the optimal upper bound for J is not
greater than ?

Lemma 3. Let N € N and let q;, j = 1,2,...,N, are positive numbers satisfying
qj/qj-1 <1 for j=2,3,...,N. Thenforallv; € R, j=2,3,... . N+1, holds

N N
1
Q1V%+ Z qj(V§+1 *vjvjﬂ) > 5 {qlv%Jr Z qj(VjJr] vj)z} . (18)
j=2 j=2

Lemmad. Let Ne N, N >8 0< 6 <4 and qj, j=1,2,...,N, are positive num-
bers satisfying q;j/qj—1 < 1+ 8/N> for j=2,3,...,N. Then for all v; € R,
j=2,3,....,N+1, holds

N N
4—5
avi+ Y qi(vi —vivia) > < {QW%-F Y qi(vin _Vj)z} . (19)
Jj=2 j=2

3.2 Coercivity estimates

We use the properties of the mesh oriented in the flow direction and derive the coer-
civity estimates in suitable norms. Again, we observe that the mesh whose edges are
oriented along b has a special property: For each mesh node Fj lying on the bound-
ary I there exists a sequence of nodes {PJS }]inl which lay on the same discrete
streamline given by the vector field b.

Thus, each node P; of the mesh can be characterised by two numbers - the
number denoting the streamline (s) and the number determining the order of the
node on this streamline (). For each node P{ we can further define the following
sets: a patch Q7 = U Py -xK. a cluster €7 =U P P;CFK and a complementary set

25, = 2\ (609

]+l) (see Figure 1).

Fig. 1 Definition of the splitting of the domain Q7.
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Deﬁmtlon 1. For each cluster €7 let us define the quantities i} = |dk|, K C €7,
B = ‘%A‘ ZKC%A b||K| and g5 = Zch@”; JxbVok 1dx = ﬁﬂ%f\/k; > 0.
For each element K € J}, let us also define the mesh parameters Ox and vk by

1 n
0k = U{max{znsllggcn /KbV(PK,idX , ,:Z‘é/KbV(PK’idX } and (20)
max hg
i el Ibllegr keas
VK:1<I}1<21}+16(PK1) with  o(P}) = W( ; - .
J i ’
(21)

In the previous definition the quantity h; represents the length of the cluster in
the direction of d, f3; is the weighted average value of [bx| on ¢} and ¢’ are flows
which we use in the Lemmas 1 — 4.

The mesh parameters Ox vanish whenever b is parallel to bx in K and therefore
we use them for characterization of a good mesh. Finally, in the case of constant
vector b, h* Ny = L and for a mesh consisting of regular simplices it holds

K|n!+|K|(n—1)n!
_ Kl +||K||(‘" M2 2 foral possible j,5.  (22)
n:

For more general data we obtain different values of G(P}') or Vg, however, the value
(22) is still a good approximation, in particular, for quasi-equidistant meshes.

We use these quantities together with the Lemmas 1 — 4 and prove the coercivity
of the method with respect to two types of energy norms (see Definition 2).

Theorem 1 (divb < 0). Let there exists @ > 0 such that divb < —w < 0 in Q and
let for each K € F, holds
0]

O < .
K_n—i-l

(23)

Further, let there exists the constant K independent of h (and €) such that i | Sf;;‘ >K
foralls=1,2,...,.2 and j=1,2,... Ny, then

1
an(Vi,vn) = 2{5|Vh|%,9 + ||Vh|\0.o + ) 2b |||bKVVh|0K} (24)
Ke), K

Remark 5 (divb = 0). If there exists 6 > 0 such that

1)
Ok < v [1B]]oo & I for each K € 7}, (25)
K

then in the case when divb = 0 in 2 we obtain (due to the Lemma 4) the estimate

4—96 hx
2 g Vv, (26)
4 Kezy 2‘bK| K K

an(vn,vn) > €lvnli o +
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Theorem 2 (divb = 0). Let the assumption (25) be fulfilled. Further, let there exist
positive numbers K,L,R, B such that forall s =1,2,..., 2 and j=1,2,...,N; holds

€2 > k|Q, Nk <L, me}); hg <RIS, and  Bi=PB. (27)
KC

4-5
Then ap(vy,vy) > 8|vhﬁ7!2 4 ¢ 2L2)I:ﬁ (n+1)Ykes, hK||vhH(2)_K for each vy, € V),

4 Error estimates

Definition 2. We estimate the error of the presented method in the following types

of energy norms (using C; = (4;232);[3 (n+1)and C; = %)

|||V|||b—5|v|19+ ||V||09+ Z 2\b | [bgV vHOKa (28)

hg

b,V 29
2|b1<|” K V||0K (29)

VI3 = eblia+C Y, hellvIGe+Cy Y
Ke), Ke ),

We follow the error analysis applied in [4] using the coercivity estimates and the
Galerkin’s quasi-orthogonality resulting from the consistency of the method.
Theorem 3. Let there exists constant K independent of h (and €) such that i | !f;‘l | >K
foralls=1,2,..., 2 and j=1,2,..., Ny, constant ® > 0 such that divb < —@ <0
in Q and let for each K € F}, holds

. w h[( 2 1/2
9]( S mln{rH_l,|b|17w’K\/5maX{gl/2,bK|£ . (30)

If the solution u of (1) satisfies u € H*(Q), then there exists constant C > 0 inde-
pendent of h and € such that for the solution obtained by the method (11) it holds

1/2
. h$
[[lu—upl|lp < C( Z mln{hK,max{g,sh%(}}<|u%,K+|u|%ﬁK)> , (31)

KeT),

12

i.e., for hg > €2 the order of the convergence is 1, for € < hxy < €'/ the order

increases to 3/2, whereas for hx < € the order decreases back to 1.

Theorem 4. Let divb = 0 and let there exists 0 € (0,4) such that (25) is sat-
isfied. Further, let there exist positive numbers K,L,R and B such that for all
s=1,2,....,%and j=1,2,...,Ny holds (27).

If the solution u of (1) satisfies u € H*(Q2), then there exists constant C* > 0
independent of h and € such that for the solution obtained by the method (11) it
holds
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1/2
£3 1 h4
=l < € <z mm{hK,max{;,ehi}}(|u|%,K+u|%,K)> @)

Ke),

i.e., for hg > e!/3 the order of the convergence is 1/2, for € < hg < el/3 the order
increases to 3/2, whereas for hg < € the order decreases from 3/2 to 1.

S Numerical experiments

Example 1

Let us consider 2 C R”" and let P = [P, Ps,...,P,] € R" be any point such that
P & Q. Further, let us choose any constant ® > 0 and define b(x) = £ (P —x), i.e.,
bi(x) = @ (P —x;), where X = [x1,x2,...,X,]. Then divb = — and the streamlines
of b are rays ending at the point P. Moreover, it can be shown, that for each ele-
ment K with one edge lying on the streamline holds 6 = "n;l n$1 < % Thus, the
condition (23) is always satisfied, however, one cannot improve it to (25) or (30) by
mesh-refinig.

To be more specific, let us consider the equation (1) with n =2, Q = (0,0.9),
b= %(1 —x,1—y)" and & = 107°. The right-hand side f and the boundary condition
are given by Figure 2 while the computed solution is depicted in Figure 3.

1
0.9
fo
f1
0.3 0
Uy 1
0 0.3 09'1
Fig. 2 Definition of the Example 1. Fig. 3 Solution of the Example 1.
Example 2

Let us consider the equation (1) with n =2, Q = (0.05,0.5)>, e =10"%and b =
(1 /X2 + y2) (—y,x)T. The right-hand side f and the boundary condition are given
by Figure 4. The computed solution is depicted in Figure 5.
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0.50

0.35 '\b
0.20 f1 £0
0\

0.05 ul 0.50

Fig. 4 Definition of the Example 1. Fig. 5 Solution of the Example 2.

In order to demonstrate the discrete maximum principle property, we have com-
pared the new method with the SUPG method (Figures 6 and 7).

W

AV

—

i
I

11‘

~W

Fig. 6 The SUPG Solution of the Example 2.  Fig. 7 Solution obtained by the new method.

6 Conclusion

We have constructed a new method for solving singularly perturbed problems: we
added another stabilization term than in the SUPG method and adjusted the mesh so
that the discrete maximum principle is satisfied. We also derived error estimates in
appropriate energy norms. In spite of using first order finite elements it is also possi-
ble to extend the method to finite elements of higher orders. This extension and the
construction of a suitable mesh generator will be the subject of the future research.
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