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Abstract. We investigate a finite element discretization of the Stokes equations with
nonstandard boundary conditions, defined in a bounded three-dimensional domain with a
curved, piecewise smooth boundary. For tetrahedral triangulations of this domain we prove,
under general assumptions on the discrete problem and without any additional regularity
assumptions on the weak solution, that the discrete solutions converge to the weak solution.
Examples of appropriate finite element spaces are given.
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1. FORMULATION OF THE PROBLEM

Let © C R® be a bounded domain the boundary of which consists of the closures
of sets I'? and TV, and let us consider the following Stokes equations:

(1.1) —-vAu+Vp=7F in Q,
(1.2) dive=0 in 9,
(1.3) u=u;, onlD,
(1.4) u-n=0 onIV,
(1.5) I-n®n)(Vu+VuT)n=¢p onTV.

The equations describe a slow motion of a viscous incompressible fluid (e.g. of
molten glass) and the symbols used have the following meanings: u is the velocity,

* This work was supported by Deutsche Forschungsgemeinschaft (DFG) and by the Grant
Agency of the Czech Republic under the grant No. 201/96/0313.
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p is the pressure, v is the kinematic viscosity, which is assumed to be constant and
positive, f is an outer volume force, m» is the unit outward normal vector to the
boundary 9 of the domain £, I is the identity tensor and ¢ is a surface force
acting in the tangential direction to I'V. The tensor product a ® b of two vectors
a,b € R? is a tensor defined by

(a®b)c=(b-cla VceR:

Thus, (I ~n ® n) is a projection operator onto the plane tangent to 'V and (1.5)
can be componentwise written as

i(@u, auj>
= Oz; Ox;

We assume that

3
du; O
Z ( Lt uk)nin}nk-cpz, i=1,23.
vty awk

(1.6) f e LE(Q),
(1.7) ubeH%(60)3, up-n=0 onTV, / up -ndo =0,
an

(1.8) pec HY89)?3, ¢ -n=0onTV,

The third condition in (1.7) and the second condition in (1.8) are necessary conditions
for the solvability of (1.1)-(1.5).

For investigating effects caused by an approximation of the domain 2 by a poly-
hedral domain, we need certain assumptions on the regularity of the boundary of Q.
First, we introduce a property of subsets of 812, analogous to the Lipschitz property
of domains in R?. To this end, we employ local Cartesian coordinate systems from
the definition of the Lipschitz continuity of 8Q (see Section 4, below Lemma 4.3). In
each of these local coordinate systems, a part of 92 is represented by the graph of a
function f € C%*([—a,a}?), where ¢ > 0 is a constant common to all the coordinate
systems.

Definition 1.1. A relatively open set T' C 8Q is of class C%'* if there exists a
finite number of the above-mentioned local coordinate systems such that the graphs
of the functions f on (—a,a)? cover the whole boundary 9 and, in each of these
coordinate systems, the projection of the respective part of T" into the square (—a, a)?
is a set with a Lipschitz-continuous boundary.

The boundary of Q is assumed to be Lipschitz-continuous and to consist of closures
of disjoint relatively open C? surfaces T'; C 9Q, 4 = 1,..., I{, which are of class C%1*,
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have piecewise C? boundaries and satisfy, for some K? € {1,...,K},

KD K
2 =int | J T, =it |J T
i=1 i=KP41

Thus, we have
an=T"u TN, rPnry =g, measz(I'°) > 0, measz (TV) > 0.

Further, we assume that each surface I'; can be extended to a C? surface f‘,' sat-
isfying dist(@f‘i, 8r';) > 0. Finally, we suppose that there exists an extension m €
W2°(R3)? of the unit outward normal vector to 'V, i.e., My = nlpx.

The C%!* regularity of the sets I'; guarantees that no zero angle between two parts
of 8I'; can arise at a point where T'; is not C2. This is necessary for constructing
regular triangulations of I';.

Remark 1.1. Let T'V be a C*! surface of class C%'* where k > 1. Then
there exists a function m € W5 (R3)? satisfying m/|.y = n|pyv (see Lemma 4.7
in Section 4). If T'V is such that there exists a domain Q* with a C*! boundary
satisfying I'V C 90*, then there exists an extension m € W*(R3)3 of the normal
vector to 8Q* and the C%* property of I'V is not necessary.

Properties of a finite element discretization of (1.1)-(1.5) defined by using a tetra-
hedral triangulation of ) were already investigated in [7], where it was shown that,
under the assumption v € H*(Q)%, p € H*~1(Q) with k € {2,3}, the discrete solu-
tions converge to the weak solution wu, p with the convergence order % The aim of
the present paper is to find conditions which guarantee the convergence of the dis-
crete solutions to the weak solution w € H'(Q)3, p € LZ(Q) without any additional
regularity assumptions on v and p. The basic difficulty is that, due to the approx-
imation of the boundary of , the discrete test functions for the velocity cannot be
used as test functions in the weak formulation. In view of the low regularity of the
weak solution, this difficulty cannot be circumvented using the classical formulation
(1.1)—(1.5) as in the proof of Theorem 5.1 in [7] and we deal with the question how to
approximate the discrete test functions by suitable functions belonging to the spaces
from the weak formulation.

For the two-dimensional case, such approximations were already constructed in [11]
by using natural extensions of discrete test functions near non-Dirichlet boundaries
and transforming discrete test functions onto curved (ideal) triangles near Dirichlet
boundaries. However, these techniques are very difficult to extend to three dimen-
sions. Therefore, we develop a new and rather simple approach which can be applied
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in two as well as three dimensions. The basic idea is to replace any function vy
from a discrete test function space Vj, by a function v) € V} vanishing on elements
intersecting the closure of a Dirichlet boundary, and to extend v? using the Nikolskij
method outside the approximating domain .

The approximation of the computational domain is one of the so-called variational
crimes in the finite element method, which have been investigated since the early
1970s. We mention at least the fundamental paper [3] and the book [10] published
at that time. In these and many further papers, convergence results were derived
under the assumption that the weak solution possesses higher regularity. The first
paper, where the convergence of finite element solutions to a weak solution were
proved without additional regularity assumptions, was the above-mentioned paper
[11] treating general isoparametric approximations of a two-dimensional computa-
tional domain. The present paper shows how to prove the convergence of finite ele-
ment solutions to a weak solution without higher regularity in the three-dimensional
case and suggests an alternate way for proving the results of [11].

The plan of the paper is as follows. In Section 2, we introduce a weak formulation
of (1.1)-(1.5) and mention some related results. In Section 3, we define triangula-
tions of 2 and of the sets T'° and I'V. Further, we introduce finite element spaces
approximating the spaces from the weak formulation and define a finite element dis-
cretization of (1.1)—(1.5). In Section 4, we summarize auxiliary results needed for
convergence investigations in the subsequent sections. In Section 5 we explain, on
the example of Poisson’s equation, the idea of the convergence proof and establish
a fundamental result on the approximation of discrete test functions by test func-
tions from a weak formulation. Section 6 is devoted to convergence investigations for
the discretization of (1.1)-(1.5) and, finally, in Section 7, we give examples of finite
element spaces satisfying the assumptions introduced in Section 3.

Throughout the paper we use standard notation which can be found e.g. in [5].
We only mention a few of the symbols. We denote by || ||, , o and ||, , o the usual
norm and seminorm, respectively, in the Sobolev space W*?(Q) and, for p = 2, we
drop the second index and use the notation [ - [l o, | - [, o and H*¥(Q2) = WH2(Q).
The space of functions v € L*(Q) satisfying [, vdz = 0 is denoted by L3(Q?). For
an integer k > 0, we denote by P.(f2) the space of all polynomials defined on Q, of
degrees less than or equal to k. The notation C, C and C is used to denote generic
constants independent of A.
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2. WEAK FORMULATION
Denoting
V={veH(Q)®,v=00n TP, v-n=0 on I'"}
and
a(u,v) = —;-/Q (Vu + VuT) (Vv + VoT) dz,
b(v,p) = _/n pdive dz,

(g,v):/f-'vdx+u/ p - vdo,
Q v

we introduce the following weak formulation.

Definition 2.1. Let %, € H!(Q)? be any function satisfying
(2.1) 'l~l;b|an = Up.

Then functions u, p are a weak solution of problem (1.1)-(1.5) if

(2.2) u—-u €V, pelLi(Q)

and

(2.3) a(u,v) + b(v,p) = (g,v) VwvEYV,
(2.4) b(u,q) =0 Y q € L3().

Remark 2.1. In view of (2.4) and (1.7), we have b(u,q) =0 V g € L?(2) and
hence any weak solution satisfies the condition divu = 0.

The derivation of the weak formulation can be found in [7], Section 2, where the
following results were proved: problem (2.2)-(2.4) is uniquely solvable, any classical
solution u € C%(N)3, p € C1(N) N LE(N) of (1.1)-(1.5) is a weak solution of (1.1)-
(1.5) and any weak solution of (1.1)~(1.5) satisfying uw € C%2(Q)%, p € C(Q) is a
classical solution of (1.1)—(1.5).

103



3. DISCRETE PROBLEM

We assume that we are given a family 7 = {7} of triangulations of the domain
) having the following properties. Given h > 0, the set 75 consists of a finite
number of closed tetrahedra called elements and denoted by T', diam(T) < h for any
T € Ty, all vertices of any T € T;, belong to ©, and any two different elements of the
triangulation 7, are either disjoint or possess either a common vertex or a common
edge or a common face. The elements of a triangulation make up a polyhedral
domain

Q, = int U T
TeTn

representing an approximation of 2. We assume that the boundary of 1), is Lipschitz-
continuous. The faces of the elements of 7, (being open two-dimensional sets) will be
denoted by T' and the faces belonging to the boundary of 2, will be called boundary
faces. We assume that, for any boundary face T", there exists i € {1,..., K} such
that all three vertices of T belong to T';. Further, we assume that the set of the
vertices of any triangulation 7;, € 7 contains all points at which the boundary of
some of the sets T'; is not C%. The family of the triangulations is assumed to be
regular, i.e., there exists a number ¢ > 0 such that, for any 7, € 7 and any T' € Ty,

(3.1) - s g,

where
hp = diam(7T"), or = sup  diam(B).
BCT is a ball

As usual, the parameters h in {7,} are supposed to constitute a set whose only
accumulation point is zero. Saying “any h > 0”, we shall still mean “any 7, € T”.
Since the set of the parameters h is bounded, we can introduce a bounded domain
Q! ¢ R3 with a Lipschitz-continuous boundary such that 8 C  and @), C € for
any h > 0.

For any ¢ € {1,...,K}, the set I; will be approximated by a relatively open set
T'ir, C 00, consisting of boundary faces whose all vertices belong to T';. We assume
that T';s NTjn = 0 for any ¢ # j and that [Ij T, = 89,. For any boundary face

i=1
T’ we denote by x5, the barycentre of 77 and by % the nearest point to z5. lying
on 88 and satisfying (2§, ~ z%,) L 7. For small A, any boundary face 7’ C I'yy, is
supposed to satisfy 2. € T;. This additional assumption is needed since generally it
can happen that all vertices of a boundary face belong to T; ﬂfj for some i # j. The
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sets I'C and 'V will be approximated by relatively open sets I'? and T'Y, respectively,
defined by

KP K
FhD = int U Tin, F,I:’ =int U Tin.
i=1 i=KD+1

To define a discretization of (1.1)—(1.5), we approximate the spaces V and LE(f)
from the weak formulation by finite element spaces V, C H'(92:)2 and Qn C LE(),
respectively. Before formulating their properties, let us give an example of V; and

Qn.

Example 3.1. The simplest finite element subspace of H!(Q;) approximating
the space H(f) is the space

Vip= {ve C(ﬁh); vlp € A(T) YT € Tp}.

If we want to approximate the space V, we also have to take care of the boundary
conditions. For example, we can set

Vin={ve€[Via]®;v=0 on I'P, (v-n)(z) =0 at any vertex z € I'Y'}.
If 7 € C(H?(Q)3,[V1,]?) is the Lagrange interpolation operator (i.e., (7, v)(z) =
v(z) for any v € H2(Q2)® and any vertex z of 73), then we have (cf. [2], p. 124,
Theorem 15.3)
v ~Favlli, <Chllvll,g vV ve B} Q)
and, moreover, 7, € L(V N H%(N)3, V;,,). Sometimes it can be convenient to set

Vir={ve[Vip?;v=0 on I'?, (v-n})(z) =0 at any vertex z € I'}'},

where n} approximates n. In a straightforward way, we can introduce an operator
rh € L(V N H3(N)3, W} 1) satisfying

o =ruvllig, SCH vl YoeB*@° vlgeV

with v € [0, 1] depending on the quality of the approximation of n.
The simplest finite element subspace of L3(Q2x) approximating L(f) is the space

Qn ={g € Li(W); dlr € R(T) VT € Th}.

106



An operator s, € L(LZ(92) N HY(Q), Q) defined using L? projections onto elements
of the triangulation (see e.g. [5], pp. 102 and 126) satisfies

lg=snallog, <Chllal,g Vg€ HQ), dg € L{Q).

Unfortunately, due to the saddle-point character of (2.2)-(2.4), the spaces Vi x, Qu
cannot be used in a finite element discretization of (1.1)—(1.5) since they do not
satisfy the so-called Babugka-Brezzi condition (cf. assumption A3 below). Therefore,
we have to enlarge the space V; ;. For example, we can set

Vi = Vi, @ span{p nT'}T/(zaQ,,,,

where nqv are normal vectors to the faces 77 and pp € Hi(Qs) are piecewise cubic
functions assigned to inner faces 7" of the triangulation which have their supports in
the two elements adjacent to T and satisfy [, pr do = |T"| (see e.g. (5], pp. 144~
146).

In the sequel, we shall formulate general abstract assumptions on the spaces Vy,
and Qj, approximating the spaces V and L%(2), respectively, which are fulfilled in
particular for the spaces from Example 3.1.

We choose an integer £ > 1 and assume that we are given spaces

Vi, C{veCEh)?3;v|lp € P(T)® VT €Th, v=0 on TP}

and Qi C L3(Q) possessing the following properties:

Al: There exist an integer Iy > 2, a real number v; > 0 and an operator r, €
L(V N H1(Q)3,V}) such that

o~ ravllye, <CH ol 5 ¥oeHY @), vgeV.

Any v, € V), satisfies v, - n} = 0 at any vertex of 7 lying in I‘hN , where n}, is
a function defined at the vertices of 7, and satisfying for some fixed o € (0, 1]

(3.2) |nk(z) ~ n(z)| < ChyT™  at any vertex z € T},

with T € T being any element containing the vertex z.

A2: There exist an integer Iy > 1, a real number 75 > 0 and an operator s, €

L(LE(Q) N H'(N), Q) such that
lg = sndllog, SCh™llall, g  YaeH?(Q), dlg € L5(Q).
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A3: There exists a constant § > 0 independent of h such that

/ qn divue, dzx
(3.3) sup

2 Blignlloq, Y qn € Qn.
vhEV ), v #0 ”'Uh”]”gh

Remark 3.1. Due to the assumption on the extension m, the normal vector
n is continuous on I'V so that (3.2) makes sense.

Remark 3.2. The piecewise polynomial character of the functions from V,
simplifies the proof of Theorem 5.1. However, it would be also possible to consider
more general finite element functions,

Remark 3.3. Note that the only assumptions made on the space Qy are the
inclusion Qp C L(2s) and assumptions A2 and A3.

Remark 3.4. Further examples of spaces V, and Q) satisfying the above as-
sumptions will be given in Section 7.

Since the finite element functions are defined on ), instead of Q, we replace the
forms a, b and g by

an(u,v) = g [ (Vu+ vaT) . (Vo + VoT) dz,
h

bn(v,p) = —/ pdivvdz,
Q,

(97“”)2/ f'Ud$+V/ ¢ - vdo,
. Ty

respectively, where f and ¢ are now considered as extended onto Q,ie.,
FeL¥@?,  eeHY)

Such extensions exist and can be defined in various ways. Further, we introduce a
function %y, € H'(,)? approximating the Dirichlet boundary condition u; in the
sense that

(3.4) Jim || By — tonlly,0, =0,

where E: H'(f2)® — HY(Q)? is an extension operator and &, € H(2)? is an ar-
bitrary but fixed function satisfying {2.1). In view of inequality (4.1) in the next
section, the validity of (3.4) is not influenced by the choice of E. (In fact, here we
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use the notation E @, instead of “any function @, € H'(2)? satisfying Uplg = Up".)
If &, € H'(Q)3, where [; is the integer from assumption Al, then the function s
is usually defined as @y, = 7, s, where 7, € L(H"(2)?, H(Q,)?) is an operator
which maps functions from H' ()% into a finite element space and satisfies

lv=Frvllig, SChH™ vl 5 VoveH ()P

Since typical finite element functions are piecewise polynomial, we can assume that
an exact evaluation of the bilinear forms a; and by, requires only a small number of
computational operations. This, however, cannot be assumed in the case of the
functional g; and therefore we replace it by some easily computable functional g, €
[Vh] satisfying

. - * =
(3.5) lim llgn — gillv,) = 0.

For example, if f and ¢ are continuous, we can obtain g, by evalutaing g}, using
numerical integration (cf. [2], Chapter IV) or by replacing f and ¢ by piecewise poly-
nomial functions. In the latter case, defining g5 using piecewise linear interpolates
of f and ¢, we have |lgr — gjllv, ). < Ch} (Iflyg + lply,g) for any f,p € H2(f)3
and, moreover, g) depends only on the values of f |?z" and <p|.f,,.

Now we can introduce a family of discrete problems corresponding to the weak
formulation (2.2)-(2.4).

Definition 3.1.  The functions wy, py, are a discrete solution of problem (1.1)~
(1.5) if

(3.6) up — Upy, € Vi, Ph € Qn

and

(3.7) an(wh, vp) + bn(Vi,pr) = (gh,va) Y vh € Vi,
(3.8) bu(un,qn) =0 Y qn € Qn.

It is easy to show that problem (3.6)—(3.8) has a unique solution (cf. [7]).

Remark 3.5. It is of advantage to construct the function %, and the space
V4 in such a way that fan,. Upp - np do = 0 (cf. Remark 3.6) and

(3.9) / v -npdo =0 Vo, €V,
th
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(cf. Remark 3.7), where ny, is the unit outward normal vector to 8. Then the
equation (3.8) is satisfied for any g, € Qr @ R and by (vr,pn) = bn(vh,pr + ¢) holds
for any vp, € Vi, ¢ € R. Therefore, the stiffness matrix corresponding to the bilinear
form by, can be constructed by using basis functions from Q, @R which do not belong
to LZ(Q,). This increases the sparsity of this stiffness matrix.

Remark 3.6. Let usdescribe a way how to construct a function s, € H*(2;)3
satisfying [,q, #sh - mndo = 0 and approximating a function %, € H?(Q)? with
[5q B -ndo = 0. First we introduce a function g € H 2()3 satisfying |, s @ ndo #
0. For small h we have [, g-mndo # 0and wecanset an = [ Up-nndo/ [oo @
ny do. Then |ay| € C h and, denoting %}, = %y — s g, we have faﬂ;. uy, - npdo = 0.
For any face 7" C 8§, of an element T € 7, we introduce a function pp» € H*(23)
with supp pr = T, pr|r € Ps(T), pr|opq = 0 and Jp pr do = |T'|. Further,
we denote by np the unit outward (with respect to 9€;) normal vector to T”. Let
7n € L(H?(Q)3,[V1,]%) be the Lagrange interpolation operator from Example 3.1.
Setting

- -~ . 1 S
Upp = ThUy), + E QT PN with o = _|T'| (up, —Trup,) n do,
TI
T CoQy,

we have @y, € H(Q)? and fan,. Upn - 1p, do = 0. Since

1 -3/2

i o, v nrde SCBr olor + b o) Vo€ HY (S
il .

and [ppl; 7 < Chff,./ %, where T is the element adjacent to 7', we also obtain
1%y — @onlly g, < Ch.

Remark 3.7. If all traces of functions from V', coincide with traces of piecewise
linear functions from V), (which is the case for V), from Example 3.1 and for some
of the examples of V, in Section 7), then condition (3.9) is satisfied for the following
choice of the function n}: at any vertex z € I'Y we set

n}(z .
(3.10) n}(z) = ln%w%l with nj(z) = Z measy (T') npv,
h T'CoR, €T

where n denotes the unit outward normal vector to the boundary face T'. Let
us show that (3.9) really holds. Consider an arbitrary vertex z* € TV. It suffices
to show that (3.9) is satisfied for a piecewise linear function v; € V), satisfying
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vy () = 0 at any vertex z # z*. For such a v, we have
/ vy cnpdo = Z / vy cnp do
!
98b T CoR, z* €T

= %v,’;(:p*) . Z mease (T ) npr = ?13-(11,’; -np )(z*) =0.
T'CoQy, =* €T

If I'¥ is a C? surface and some uniformity assumptions on the triangulations of T
are satisfied, then it can be shown that n} defined by (3.10) satisfies (3.2) (cf. [6],
pp. 132-135).

4. AUXILIARY RESULTS

In this section we summarize a lot of auxiliary results which will be needed in the
subsequent two sections. First, in Lemmas 4.1-4.3, we present several results, the
proofs of which can be found in [7].

Lemma 4.1. There exists a constant C > 0 independent of h such that

(4.1) measz (2 \ 2, U QL \ Q) < Ch2,
42)  lvllosn, < Clivlla,  VveH (@),

Hvda-—/ fvdo
N ry

(4.4) C ”’Uh”iQh < an(Vh,vh) Y v, € Vi,

(4.3)

<Chlfll,glvll, g V¥ 6,ve HY(Q),

Lemma 4.2. Any face T’ C 9§, can be associated with a set I'v C 002 in such

a way that
— — =N —
FD = U I, ' = U T
Tcrp lavy

and, for any T' C 9Q,
(4.5) ' C {z € R3; dist(z,T') < Ch% )}, T' C {z € R®; dist(z,'p) < Ch%},
where hr = diam(T") and C is independent of T' and h. In particular,
I'P C {z € R®; dist(z,I'P) < C h?}
and hence
(4.6) dist(z,I'P) < dist(z,'P)+Ch? VzeR:
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Lemma 4.3. There exists an extension operator Ey, € L(H (), H}(S)) satis-
fying

(Bnv)lg, =v  and  ||Bpoll g < Cloll g, Vove H (),

where the constant C is independent of h.

The operator Ej, was constructed in [7] using the Nikolskij method (cf. [8], p. 75,
Theorem 3.9). Since the properties of E, play an important role in this paper, we
repeat the precise definition of Ej here.

In view of the Lipschitz continuity of 92, there exist positive real numbers a and b,
M local Cartesian coordinate systems and functions f1, ..., fi € C%!([—a,a]?) such
that, in the r-th local coordinate system (r = 1,..., M), we have for any T € (—a,a)?

(z, f-(7)) € 8,

f¢(5)<1}3 <f,-(':1—2)+b = (T,z3) € Q,

HFE)-b<z3< f(Z) = (T,23)¢90
and 99 is covered by the graphs {(Z, f-(Z)); T € (—a/4,a/4)?}, r =1,...,M. We
will suppr:e that h < min{a/8,b/8} and dist(9Q2,8N) > max{a,b}. In each local
coordinate system we introduce a continuous piecewise linear function f,; defined on
[~3a/4,3a/4])? and describing the corresponding part of 8Qy,. All M graphs of these

functions cover the whole boundary of 2, and there exists a constant C independent
of h such that, for r = 1,..., M, we have

(47) ”fr - f'rh”0,<>o,(—30./4,30./4)2 < Ch‘z’ l-fThl1,<><>,(—3a/4,3a/4)2 <C.

For r =1,..., M we define, in the local coordinate systems, sets

U, = {(ZT,z3) € R*; T € (—a/2,a/2)?, f+(T) —b/2 < 23 < f(T) + b/2},

U, = {(%,z3) € R®; T € (-3a/8,3a/8)?, f+(T) — b/4 < x3 < f-(T) + b/4}.
Then, for h sufficiently small, we have
U N = {(T,23) € R3; T € (—a/2,a/2)%, fru(T) < 23 < fr(T) + b/2}.

Further, we introduce an open set Upsy; C €2 such that

M+1 ~
gc |J U, and TnUyp=0, r=1,...,M.
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Then, again for i sufficiently small,

M
UM+1 c O and Q. C QU U fjr.

r=1
We define an operator Epry1: H(Unrqr) = HE(Q) by

v in Upmga,

E V=
M1 {0 elsewhere,

where v € H}(Upr41). Forr =1,..., M, we denote
Von = {v € Hl(Ur NQ);v=0o0n (9(Ur NQy) \ 3Qh}

and define operators E,p,: Vo — H&(ﬁ) in the following way. We extend any v € V.,
by zero in
{(Z,z3) € R?; T € (—a/2,0/2)%, 25 > f.(T) + b/2}

and set
(T, x3) for T € (—a/2,a/2)?, x5 2 fru(ZT),
(Ern v)(T,23) = { v(T,2 fru(T) —x3) for T € (—a/2,a/2)?, z3 < fru(T),
0 elsewhere.

For small A we have Qy Nsupp(E,,v) C U,. According to [8], p. 27, Proposition 2.3,
there exist functions 9, € C§°(U,), r = 1,..., M + 1, such that

M+1 Mo
Yowe)=1 veeaulJ T,
r=1 r=1

and we set

M
Bhv=Eyp(vma) + D En(vyy),  ve HY(M),

r=1
which completes the definition of E,. We remark that here and in the following
statement, we regard a function v € H*(,) as a fixed representative of the corre-
sponding equivalence class so that a uniquely determined value of v is known at any
point of Q.
Now, we can prove the following localization property of Ej.

Lemma 4.4. For h sufficiently small, any v € H*(Q),) and any x € Q \ Q for
which Ep, v(x) # 0, there exists ©* € Q) with v(z*) # 0 satisfying

(4.8)  (1/C) dist(x, %) < dist(z*,Z) < C dist(z,E)  for any set T C 8,
where C depends only on Q and the constant C from (4.7).
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Proof. Forr =1,..., M we introduce, in the local coordinate systems, sets

tj'r = {(Zv_’x3) € Rs; TeE (—0/2,0/2)2, ff‘(-"i;) - 5b/8 <z3 < fr(‘f) + Sb/8})
U, = {(Z,23) € R®; T € (—3a/4,3a/4)?, f»(T) — 3b/4 < z3 < f,(Z) + 3b/4}

and denote
e= min dist(8T,, 8U,.).

r=1,.

Let us consider any v € H1(€;) and any z € Q \ 0, satisfying E, v(z) # 0. Then
there exists r» € {1,..., M} such that E.,(v¢,)(z) # 0 and therefore, in the r-th
local coordinate system, we have v(Z,2 fra(%) — x3) # 0, where (T,z3) = z. We
denote z* = (%,2 frn(Z) — z3). Then z* € U, N N and hence it follows from
(4.7) that z € T, for h2 < b/(16C). Consider any & C 8Q,. If dist(z*,I) > e,
then dist(z,T) < diam(Q) < [diam({)/¢] dist(z*,T). Thus, it suffices to consider
dist(z*,Z) < &. Let 2* € T be such that |z* — 2*| = dist(z*,E). Then 2z* € U, and
since, for h sufficiently small,

0, o0, = {(,23) € 0,; 25 = £u(F)),

we have z* = (", fra(Z")). Setting y = (%, frr(Z)) = (T*, frn(T*)) and applying
(4.7), we obtain

ly=2"" = 7" =2+ 1 (@) - fr (@) < 1+ C) T -2 < (148 |2 = 2P,
Therefore,
dist(z,Z) S |z — 2| < |z -yl + ly — 2" = 2" -y + |y - 2|
Llz* =2 +2ly—- 2" < (1 +24/1+ 62) dist(z*, I},
which proves the first part of (4.8). The second part follows analogously. a

Corollary 4.1. For h sufficiently small and any v € H*(Q) N C(Q) we have

(4.9) sup  dist(z,T2) < T sup dist(z,IP),
z€supp(E}), v) zEsuppv

4.10 inf dist(z,T")<C inf  dist(z,T"),

(4.10) el dist(z,T) < serafe 4 (z,T")

where T' C 8§, is any boundary face of Tr, and C is the constant from Lemma 4.4.
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Proof. Let Eyv(z) # 0 for some z € Q \ Q4. Then, accordihg to Lemma 4.4,
there exists z* € ), with v(z*) # 0 satisfying

dist(z,T'P) € C dist(z*, TP) < C sup dist(z*,TP),

z*Esupp v
C dist(z,T’) > dist(z*,T') > inf dist(z*,7') VT’ C 0.
z*Esupp v
Since dist(-, X) is continuous for any ¥ C 804, we obtain the corollary. O

Using the above notation, we can also prove the following result.
Lemma 4.5. There exists a constant C such that, for any set & C 'V we have
(4.11) dist(z,8%) < C dist(z,'’) VazeX.

Proof. Let U,, ﬁr and e be like in the proof of Lemma 4.4 and let us consider
any « € ¥. If dist(2,T'?) > ¢, then (4.11) holds with C = diam(Q)/e. Thus, let
dist(z,I'P) < e. Let r € {1,...,M} be such that € U, and let y € T satisfy
|z — y| = dist(z,T'P). Then y € U, and we have z = (Z, (%)), v = (@, /»(@)). Let
z = (%, f~(Z)) be such that z € 9L and Z = aT + (1 — &) 7 with o € [0,1]. Then
|z - 2| £ |Z - 7| € | — y| and since

|z =22 =& =2 + | £o(Z) = fr @ < L+ 1Fr1} oo (maray2) [T — 21,
we obtain the lemma. O
Lemma 4.6. Denoting
(4.12) Un(A) = {z € Q; dist(z, A) < Ch}

for any set A C ﬁ, we have

(4.13) / 1do < Ch.
I'NAU,(TP)

Proof. Consider any i € {KP +1,...,K} and let the M local coordinate sys-
tems introduced above be the ones from the definition of the C%* property of
;. The only difference from the situation above is that 80 is covered by the
graphs {(Z, f~(Z)); T € (~a,a)?}, r = 1,..., M, but generally not by the graphs
{#, f+(T)); T € (—a/4,a/4)?}, 7 =1,...,M. Let

Sri = {:'I/'— € (—(1,, 6)2; (_m-a fr(j)) € Pl}
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be the projection of the respective part of I'; into the (x, z2)-plane of the r-th local
coordinate system and let

Br= {(-w—a fr(f))) TE S"‘i}’

Lemma, 4.5 implies that Z,;NUx(T'?) C £,;NUx(0%,) and hence, for proving (4.13),
it suffices to show that

/ 1da<f T+ VA@Pdo<Ch, r=1,...,M,
Erl"juh(az:ri) S,v.'ﬂUl.(a.S',..-)

where V = (8/8x,8/8z2). This immediately follows from the Lipschitz continuity
Of aSrin D
Further, let us prove the assertion from Remark 1.1.
Lemma 4.7. Let I'V be a C*! surface of class C%'*, where k > 1. Then there
exists a function m € W*°(R3)3 satisfying m|pn = njpw.

Proof. Like in the proof of Lemma 4.6, we assume that the M local coordinate
systems introduced above are the ones from the definition of the C%* property of
I'N and we denote, forr=1,..., M,

S, ={T € (~a,0)%; (%, /@) €TV}, . ={ £(%); TS}

Note that fr|g € C*1(S,) and hence, setting

m,(?z:', z3) = —(-YM’—-__I—) for T€8,, z3 €R,
1+|V£(@)
we obtain a function m, € C* 1L1(5, x R)® satisfying m,|y = n|g . Since

88, is Lipschitz-continuous, the function m, can be extended to a function m, €
Wk (R3)3 (cf. [9], p. 181, Theorem 5). We denote, forr = 1,..., M,

Ur = {(Z,23) € R*; T € (—a,a)?, f+(T) ~ b < 33 < f-(T) + b}.

According to [8], p. 27, Proposition 2.3, there exist functions ¢, € C§°(Us), r =
M M
1,..., M, satisfying Y. ¥.(z) = 1 for any ¢ € 0Q. Setting m = >, m,¢,, we

r=1 r=1
obtain m € W*°°(R*)? with m| v = n|pn. |
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Finally, we derive a few consequences of the regularity assumption (3.1).

Lemma 4.8. There exist constants Ky, Kq > 0 depending only on o such that

(4.14) card{T* € Trn; T*NT # 0} < K YVTeT,
and
(4.15) hr < Kg hp+ YT, T €Ty, TNT* #0.

Proof. Let z* be any vertex of 7, and let
M={T €T, z* €T}, M = card M.

Consider any T € M and let z*, 2!, 22, 2° be the vertices of T. We construct a
tetrahedron T having the vertices z*, z* +a (&' —z*), 2* +a (22 —2*), z* +a (3 —z*),
where o > 0 is such that 7 is contained in the unit ball B = {z € R®; |z — 2*| < 1}
and at least one of the vertices of 7" lies on 8B. In this way, we modify all elements
from M. Then the interiors of the tetrahedra T are again disjoint and we have
h#/of = hr/er and hg > 1 for any T. Therefore, using (3.1), we obtain

4 ~ W 3 n 3 .M
§n=mea,83(B) 2 Z mea83(T) 2 -6' Z QY—; > a’? Z hT > 6?,
TeM TeM TeM
which means that M < 8 0%, Thus, (4.14) holds with I{; = 3203.
Let T', T* € 7, have a common edge of length . Then, by (3.1), iz S opr 0ol
o hr.. Thus, it follows from the proof of (4.14) that (4.15) holds with K, = o8, O

Lemma 4.9. For any § € (0,1/(40%K3)) and for any face T' of the triangulation
T we have

(4.16)  Os(T") = {z € R?; dist(2,T") < Shp} C (R®\ Qp) U U T.
TET, TNT' #0
Proof. Let T' be a given face of 7, and let @ be the set on the right-hand
side of the inclusion (4.16). Let x be a vertex of 7V. A ball around z with the radius
R}mc =min{pr; T € Th, x € T} lies in Q7 and, according to (3.1) and (4.15), we
have R} . > min{hr/o; T € Th, x € T} > hp /(0 K3). Let I be an edge of T”
and let € [ be a point different from the end points z!, 22 of I. A ball around x
with the radius R? | = min{or |z ~ z!|/l, or |z — 2?|/1; T € Tr, | C T} lies in Qr
and, in view of (3.1), we have R} , > min{|z — 2|, |z — 22|} /0. Therefore, any ball
with the radius A /(20%K;) around an z € 87" lies in Qqv. Consider any z € T".
A ball around z with the radius R} | = min{gr dist(z,0T")/hp; T € Th, z € T}
lies in @+ and since Ri,m 2 dist(z,87") /o, we infer that any ball with the radius
hr /(403K3) around an 2 € T" lies in Q. O
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It is appropriate to measure the error of the discrete solution introduced in Defini-
tion 3.1 in norms defined on the approximating domain ,. However, the weak solu-
tion of (1.1)—(1.5) is defined in £ and it is generally not known in Q5 \ . Therefore,
it is desirable to extend the functions u, p to functions defined in { and belonging
to Sobolev spaces of the same type as u, p belong to, respectively. We will denote
the extension of u (or p) as Eu (or Ep), where E is an extension operator. The
operator E can be constructed, for instance, by the Nikolskij method (cf. [8], p. 75,
Theorem 3.9) or by the Calderon method (cf. {8], p. 80, Theorem 3.10). In both
cases, E depends on the order of differentiability of w and the Nikolskij operator
generally also requires higher regularity of 8€2. It is also possible to construct an op-
erator E which simultaneously extends all orders of differentiability with very small
requirements on the regularity of 9Q (cf. [9], p. 181, Theorem 5). In what follows,
we will not specify which extension operator we are using and the reader can think
of some of the above-mentioned operators. Since we will need neither continuity nor
linearity of E, we can also imagine that the extension E u is defined for each function
u in a particular way.

5. IDEA OF THE CONVERGENCE PROOF

We shall explain the idea of the convergence proof for (3.6)—(3.8) on the example
of the Poisson equation

—Au=jFf inQ, =0 ondQ.

Denoting
a(u,v) =/ Vu - Vudz, (f,v) =/ Frvdz,
Q Q

ap(u,v) = Vu - Vovdz, (fn,v) = / f-vdz,
Qll

Q

we can introduce the weak formulation

(5.1) Find u € H}(Q)®: G(u,v) = {f,v) Vwve H{)®
and the discrete problem

(5.2) Find up € Vi Gp(un,vn) = (Fr,vn) Vop € Vi,

where V), is the general finite element space from Section 3 with I'? = 8%. For
any 2y € V,, we have

!'th - zh]flnh = 'dh(uh - U, up — z;,) + ?ih(u — Zh,Up — zh),
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where u is considered to be extended by zero outside 2, and hence we obtain using
the triangular inequality
ah(uh - U, ’Uh,)

5.3 U — Uy < sup +2 inf |u-—2z, .
( ) | |1,Qh = ”hevhyvh#o Ivhllynh zhevh | ll’nh

This is a particular case of the well-known general abstract error estimate already
published in [3], p. 414, Theorem 1. We also refer to [11], p. 178, Theorem 4, where
a modification of the abstract error estimate is given for the case when nonhomoge-
neous Dirichlet boundary conditions are used.

According to Lemma 6.1 from the next section, the second term on the right-hand
side of (5.3) converges to zero. Thus, for proving that |u — up|; o, — 0 for h = 0,
it suffices to show that

an{up — u,vp)

(5.4) lim sup =0.

h—0 Vh EV,L,”".#O ’vhll,nl‘

This is easy if @ is convex (which is assumed by many authors) since then Q, C Q
and any v, € Vj can be extended by zero outside Q2 to a function vy, € H& (Q)3.
Setting v = vy, in (5.1) and subtracting (5.1) from (5.2), we obtain @ (unr—u,vs) = 0,
which is the Galerkin orthogonality, well known from the conforming case. If Q is
nonconvex, then the functions from V), generally have nonzero values on some parts
of 9 and hence any extension of v, € V, generally cannot be used as a test
function in (5.1). Therefore, any function v, € V), has to be approzimated by a
function v € H'()® satisfying v0|, € HE(Q)3. Then, using (5.2) and (5.1) with
v = v)|, we obtain

6h(ﬂh - u,’Uh) = (fh’vh> h 6h(u)’vh) = (fhsvh) - (f,v;);,) +E(U,'Ug) - a"L('u’vlvh)'
Since

(F,08) = (Fovn) = (£,98 = Buon) + |

f-Ehvhdm—/ f v dz,
N\

Qh\n

a(u,v)) — an(u,vs) = a(u,v) — E, vs) + / Vu - V(E vy)dz,
a\Q,

we get

an(un = u, ) < O (Ifllo,,0v0,u01\QUspB() ~ B1 v1)

+ Iull,Q\QhUsupp(fu?‘—Eh v,,))(””hih,n,. + H'U?;”;l,ﬁ)-
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Thus, for proving (5.4), it suffices to construct the function v} in such a way that
meas3 (supp(vp — Ep vs)) < An, ’lll_% Ap =0, ||‘v2|l1,§~2 < Cllvally

where A, is independent of v, and C is independent of both v, and h. (Note that,
extending vy, by zero outside 4, we have ||vpll; o, = l|lvnll; g < Clvnlig,-)

In the following theorem, we will construct a function v) having the above prop-
erties by modifying v, on elements near the Dirichlet boundary and by extending
the modified function using the operator E,. The basic feature of this construction
is that vj|q, € V, and that v} vanishes on elements intersecting the closure of the
Dirichlet boundary. The theorem also represents a basis for the construction of v}
in the case when the set 'V in the definition of V is nonempty. Therefore, now we
again consider I‘f C 89y, (i.e., not necessarily o= o).

Theorem 5.1. Let k& > 1 be a given integer and let us denote
W = {ve CQW);vlp € Po(T) VT € Th, v(z) =0 at any vertex z € f‘f}.

Then, for h sufficiently small, any v € Wy, can be written as v = v° + v® with v°,
v® € Wi, En %o =0, v* = v or v* =0 at any vertex of Ty, and

(5.5) ||Ub“1,n,. <C ”U”LQ,L’
(5.6) supp(Ep v?) C Un(I'P) = {z € Q; dist(z,T'P) < Ch},

where the constant C is independent of v and h.

Proof. We denote by T the standard reference element having the vertices
(0,0,0), (1,0,0), (0,1,0) and (0,0,1). For any tetrahedron T there exists a reg-
ular affine mapping Fr: T — T which maps T onto T (cf. e.g. 2]). Forany T € Ty,
and any v € L}(T) we introduce the notation

vr=v o Fp.

According to [2], Section 15, there exist positive constants C and c depending only
on o such that

3 3.
(5.7) Chilorlly 5 < llollor <hiliorly s VveLXT). T €T,

T
EY ~ L
(58)  Chiforl, s <l <Chiforl z VYveH'T), TeT

Let dim Pk(’f ) = d and let the points 7*,...,Z% € T form the principal lattice of
order k of the tetrahedron T (cf. [2], p. 70, or [5], p. 99). Let by,...,bs € Pp(T)
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satisfy Ei(:%‘j) = 035, 4,J = 1,...,d, where §;; = 1 for i = j§ and 6;; = 0 for i # j.
Then {b;}%, is a basis of Px(T). For any T € Ty, we set

(5.9) bri=bioFrt,  2h = Fr(&), i=1,...,d
Then {br,;}{., is a basis of P, (T) satistying br,;(¢%.) = é;; and hence, for any v € W

and any T € T, we have

d
(5.10) V| = Z o, b g with ar; = ’U(:L'an)

i=1

For convenience, we define sets

On={(Te€Th;TNTL #0}, Gv= |J T,

Tegh
Ih = {T € Th; TN Gy =0}, L= T

TeT,
’Ch=7;:,\{gh Uzh}, Kh=ﬁh\{GhUIh,}.

Consider any v € W), and define a function v* € W, by

vbIGh = vlah’
'Ubh'h =0,
w@h)=0 Vah €Ky i€{l,...,d}, T €Ky

It follows from (5.9) and (5.10) that

d
67“ = Z aTi bi.
i=1

Choose T' € G, and let the mapping Fr map the point O onto the vertex z € T with
v(z) = 0. Clearly, the seminorm |-|, 7 is a norm on the space {9 € P (T); v(0) = 0}
and hence, in view of the equivalence of norms on finite-dimensional spaces, there
exists a constant C depending only on k such that

d
> (ers)*<C orl} 7.

i=1
Thus, using (5.8) we obtain
d
(5.11) hr Y (ar)? <Clliy VT €GO
i=1
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Consider any T € K. Then

'vbIT = Z a%,i br, with al},i = vb(xéa).
i=1
By the definiton of v*, we have af.; = 0if 2%, € I, UK,. If 2%, € G, then ok = af.
for some j € {1,...,d} and T* € Gy with T* N T # § and hence o4, = v*(z%.) =
v(z¥.) = ar- ;. Therefore, we obtain using (4.15) and (5.11)

d d
he Y (b2 <hr Y D (o)< Y. Kahre Z(aT.- <C > Pl
i=1

T*Egh,i=1 T* €6, T‘Eghy
T*NT#0 T*NT#0 T*NT#0

which in view of (5.8) implies

(m)wmﬁzmmTcZMZWZGZij&u

TeK, Teky i=1 TeK), T e,
T*NT#0
By virtue of (4.14), each T* appears at most K; times on the right-hand side of (5.12)
and hence we obtain |v°|, , < Clul, g, . Therefore, [0%}, o < Clvly g, < Clolygq,-
Using |} - ]| -~ instead of | - l 7 and (5.7) instead of (5.8) in the above derivation, we
also obtam [|v"||0 o, SC ||v[|0 ,.» Which gives (5.5). Since dist(z,T'P) < 2h for any
z € supp v°, relation (5 6) follows by using (4.9) and (4.6).

It remains to prove the important property E,v°|., = 0. Consider any § €
(0,1/(403K3)) and any face T’ C T'P. According to (4.16), Os(T') N Q) C G4 and
hence the function v° = v — v® vanishes in Os(7') N Qx. Thus, dist(z,T’) > § hy
for any z € supp v° and using (4.10), we infer that Ej, v° vanishes in O; ,5(T"). For
h < §/(C C), where C is the constant from (4.5), the first inclusion in (4.5) implies
that T C O /&(T") and hence Ej, 20 |FT, = 0. Consequently, E, v°|pp = 0. 0

From Theorem 5.1 we obtain the following corollary fitted to the above discretiza-
tion of the Poisson equation.

Corollary 5.1. Let k > 1 be a given integer and let us denote
Wih={veC@h);vlp€P(T) YT €T, v=0 onIP}.
Then, for any v € W, there exist functions v°, v* € H}(Q) satisfying
Env=2"+v, o=0, [°,5<Clollia,  suwp v’ CUTP).

Proof. For h < hy with hg sufficiently small, the assertion immediately follows
from Theorem 5.1. For h > hyg, it suffices to set v® = 0. O
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6. CONVERGENCE RESULT FOR THE STOKES EQUATIONS

The approximation properties Al and A2 have been formulated only for sufficiently
regular fuctions from the spaces V and L3(Q2). The following two lemmas show that
any function from these spaces can be approximated by functions from V,, or Qp,
respectively, with an arbitrarily high precision if h — 0.

Lemma 6.1. Let VN H1(Q)% =V, where l; is the integer from assumption Al.
Then

(6.1) ’El_rﬁ) vhig%h |Ev—wnll, 0, =0 VwveV,

where E: H1(Q)3 — HY(Q)? is an arbitrary extension operator.

Proof. Let E: H*(Q)® — H“(Q)3 be an extension operator (cf. the end of
Section 4) and consider any v € V. Then for any 4 € VN H(Q)3 we have

|Ev - Edllyq, + I1E ~ru5lly,q,
[v=3ll0,n0 +IEv = EBll 0, + CR" | ET|,, 5.

”E'U - rhﬁ”l,ﬂh < I
<|
Consider any € > 0. Since VN H1(Q)3 = V, there exists € VN H'*(Q)? such that
llv =l g,nq < /3. In view of (4.1), we find hy > 0 such that || Ev ‘E"—’Hl,nh\n <
e/3 for h € (0, hy) and hence there exists hy € (0, h;) such that

inf |[Ev—wp|yq, SIEv=—rablq, < Vhe(0hs).
vREV) ’ ’

0

Remark 6.1. Ifm e H'1(R%)? (cf. Remark 1.1) and the set I'? is of class C%!*,
then it can be shown that the density assumption V N H1(02)8 = V is satisfied (see
[6], p. 110, Lemma 3.13).

Lemma 6.2. We have

. . _ - 2
(6.2) Lim q,,lé%,.. IEq—arllog, =0  Vaqe Lg(9),

where E: L*(Q) — L*(Q) is an arbitrary extension operator.

Proof. Since L(Q) N C=(N) = L3(Q), the lemma can be proved analogously
as Lemma 6.1. a
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I 'V # §, approximations of functions from V} by functions from V are more
difficult to construct than in Corollary 5.1. A suitable decomposition of extensions
of the functions from V), is established, using the results of Theorem 5.1, in the
following theorem.

Theorem 6.1. Let k > 1 be a given integer and let us denote

W,.={veCh)? vjr e P(T)® YT €Th, v=0onTP,

(v-n})(z) =0 at any vertex x € T},

where n}, is the function from assumption Al. Then, for any v € Wj, there exist
functions ©°, ¥, & € H}()® and u® € H}(Q) satisfying

(6.3) Eho=84+04+8 +u'm, @g€eV,

(6.4) 19°0, & + 180, g + 1800, 6 + el 5 < Cliwllyq,

(6.5) I8llq, SCh* vlig,,  NBllosa, < CRH|2l g,
(6.6) supp 8° C Up(TP),  supp u® C Un(89),

where m is the extension of n|.y from Section 1, o is the constant from (3.2), U
was defined in (4.12) and C is independent of v and h.

Proof. Let h be sufficiently small and consider any v € W),. Then, by Theo-
rem 5.1, there exist functions v, 8 € H(2)® such that

g, ?lg, €E{v € CEW)3; vlr € P(T)® VT €T,

v{z) = 0 at any vertex = € ff, (v-n})(x) =0 at any vertex x € 'Y }
and
Epv=v"+3°, v|pp =0, ||ﬁb[|1,ﬁ < Clvlly g,» supp @° C Up(T'P).

Let m}, € C(9)® be a piecewise linear function satisfying m},(z) = m(z) at any
vertex £ € O, \ TY and mj}(z) = n}(z) at any vertex z € 'Y, where m is the
extension of |y from Section 1. Setting u = v%|q, - m},, we have

u € {ve€CW); v|r € Peyr(T) VT € Ta, v(z) =0 at any vertex x € 9}
and hence, according to Theorem 5.1, there exist functions u®, u® € H}(£)) such that

Epu=u’+u, ugeH}(Q), [ull,5<Cllullig,, suppu® C Un(89).

123



Let mp € C(Q)® be the piecewise linear interpolate of m|g, . Then, according to
2], p. 124, Theorem 15.3, we have [m —mu|; o, o, < Ch*77|m|, 5,7 =0,1, with
a constant C' independent of k. Further, using (3.2), we obtain [(m, — m})(z)| <
Ch}""" for any vertex z of 75, and any element T € 7, containing the vertex z.
Therefore, |mp —m}|; , q, < Ch'T*7J, j=0,1, and hence

(6.7) Im = m}|; o, SCATOH, j=0,1.
Thus, |[mjll; «,q, < €, which implies
el g + el g < C llully 0, < ClIo°llyq, < Cllvllg,

Set
' =00 — (v m)m +u"m,

7 = vo‘m—Ehu]'m,

Then ¥°, 5 € H}(§)? and (6.3) and (6.4) hold. Since lg, = [v° - (m — m})]m, we
obtain (6.5) by (6.7). If h is not sufficiently small, we can set 4° =0, 4 = 0, u® =0
and ¥° = Epv. O

Now we are in position to prove a convergence result for the discretization of the
Stokes equations. The basic techniques are the same as for the Poisson equation
in the preceding section, as for conforming discretizations of the Poisson equation
with nonhomogeneous Dirichlet boundary conditions in [4] and as for conforming
discretizations of the Stokes equations in [5], Chapter II.

Theorem 6.2. Let VN H1(Q)® = V, where I, is the integer from assumption
Al, and let u, p be the weak solution of (1.1)~(1.5). Then the discrete solutions wp,
p», of problem (1.1)—(1.5) satisfy

}11_%{”]1_’11 u - uh”l,n,, + | Eop - Ph”o,n,.} =0,
where Ey: HY(Q)} — HY(Q)3, Ey: L3(0) — L2(Q) are arbitrary extension opera-
tors.

Proof. For simplicity, we denote by « and p the extensions E;u and Eyp,
respectively. Using the decomposition from Theorem 6.1, we infer that, for any
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vy € Vi,

la(u,}) — an(u, vs (l“h,mn,.un,‘\nuu,.(an) + h® l’“ll,n) ”'vhlh,n,.v

N<C
[b(Th,P) = br(va, P)| < C (llpllo.0\@nuan\auvaeny + 2% 10llo,0) 0kll1a,»
9 dz —~ / F-uvdzjC

s (”-f”0'8,ﬂ\ﬂ;.UQ].\nUUh(aQ)

+ B4 £l g o) ol

gl/ @ bt da|+ ‘/ - v,do
TN ry

1

/ <p~(Eh'vh—’t7h)d0'—'/ @ (Epvp —Tp)do|.
ry ry

h

Further, in view of (1.8) we have

l/I‘N ¢-ﬁﬁda—/r~ @ -vpdo

h

-}

Using (4.2) and (4.3), we derive

/rN w-ﬁgda—/w @ -vpdo| <C

h

(lello,ennvirey + 2% llelly g) lvnllq,-

Now, subtracting (2.3) with v = %9|g from (3.7), we obtain using (4.1), (4.13) and
(3.5) the inequality

(6.8) lan(wn — w,vp) + ba(ve, pr — P)] < K |lvnlly g,
where K, — 0 for h = 0. Let us define sets

V= {%h € HY(Q)%; B — Gon € Vi}
V= {2, € VL, bn(Zh,qn) =0 V gn € Qu}.

For any 2, € V,’: we have up, — 2, € Vj, and
ba(un — Zh,p —pr) = bn(un — Zn,p—qr) VY agn € Q.
Applying (4.4) we get

C llun = Zull? o, < an(un — 2, un — 24) < (K + V3o — grllo o,
+2v]u—Zulli0) lun — Znllio, VYV Zn €VZ, gn € Qn,

which gives by the triangular inequality
(6.9) llu = unlly,0, < C(Kn+llp-anllog, +llw—Znllia,) Y2 €V, an € Qn.
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Consider any @), € V§. According to Lemma 4.1 from [5], p. 58, assumption A3
implies that there exists U5 € V}, such that

bn(Vh, qn) =/

Qp

gn div(Tp - uv)dz + / qr divu dz Vgn € Qp
Qi\Q

and
BlI%nll 0, < V3(18 - ulyq, + luly000)-

Since divu = 0 in © (cf. Remark 2.1), we infer that by (¥, gn) = —br(Vn, gn) for any
gn € Qp. Setting 2, = Tp, + Up, we have 25 € V2 and

lu = Znll,0, < llw=Brllig, + I1%lli,0, < C(lw=Trlliq, +[ulo00)
which means that

P igg,} llu = Zrlli,q, < C(llw—Brlliq, + Il one) VrE€ Vi
h h

Thus, using (6.9), for any ¥ € V%, g, € Qi we obtain
e —ually 0, € C(Kn+llp—anllog, + llw—Bnlliq, +Iul,0,\0)
which by (4.1), (3.4), (6.1) and (6.2) gives
,lliﬂ% llw ~ wnlly,q, =0
It follows from (6.8) that
lbr(vn, on — D) < Knllvnll o, Von€Va
with K5, — 0 and hence
6w (vh, o — an)l < (Kn + V31l — aullo.a,) Ivnllig, ¥ vn € Vi, gn € Q.

Now, (3.3) implies that ‘

Bllpn = anllo,q, < Ky + V3|lp- arllo,qn Vagn € Qn
and we obtain by the triangular inequality

lIp = pallog, < CEn+llp=anllog,) Van€Qn.

Hence ||p — pallp g, = 0 by Lemma 6.2. ]

126



7. EXAMPLES OF FINITE ELEMENT SPACES SATISFYING A1-A3

In this section we give examples of finite element spaces which satisfy assumptions
A1-A3 and are suitable for numerical solution of (1.1)—(1.5).

We denote by 7 the piecewise linear interpolate of n|.y = m/|.n, i.e., for any
face T' c 'V, 'h‘h|—,1-,,— is a linear function equal to m at the vertices of 7”. Further,
we denote

SN = {z e T¥; z is a vertex of T, or the midpoint of an edge of 75}
and introduce a function n}: S — R? satisfying for some a > 0
(7.1) In} (@) - n(@)] < ChE® Ve sy,

where T is any element containing the point z and C is independent of z, T and h.
For | = 1,2 we define spaces

Vin ={veC@h);vlre€P(T) VT € Tn},
Mi—1n = {v € L*(S%); vlp € P—1(T) VT € Tr}

and set

Vin={v€[Vis]®;v=0 on TP, (v-n})(z) =0 at any vertex z € 'Y},
Vor={ve[VoulP;v=0o0n TP, (v-n})(z)=0VzeS}

Finally, we denote

Pr = span{pr 0 }pigoq, Ry = [span{rT}Teﬂ‘]3,

where prr, nqv were introduced in Example 3.1 and, for any T € 74, the function
rr € H}(T) \ {0} is any polynomial of degree four.

Theorem 7.1. If V, = V] ;, then assumption Al holds with [, = 2 and v, =
min{l,a +1/2}. If V4 = V,, and the extensions I'; of T, i = KP +1,...,K, are
C? surfaces, then A1l also holds with Iy = 3 and v, = min{3/2,a + 1/2}.

Proof. See [7], Section 6. a

Theorem 7.2. If Q, = Mo, N LE(), then assumption A2 holds with I3 =
vy = 1. IfQp = My nsNLE(Qn) or Qi = Vi ,,NLE(S), then A2 holds withly = yo = 2.
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Proof. See [7], Section 6. O

Theorem 7.3. Assumption A3 is satisfied if Q, = Mo, N L3(Q) and V;, D
[Vl,han (Qh)]3ea’Ph orifQp = Ml,hﬂL%(ﬂh) and Vy O [Vl’hﬁHé(Qh)]sﬁa'Ph@'R,h
or if Qn = Vi, NLE(QW) and Vi, D [V, NHY (W) & Ry If, for any T € Ti,
at least one vertex of T lies in Q, then A3 also holds for Qn = Vi, N LE() and
VD [V2,h n H&(Qh)]s

Proof. The basic ideas of the proof are the same as for 0 = Q (see e.g. [5] and
[1). O

Using the results given in this setion, we can set up several pairs of finite element
spaces satisfying assumptions A1-A3. Six of them are presented in Table 1, where
also the highest possible convergence orders are given to which these spaces can lead.
The convergence order 1 is guaranteed if (7.1) holds with o > 1/2, £ € L3(Q)3,
Eit, € H%(Q)® in (3.4), the convergence in (3.4) and (3.5) is linear and the weak
solution of (1.1)—(1.5) satisfies u € H%(Q)3, p € H(Q). The convergence order
3/2 is guaranteed if o > 1, f € L'2()3, ¢ € WH({1)?, the extensions I; of I},
i=KP+1,...,K, are C® surfaces, E @, € H3(2)® in (3.4), relations (3.4) and (3.5)
hold with the convergence order 3/2 and u € H3(Q)3, p € H2(Q). Proofs of these
assertions can be found in [7]. We remark that the convergence order 3/2 is the best
possible convergence order which can be obtained if a polyhedral approximation of

the computational domain is used.

conv. order | 'V, Qn
1 Vi @ Pr Mo,» N LE(2)
1 Vin @Ry Vi 0 LE(Q)
1 Vih ®Pr® Ry | M1e N LEQN)
3/2 Voo ®Pr @ R | Mya N LE(0)
3/2 Vor @Ry Vi ﬂL%(Qh)
3/2 Vo [cf. Th. 7.3] | Via 0 LE3(Q)

Table 1. Examples of finite element spaces V,
and Q, satisfying assumptions A1-A3.
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