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REDUCED FINITE ELEMENT DISCRETIZATIONS OF THE STOKES
AND NAVIER-STOKES EQUATIONS
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O If finite element spaces for the velocity and pressure do not satisfy the Babuska-Brezzi
condition, a stable conforming discretization of the Stokes or Navier-Stokes equations can be
oblained by enriching the velocity space by suitable functions. Writing any function from the
enriched space as a sum of a function from the original space and a function from the
supplementary space, the discretization will contain a number of additional terms compared with
a conforming discretization for the original pair of spaces. We show that not all these terms are
necessary for the solvability of the discrete problem and for optimal convergence properties of the
discrete solutions, which is useful for saving computer memory and for establishing a connection
to stabilized methods.
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1. INTRODUCTION

In this paper, we deal with finite element discretizations of the Stokes
and Navier-Stokes equations describing a stationary motion of a viscous
incompressible fluid. The region occupied by the fluid will be represented
by a bounded domain ) C RY, d=2,3, with a Lipschitz-continuous
boundary 0€).

The Navier-Stokes problem treated in this paper can be formulated
as follows. Given a kinematic viscosity v, an external body force f, and
a velocity u;, on the boundary of (), find the velocity u and pressure p
satisfying

—VAu+ (Vw)u+Vp=f, divu=0 inQ, u=u, ondQd. (1.1)
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162 P. Knobloch

Denoting

a(u,v) = v/ Vu-Vodx, n(u,w,v)= / v (Vw)udx,
Q Q

b(v,p) = —f pdivedx,
Q

we can introduce the usual weak formulation of (1.1): Given v > 0, f €
1 9
H Q)" and u, € H2(0Q)?, find u € H'(Q)? and p € L;(Q) such that

u— il], (S H()I(Q)d, (12)

a(u,v) + n(u,u,v) + b(v, p) — b(u, q) = (f,v) Vve H(Q), qeLi(Q),
(1.3)

where @1, € H'(Q)" is any extension of u,. If the flux of u, through each
connected component of d) vanishes, then the problem (1.2)—(1.3) has
a solution that is unique if v is sufficiently large and/or f and u, are
sufficiently small (cf., e.g., [11]).

If the convective term in (1.1) can be neglected, we obtain the Stokes
equations

—VAu+Vp=f, divu=0 inQ, uw=wu, ond. (1.4)

The weak formulation of (1.4) is: Given v> 0, f € H'(Q)? and u, €
1
Hz(0Q)%, find u € H'(Q)? and p € Lj(Q) such that

u— iy, € H(Q)Y, (1.5)
a(u,v) + b(v, p) — b(u, ¢) = (f,v) Vve H(Q), qeliQ). (1.6)

It can be shown that this problem always has a unique solution (cf. [11]).

Introducing some finite element spaces V, C H!(Q)? and Q, C L3 (Q),
where 7/ is a discretization parameter tending to zero, we can define
a conforming finite element discretization of (1.5)—(1.6): Given an
approximation &, € H'(Q)? of &, find u, € H'(Q)* and p, € Q, satisfying

u, — uy, €Vy, (1.7)
a(uy, vy) + (v, pr) — 0(uy, @) = (f,v) Yv, eV, ¢ €Q, (1.8)

In many cases, seemingly reasonable choices of the spaces V;, and Q) lead
to discrete problems that are generally not solvable or whose solutions
contain spurious oscillations. One way to suppress these oscillations and
to assure the solvability of the discrete problem is to add some stabilizing
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terms to (1.8), see, for example, [5] or [17]. Another way is to use spaces
V, and Q, that are stable in the sense of the Babuska-Brezzi condition
[cf. (A5) in the next section]. One possibility to construct a stable pair
of spaces is to enlarge the velocity space from an unstable pair of spaces
by adding some suitable functions. The velocity space V, then has the
form V, = VI @ Vi, where V! typically assures the approximation properties
of the space V, and V7 guarantees the fulfilment of the Babuska-Brezzi
condition. In this paper, we shall consider only spaces of this type.

There are many examples of finite element spaces of the mentioned
type. The construction of any finite element space is based on a
triangulation of (), which usually consists of triangles or quadrilaterals in
two dimensions and of tetrahedra or hexahedra in three dimensions. The
simplest choice for the spaces V} and Q) are piecewice constant functions
for Q;, and continuous piecewise (bi-, tri-)linear functions for V;. To satisfy
the Babuska-Brezzi condition, it suffices to use a space V; consisting of
one vector-valued edge/face-bubble function per each inner edge/face,
see [4, 10]. In the triangular/tetrahedral case, spaces Q,, V} consisting of
continuous piecewise linear functions may be stabilized using V; consisting
of d vector-valued element bubble functions per each element, cf. [1]. In
two dimensions, the same space V; can be used if V} consists of continuous
piecewise quadratic functions and Q) of discontinuous piecewise linear
functions, cf. [8]. A generalization of [1] to the quadrilateral case is
described in [15]. Further examples of spaces V), V;, and Q, can be found
n [11].

Because the spaces V}, V3, and Q,, are assumed to be finite-dimensional,
the problem (1.7)—(1.8) can be equivalently written in the matrix form

ALAR @Dy (u) (1
At AR BHT | u =6, (1.9)
B, B 0 P g

where u}l, ufl and ph are coefﬁcient vectors of u;, — u,, and p, with respect

to some bases {v,” L C Vi {v,u L € V2and {g}2", C Qy, respectively, and
K - h i
Ay = {a(vhj’ vlii)}i:l,...,]\f}f,jzl,...,N,f’ B, = {b(v;zj’ i) }ict

for k,1 =1,2. The conforming discretization of the problem (1.2)-(1.3)
can also be written in the matrix form (1.9), however, the matrices A’;L‘ and
the vectors ff depend on the unknown velocity {u},u}}.

A drawback of the system (1.9) is that the matrices A}, A2, and
AP are usually large compared with Al' although they typically only
serve for assuring the unique solvability of (1.9) and do not increase
the convergence order of the discrete solution. Thus, in order to save
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computational memory and computational time, we would like to drop
some of these matrices. Similarly, we would like to drop some of the
matrices corresponding to the term n(u,,u;,v,) from the conforming
discretization of the Navier-Stokes equations. That leads us to the reduced
system

~11

A, 0 @BHT\ [w, f,
B! B} 0 P g

~11 -1 :
where A, = A} and f, = f} for the Stokes equations and

~1 ~1

1 ~
A - All + {n(uha vh]) vhz)}l] 1,..., Nl’ fh = f;: - {n(u;;’ Upps v;zi)}izl,...,Nhl

for the Navier-Stokes equations. The function u] is defined as (u;, — ) +
it,,, where (u;, — ;)" is the V) component of u, — ity,. We shall show
that, under usual assumptions, the reduced problems are (locally) uniquely
solvable and their solutions (linearly) converge to the weak solution.
Numerical results indicate that the reduced problems provide discrete
solutions having almost the same accuracy as the solutions of the original
conforming discretizations (cf. [12]). However, the saving of the computer
memory due to the use of the reduced discrete problems is substantial,
particularly in the three-dimensional case (cf. [12]). Consequently, we
save a significant amount of computational operations and computational
time. Usually, the discrete solution u,, p, of the Navier-Stokes equations
is computed as the limit of a sequence uj, p; of solutions of linearized
problems and hence a further advantage of (1.10) is that only the matrix

A and the vector fh have to be updated in each step. In addition, because
only functions from V, are used for discretizing the convective term
(Vu)u, upwind techniques can be easier applied than for the conforming
discretization. As the matrix A}* in (1.10) is always regular, we can eliminate
u; from (1.10) and pass to the system

~11 -
A, (B} (u}l) _ (f}l) (L11)
Bl —Bi(AP)'(B})") \Px )

As we shall see (cf. Lemma 2.6), the vector uj need not to be computed

because it does not influence the asymptotic convergence behavior of the
discrete solution. Numerical computations even show that dropping u3,
one can often increase the accuracy of the discrete solution. In many cases,
the matrix A}* is diagonal and hence a practical realization of (1.11) is easy.
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The problem (1.11) can be interpreted as a stabilization of a
conforming discretization for the unstable pair of spaces V} and Q. For
particular choices of the spaces V; and Q,, the term —Bj(A3*)"'(B})”
corresponds to some well-known stabilizations or gives rise to some new
ones, see [13, 14]. Dropping only some of the terms dropped to obtain
(1.10), the reduced discretizations can be interpreted as residual-based
stabilizations of the continuity equation (and of the convective term), see
again [13, 14]. In some of these cases, we can prove usual convergence
orders of the discrete solutions also for higher order finite element
spaces. The identification of stabilized methods with suitable reduced (or
modified) Galerkin-type discretizations provides a better understanding of
their properties and is also helpful for their theoretical investigations (e.g.,
in the framework of multigrid methods).

To investigate all the reduced discretizations mentioned above at once,
we shall consider general reduced discretizations where the terms to be
dropped are multiplied by arbitrary real numbers. In addition, we shall
consider the matrix A7 multiplied by a positive constant because numerical
experiments suggest that such multiplication can lead to a stabilization with
respect to v.

The plan of the remaining part of this paper is as follows. In Section 2,
we recall some classical convergence results valid for the conforming
discretization (1.7)—(1.8), introduce a general reduced discretization of the
Stokes equations, and investigate its properties. Then, in Section 3, we
introduce a general reduced discretization of the Navier-Stokes equations
and, using the results of Section 2 and the theory of the approximation
of branches of nonsingular solutions, we prove an analogous convergence
behavior of the discrete solutions as for the Stokes equations. Finally, in
Section 4, we investigate the validity of some of the general assumptions
made in Sections 2 and 3.

Throughout the paper, we use standard notations that can be found,
for example, in [7]. We only mention a few of them. The norm and
the seminorm in the Sobolev space W*?(€) are denoted by | - [0 and
|-|5,p,0, respectively. For p = 2, the second index is dropped and we use the
notations H*(Q) = W**(Q), || - .o and |-|;q. The space L;(2) consists of
functions v € L*(Q) satisfying [, vdx = 0. The notations C and C are used
to denote generic constants independent of 4.

2. DISCRETIZATION OF THE STOKES EQUATIONS

We assume that we are given a family of spaces Vi, Vi C H}(Q)¢, Q, C
L3(Q), where h is a positive parameter tending to zero. We assume that
VI NV? = {0} and denote V, = V! @ V}. Thus, for any v, € V,, there exist
uniquely determined functions v} € V} and v} € V; satistying v} + v = v;.
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When there will be no danger of ambiguity, we shall also use the notations
v}, v; for arbitrary functions belonging to V) and V;, respectively. We
assume that the spaces V}, V7, and Q,, possess the following properties that
are valid for any 2 > 0 with the same constant C > 0 and the same integer
> 1.

(A1) There exist operators 7, € Z(H*(Q)* N H} (2)?,V}) such that
v —=nollia < Ch"[Vlwne Yoe H™ Q)N Hj(Q), T<m<L
(A2) There exist operators s, € SB(Hl(Q) N Lg(ﬂ), QJL) such that
lg = suqlloa < Ch"lIglna Yqge H"(Q)NLI(Q), 1<m<L
(A3) The spaces V; satisfy
v ]l00 < Chlv2 1o YV eV
(A4) The spaces V,, satisfy
lvllo + Vi llo < Clloalle Yo, € Vi
(A5) The spaces V, and Q,, satisfy the Babuska-Brezzi condition

b
su (vp, CIh)

v,€V,\{0} lvallio

> Clignlloe Y g € Q.

Remark 2.1. The assumptions (Al) and (A2) are standard approximation
properties of finite element spaces (cf., e.g., [7]) and the assumption (Ab)
holds, for example, for the pairs of V;, and Q) mentioned in the preceding
section. The validity of (A3) and (A4) will be investigated in Section 4. Note,
however, that the theory we shall present here is valid for general spaces
satisfying (A1)—(Ab) and not only for spaces constructed by means of the
finite element method.

.. 1

The constant parameter v > 0, the boundary condition u, € H2(0Q)“,

its extension &, € H'(Q)? and the approximations #,, € H'(Q)" of &, are
assumed to be given and fixed and we suppose that

}11_13(1) @y — wyllio = 0. (2.1)

Then the following theorem holds.
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Theorem 2.2. For any f € H'(Q)*, the problem (1.7)—(1.8) has a unique
solution and we have

%ii%{ﬂu —upllio+llp — pullon} =0,

where u, p is the solution of the problem (1.5)—(1.6). Moreover, if u, u, <
H" (), pe H™(Q) and ||ty — @y |li0 < Ch™ for somem € {1,...,1}, then

lu —upllio+11p — pulloo < CR™. (2.2)
If, in addition, the problem (1.6) is regular and ||ity, — @y, |00 < C h™', then
lu — uplloo < C B (2.3)

Proof. A proof for homogenous boundary conditions can be found
in [11]. Using the techniques applied in [9], the proof can be easily
generalized to the nonhomogenous case. O

Under the regularity of problem (1.6) mentioned in the above theorem
we mean that, for any g € L*(Q)?, the solution u, € H)(Q)?, p, € L5(Q) of

a(ug,v) + b(v, p,) — b(u,, q) = (g,v) Vve H(Q), qge Lj(Q) (2.4)
satisfies u, € H*(Q)?, p, € H'(Q) and

lugllon + lIpella < Cligloa (2.5)

with C independent of g.
For any 2 > 0 and any v,, w, € V,, we define the bilinear form

1 1 1 p < 1 2 P
an(wy, v,) = a(w,,v;) + o a(w,,v;) + wa(w,,v;) + asa(w,, v}),

where o), oy, os are arbitrary real numbers. Further, we replace the
functional f from (1.6) by some suitable functional f;, € H™'(Q)? and
choose an arbitrary real number «,. Then we can introduce the following
discrete problem which includes all the particular reduced discretizations
of the Stokes equations mentioned in Section 1.

Definition 2.3. The functions #, € H'(Q)? and p, € Q, are a discrete
solution of the problem (1.5)—(1.6) if

ilh — ilbh € Vh, (26)
an(y, — Wy, vy) + b(vh,f;h) — b(uy, q,)
= (i, v1) — a(u, U}l) — oga(y, U%) Vv, €V, qn € Q}z (2-7)
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Remark 2.4. For o, =0y =03 =04 =1 and f, = f, the discretization
(2.6)—(2.7) becomes the conforming discretization (1.7)-(1.8). For
0] = 0o = 0y = O, g = 1 and fh defined by

(.f}n vh) = (f; v}L) Vvh € Vha (28)

the discretization (2.6)—(2.7) can be written in the matrix form (1.10),
that is, it is the fully reduced discretization. The relation (2.8) defines a
functional f, € [V,]' that can be extended to f, € H'(Q)" according to
the Hahn-Banach theorem. Clearly, || f — fhll[v}l], = 0 so that f;, satisfies the
assumption (2.19) of Theorem 2.9 below.

Remark 2.5. For oy =0, o3 #0 and (f,,v}) = (f,v;) Vv, €V,, the
discrete problem (2.6)—(2.7) can be formulated in the following way: Find
w; € H'(Q)" and p, € Q, such that

u; — il/,h S V;l,
a(uy,v;) + b(v,, o) = (f,v;) Vv, €V,
b(u,, g) = —b(@;, ) Y qn € Qi

where u; € V; is uniquely determined by
(i o) = ~(Rv) Vil e V:

with some functional R, depending on u}, p, and the data of the discrete
problem. Thus, the discrete problem (2.6)—(2.7) with as =0, o3 # 0 and
fi = f on'V, corresponds to the conforming discretization (1.7)—(1.8) for
the unstable pair of spaces V; and Q,, with a perturbation of the constraint
b(uy, q,) =0Vq, € Q. lf oy =03 =04 =1and f, = f, then R, is given by

(Ry, v) = a(uy, v) + b(v, o) — (f,v) Yve Hj(Q),

that is, the reduced discretization can be interpreted as a residual-based
stabilization of the continuity equation. For oy =09y = a4 =0, s =1 and
f» defined by (2.8), we have (R;,v) = b(v, ;) and the above formulation
corresponds to the matrix form (1.11).

A basic feature of the terms removed from (1.8) in order to obtain the
fully reduced discretization [i.e., (2.7) with oy = o9 = oy = 0 and f), defined
by (2.8)] is that they contain v} or (u, — #;,)? and are not important for the
solvability of (1.7)-(1.8). A motivation for removing these terms is given
by the corollary of the following lemma which shows that the asymptotic
behavior of u;, with respect to % is the same as the asymptotic behavior of
u, — (wy, — ).
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Lemma 2.6. Consider a sequence v, € V), satisfying
}Li_)mo lv—vll10=0 (2.9)
for some v € Hy (Q)*. Then we have
%Lii%{”" - v}l”l,n + ||vi||1,sz} =0. (2.10)

Ifve H™'(Q)' N H} () and ||[v—v,]l1.0 < Ch™ for some m € {1,...,1}, it
Jfurther holds

v — vyl + 0310 < C A" (2.11)
Assuming, in addition, that ||[v — v,|loo < C A", we also obtain
o = vylloq + lv3lloq < C A" (2.12)

Proof. Let u € H*(Q)*N H;(Q)“. Then, due to (A3) and (A4), we have
for k=0,1

9 ~NQ 1—k N
1V, llko = (v, — nt)|lra < Ch v, — nula
and hence it follows using the triangular inequality that

v —vylleo + 11V} llk0
<llv=wllo+ CE " {Ilv=wvillio + llv—itllo + & — il 0}
Using (Al), (2.9) and the density of H*(Q)*N H)(Q)* in H)(Q)", we
obtain (2.10). If v € H™™'(Q)* N Hy (Q)“, we can set # = v and (2.11) and
(2.12) follow using (Al). O

Corollary 2.7. The solution u,=u;+u; of (1.7)—(1.8), where u; =
(u), — @y,)?, satisfies

lim{l|z — u}lli0 + 1]} =0, (2.13)

where u is the solution of (1.5)—(1.6). Under the assumptions of Theorem 2.2
leading to (2.2), we further have

lu — u}ll10 + l#;]ha < Ch" (2.14)
Finally, if @, — iy, llo0 < Ch™ and all assumptions of Theorem 2.2 hold, we get

—9 1
e — willoo + ll#,llon < C A"
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Remark 2.8. Lemma 2.6 shows that, for a finite element discretization of
any problem, the V3 component of the discrete solution can be dropped
without influencing the asymptotic convergence properties of the discrete
solution.

Now let us investigate the properties of the discrete problem

(2.6)-(2.7).
Theorem 2.9. Let the constants oy, . . ., oy used in Definition 2.3 satisfy as > 0

and |oy + 09| < 2./05. Then, for any f, € H'(Q)", the problem (2.6)—(2.7) has

a unique solution and if
1}_{% If = fullv,y =0 (2.15)
Jor some f € H™'(Q)", then we have
%Lil%{”u —uylho+llp— ﬁh”o,n} =0, (2.16)

where u, p is the solution of the problem (1.5)—(1.6) with f from (2.15). Further,
ifu, i, € H™(Q)", p € H"(Q) and

la, — wpllio + I — fullv,y < Ch™ (2.17)
for some m € {1,...,1}, then
lu—@llio+1p— pulloa < CR" + Ch(|1 —oy| + |1 — oul). (2.18)
If, in addition, the problem (1.6) is regular and
lay — wlloco + 1f = fullyiy < € h" (2.19)
then we obtain
lu —dtyllon < CH"™ + CR(I1 — oy| + |1 — oy)). (2.20)
Proof. Denoting o = (o + a9)/2, we have for any v, € V,
@ (v, ) = a(v), + av;, v, + av}) + (a3 — o) a(v}, v;)

+ v(as — oc2)|vfl|iQ

=v|v, + avi\iu

and hence it follows from the Friedrichs inequality and (A4) that, for some
C >0,

C”vh”ig < a(v,v,) Vv, €V, (2.21)
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Further, it follows from (A4) that
ap(wy, ;) < Cllw,lliallvilliea Yo, w, € V. (2.22)

Thus, g, is a continuous V,-elliptic bilinear form and the proof of the
unique solvability of (2.6)-(2.7) can be therefore performed in the same
way as for the problem (1.7)—(1.8).

Now let us investigate the convergence behavior of the discrete solution
,, pu- As in Corollary 2.7, we introduce the functions = (u, — ity,)? and
u' = u, — u;, where u, is the solution of (1.7)-(1.8). Then, subtracting
(1.8) from (2.7), we obtain for ¢, = 0 and any v, € V,

ay (), — uy,v;) + b(vh,ﬁh — i)
=(fi—foo)+ A —aDa],v)) + (1 —a)a(u;,v))
+ (1 —ag)a(is, v2) + (o — o) a(ity,, v3). (2.23)

Consider any & € H*(Q)". Then we infer applying (A3) that
a(tt,v;) < vl Ailoollvilloo < Chlilyalviho Yo, €V (2.24)

Using the indentity a(u},v}) = a(u} — @t,v}) + a(@,v}), we get for any
2 c V2
v, h

a(uy, v;) < C{lu, — ulio+lu — Tl o+hlilso}vilie Vi e H* (Q)
and analogously
d(ﬁbh,vi) = C{li‘bh, - ilbll,Q‘Hﬁb - ﬁb|1,ﬂ+h|i‘b|2,ﬂ}|vi|l,ﬂ Ya, € HQ(Q)d-
Now, denoting

_2 ~ ~
Ay =f = fillv,y + lu—w | o+, o+, — 0

+11 —oy| inf {|lu—alot+hlilso}
acH2(Q)d

+log —oy| inf  {li, — @yl o+ hli,ls0),
f,eH2(Q)4

we derive from (2.23) applying (A4) that
a,(ty, — wy, v;) + b(vy, P — pr) < CAyllopllie Vo, € Vi (2.25)

From (2.15), (2.13), (2.1), and the density of H*(Q)? in H'(Q)", we
deduce that

lim A, = 0, (2.26)

h—0
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and, if u, u, € H™(Q), p € H"(Q) and (2.17) holds, it follows from
(2.14) that

Ay < Ch" 4 Ch(|1 — o] + |1 — o). (2.27)
Setting v, = &), — u;, in (2.25), we obtain by (1.8), (2.7), and (2.21)
lw, — upllio < C A, (2.28)
That together with (2.25) and (2.22) gives
b(vh;Z)h — ) < CApllvpllia Y, €Vy,
which implies by (Ab5)
5w = pulloa < C A, (2.29)
Thus, (2.16) and (2.18) follow from (2.26)—(2.29) and Theorem 2.2.
Finally, let us assume that the problem (1.6) is regular. Setting
v =i, — u, and ¢ = 0 in (2.4), we obtain for any g € L2(Q)?
(g, — w) = a(uy, — uy, uy — nug) + a(ly, — w,, nug) + b, — wy, p,).
Denoting v, = @, — ity,, we have for any v; € V,
a(it, — uy,v)) = @, (@, — uy,v)) + (1 — ) a(v;,v)) — (1 — ) a(uy, v))
and hence it follows from (2.23) that
a(u, — uy, U}L) =(—f v}L) - b(v}pi)h —pw) + (1 — 0‘2)0(52, v}l)-
Thus, we obtain in view of (1.8), (2.4), and (2.7)

(g ouy —w) = (fi — fonug) + alu, — uy, uy, — nu,)
— (1 — o) a(vj, u, — nug) + (1 — o) a(v;, u,)

+ b(u, — Thugyi)h — pn) + by, — wy, py — sipg)
and (2.19), (2.24), (Al), and (A2) imply that

- . _2 ~
(g uy, —u,) < Chlluglloo(h™ + w), — uylio + v, luo+ P — palloo)
+ C hllpgllialiey, — uyl 0.

Using (2.5) and the fact that g € L2(Q)“ is arbitrary, (2.20) follows as a
consequence of (2.27)-(2.29), (2.18), (2.11), and (2.3). O
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Remark 2.10. It follows from Lemma 2.6 that (2.16) and (2.18) remain
valid if &, is replaced by &} = (@), — iy,)" + @,,. Moreover, if ||it, — @00 <
C h™*!, then (2.20) holds with &} instead of &, as well.

Remark 2.11. For o; # 1 or oy # 1, we get only a linear convergence in
(2.18) because, for usual finite element spaces, the estimate (2.24) cannot
be improved (neither for & € C*(Q)?).

Remark 2.12. Let f, be defined by (2.8) and let f € L*(Q)?. Then,
for any v, € V,, we have (f — fi,v,) = (f, v%) < ||f||0,9||v2||0,9 and, using
(A3) and (A4), we deduce that f, satisfies (2.17) with m = 1. It is also
possible to define f, by applying numerical integration for evaluating

(f,v) (cf, eg., [7]).

Remark 2.13. For simplicity, in the relations (2.2), (2.3), (2.18), and
(2.20), we have not specified the dependence of the constant C on u,
p, and f. Let us mention this dependence in the case when u, = u,, =0
and f, = f. Concerning (2.2) and (2.3), it is known that C < E(||u||m+1,g +
| pll.m0), where the constant Cis independent of %, u, p, and f (cf., [11],
pp. 125-127, Theorems 1.8 and 1.9). It is easy to check that this estimate
is also valid for C in (2.18) and (2.20). Particularly, if the problem (1.6) is
regular and f € L*(Q)?, then u € H*(Q)?, p € H'(Q) and it follows from
(2.5) that

~ i = 2
lu—apllio+11p = pulloe = Chlfllog,  llu—wlloe = Ch7lIflloa,
where the constant C is again independent of &, u, p, and f.

3. DISCRETIZATION OF THE NAVIER-STOKES EQUATIONS

In this section, we retain the assumptions (Al)-(Ab) made in Section 2
and assume further that there exists a positive constant « independent of
h such that:

(A6) There exist operators 7, € Z(H,; (Q)%,V}) such that

v = "vlloan < Ch*vlle Yve Hj(Q)Y, (3.1)
lv—%olloa + 2llv = 5vllio < CE" ] 10

Vve H™(Q) N HI(Q), 0<m<L. (3.2)
(A7) The spaces V; satisfy

9 9 9 2
v llo40 < Ch*|v;l1 0 VYV, €V;.
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Remark 3.1. The assumption (A6) is satisfied for standard finite element
spaces, see [2]. The validity of (A7) will be investigated in Section 4.

In the following lemma, we construct an operator z, having the
properties (3.1) and (3.2) and extending the mapping v, — v} to functions
from H,(Q)“. We shall use the operator z, for establishing an operator
formulation of the discrete problem defined on Hj (Q)? x Lj(Q).
Lemma 3.2.  There exist operators z;, € £(H,} (Q)?, H) (Q)?) such that

2z, =0, Vv, €V, (3.3)
lv— 20040 < Ch* V)10 VYVvE Hol(Q)d, (3.4)
v — 2000 + kllv — 2010 < C " V] s10

Voe H™ Q)N H(Q)!, 0<m<L (3.5)

Proof. Let 4 € £(H;(Q)%V,) be the orthogonal projection of H, (Q)*
onto V,, that is,

f V(v — i) - Vo, de =0 VYve H (Q) v, eV,
0
which implies
linwli o< [vha VYve H (Q)~
Using the operator i,, we can define an operator z, € L(H, (Q)",V}) by
v = (43v) + 750 —4v), ve H Q)

where (7,v)! denotes the part of #,v lying in V}. Then (3.3) holds and, for
any v € Hy (Q)?, we have

v—z0=(v—iv) — 7 (v — 3v) + (v — 5i0)%

Applying (3.2), (A3), (A4), and Friedrichs’ inequality, we obtain for
k=0,1

k . . _ . ~
P v — z0llra < Chllv — o]0 + Chlliv — 5iv]ha < Chlvlhie  (3.6)

and hence (3.5) holds with m = 0. Analogously, using (3.1) and (A7), we
also get (3.4). Finally, in view of (3.3), we have for any v € H; (Q)*

v—2z,0v=(v—7,0) — z,(v— 1,V)
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and hence, using (3.6) and (3.2), we obtain for £k =0,1 and any v €
H™ ()N HY Q) with m e {1,..., 1}

- ~ by 1
Wlv = zollka < Chllv = Hvlla < CA" 0] 0. 0

A conforming discretization of the Navier-Stokes equations can be
obtained from (1.2)—(1.3) analogously as the conforming discretization
(1.7)-(1.8) of the Stokes equations from (1.5)—(1.6). To define a general
reduced discretization of the Navier-Stokes equations, we shall again use
the bilinear form @, and the approximative functional f) introduced in the
preceding section and we shall assume that o3 > 0 and |o; 4 as|< 2,/as. In
addition, we replace the nonlinear term n(u,, u;, v,) from the conforming
discretization by the term

1 9 —9 ]
nh(uh’ up, vh) = n(”:: u;k,,a Uh) + Y1 n(uz’ u;k,’ 'Uh) + y?n(u;a u},,a vh)
—9 9 ~9
+ psn(uy, w;, v;) + pan(uy, uy, v,),
where u} = (u;, — ty,)" + @y, w, = (u;, — uy,)? and 7y, . . ., 74 are arbitrary real

numbers. For y; =y, = y3 =y, = 1, we have n,(u;, u;, v,) = n(uy, uy, vy,).
Finally, we again choose an arbitrary real number oy.

Definition 3.3. The functions u, € H'(Q)? and p, € Q, are a discrete
solution of the problem (1.2)—(1.3) if

u, — i‘bh S V}L, (3.7)
ay(wy, — Wy, ;) + ny(wy, wy, v,) + (v, pr) — by, qn)

= (fu,vn) — d(ﬁbh,v}l) - 05461(171;}“1’%) Yv, eV, ¢ €Q,. (3.8)

Remark 3.4. The discrete problem (3.7)-(3.8) can be interpreted
analogously as the problem (2.6)—(2.7) in Remarks 2.4 and 2.5. Particularly,
foroy = =04=0,03=1,7,=0,i=1,...,4, and f, satisfying (2.8), the
discretization (3.7)—(3.8) can be written in the matrix form (1.10).

Remark 3.5. Using the operator z,, we can define f), by
(fh> v) = <.f: Zh”) Vove H()](Q)d

Then f, satisfies (2.8) and, if f e L2(Q)Y, we have |f — fill_-1.0 <
Chllflo.o-

For investigating the convergence behavior of the solutions of (3.7)-
(3.8), it is convenient to establish operator formulations of both the
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problem (3.7)-(3.8) and the weak formulation (1.2)—(1.3). We shall
proceed in a similar way as in [11], [3], or [6]. We define the spaces

X =H () x L2(Q), X=H'(Q)"xL}(Q), X,=H'(Q)'xQ,

and we equip the space X (containing both X and )?h) with a norm | - ||,
which is some of the usual norms of a Cartesian product of normed spaces.
Further we introduce operators P € Z(H'(Q), X) and R € (X, H'(Q)9)
defined by

Pu = (u,0), R(u,p)=u VYuec H'(Q), peliQ). (3.9)

According to the preceding sections, there exist_uniquely determined
operators T: H'(Q)* — X and T, : H'(Q)* - X, such that, for any
fr fre H'(Q)Y, (u, p) = Tf is the solution of (1.5)—(1.6) and (&, 1) =
T, f is the solution of (2.6)—(2.7). In addition, we define linear operators
T, T9: H'(Q)? - X corresponding to the respective problems with
homogeneous Dirichlet boundary conditions, that is, for any f, f, €
{-I_I(Q)d, (u,p) =T°f is the solution of (1.6) and (&, p;) = T\ f, with
pr € Qy is the solution of (2.6)—(2.7) with #,, = 0. It is easy to verify that

Tf=Tf=Tf=HH=Tf-Tf VEfeH (@'  (310)
and
Tuf =Tf =Ti(f = H=Tof =Tf VFeH (@'  (311)
In the space X, the Dirichlet boundary conditions will be represented by
U, = (@,,0), Uy = (ity, 0).

We recall that the functions u#, and u,, are fixed and satisfy (2.1). Moreover,
from now on, the functionals f, f, € H'(Q)? from (1.3) and (3.8) will be
assumed to be fixed as well and to satisfy

lim [1f = fill-1.0 = 0. (3.12)

To describe the nonlinear terms in (1.3) and (3.8) we introduce operators
G, G, : X - H'(Q)* defined for any U = (u, p) € X and v € H, (Q)" by
(G(U),v) = (f,v) — n(u+uy, u+u,v),
(G (U),v) = (fn, v) — n(zptt + Wy, 2 + Uy, V)

+(1 — y))n(zu + ty, zu + @y, v — 2,0)
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— Yon(zpt + Uy, U — 2,1, 2,V)

— ysn(zptt + Uy, U — 2, U,V — 2,0) — Yan(U — z,U, U+ Uy, V).

Note that G, = G for f, = f, 4, = 4, and y; = y3 = y3 = y4 = 1. Further,
for U, = (uy, p) with u,, satisfying (3.7), we have

(Gh(ﬁh - ﬁbh)’ v,) = (fi, vn) — m(uy, uy,v,) Yo, €V,

Thus, U = (u, p) € X is a solution of (1.2)=(1.3) if and only if U — U, € X
and U = TG(U — U,). Similarly, U, = (uy, ps) € X, is a solution of (3.7)-
(3.8) if and only if U, — Uy, € X and U, =T,G,(U;, — U,,). Therefore,
defining operators F, F;, : X — X by

F(U) =TG(U) - U -U,, F,(U)=T,G,(U)—U-U, VUEeX,

we have

U= (u,p) € X solves (1.2)-(1.3) &« U—-U, e X, F(U-T,) =0,
U, = (uy, pn) € X, solves (3.7)-(3.8) & U,— Uy eX, F(U,—-T,) =0.

Now let us investigate the properties of the above operators.

Theorem 3.6. The operators T, T°, T),, and T' are continuous and the operators
T and T are in addition linear. Further we have

”T(})L”if(H—l(Q)d,X) <C (3.13)
(with C independent of h) and
lim |Tg — Tigly =0 Vge H Q)" (3.14)

If the problem (1.6) is regular, then

”RTO - RT(})LHZZ(LQ(Q)d,L2(Q)d) + h”TO - T(])l”LE(L2(Q)‘1,X) S C hQ. (315)

IfTg € H™(Q)* x H™(Q) for someg € H'(Q)" and ifu, € H™'(Q)? and
N, — |10 < CR™, where m € {1,...,1}, then

ITg —Twgllx <= CA" + Ch(]1 — ol + |1 — oul). (3.16)

Moreover; if TG(U) € H™(Q)* x H™(Q) for some U = (u,p) € X with u €
H" Q) and if u, € H™'(Q)" and (2.17) holds, then we have

ITGU) = T,G(U)llzg = CA" + Ch(L — oy + |1 — o + [T = p1D). (3.17)
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If, in addition, the problem (1.6) is regular; ||it, — @y llo0 < C h™' and (2.19)
holds, then we obtain

IRTG(U) — RT,G,(U)floo < CH" + CR*(J1 — og| + |1 — o] + |1 — 31]).
(3.18)

Proof. Let us consider (2.6)—(2.7) with #,, = 0. Setting v, = @, and ¢, =
fn in (2.7) and applying (2.21), we obtain |#,]i0 < C|lfill-1.0. From
(2.7), (2.22), and (Ab), we then deduce that also |psllo.a < Cllfull-1.0 and
hence we obtain (3.13). The continuity of T, follows from (3.11). Because
the Babuska-Brezzi condition (A5) also holds for the spaces H)(Q)? and
Li(Q) (cf. [11], p. 81), the continuity of T and T° can be proven
analogously. The convergence statements (3.14)—(3.16) immediately follow
from Theorem 2.9 and Remark 2.13.

It remains to show the validity of (3.17) and (3.18). In view of the
continuous imbedding H'(Q) & L*(Q), we have for any u,v,w € H'(Q)*

n(u,w,v) < Vdllullosolvloselwhio< Clulallvholwio  (3.19)
(cf. [11], p. 284, Lemma 2.1). Further, integrating by parts, we get
n(u, w,v) = —n(u, v, w)
- / (v-w)divudx Yu,we H'(Q)Y, ve H (Q)" (3.20)
Q

Using this relation, we obtain for any u, #, w, w € H'(Q)" and v € H} (Q)*

n(u, w,v) — n(u,w,v) = —/ v-(w— w)divedx
Q

— n(u,v,w —w) + n(u — u,w,v). (3.21)

Thus, owing to (3.19) and the imbeddings H'(Q) & L*(Q) and H*(Q) ©
C(Q), we derive for any u € H*(Q)*, u € H'(Q)* and v € H (Q)*

n(u,u,v) — n(i,u,v) < C(|lu—ulooluloo + llu—ali vl
Therefore, we get for any u € H*(Q)* N H} (Q)? and v € H} (Q)*

n(u + wy, u + w,,v) — n(zu + Wy, U + Uy, v)
< C(llu — zulloo + llu, — wplloo)lu+ w,lloallvlie

2 T
+ C(llu — zulli g + llwy — wnlly o) vl1.0-
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Further, we have

n(zyu + Uy, U + Uy, v) = —n(U — U, 2, + Uy, v) — n(Uy — Uy, 2,8 + Uy, V)

+ n(u + wy, z,u + tyy,, v)

< Cllzmu + i‘bh”],ﬂ(”u — zullallvlie
+ iy — plliallvllie + llu+ @lloolvlos),

n(zu + Wy, u — zu,v) = —n(u — zu, u — z,u,v) — n(u + u,, v, U — z,U)
— / v- (u—zu)div(u + u,)dx
Q

— n(ly, — Uy,  — z,U, )

< C(llu — zull} o + lu+ @0l — zulloo

+ llwy — aplho llu — zullo)lvlo,
n(u — zu, u + ty,,v) = n(u — zu, u + y,v) — n(u — z,u, Uy, — Uy, V)
< C(llu — zulloo llu+ ayllo.0

+ llu — zullvo @, — wnlle)lvlhe.
Applying (3.3) and (3.5), we obtain

IG(U) = Gu(Wliwty < ILf = fullyiy + CO*" Nlully 0+ ity — il o)
h h

+ CCh" ™ ull o + ity — @lloo)llwe + @ llo0

and
IG(U) = Gh(U)llpv,y = ILF = il + CRIL =yl llu + 15
+ C(h" lull 1,0 + 1y — wpllio) (lellz.o + 1@sllo0 + 1wl 0),
and (3.17) and (3.18) follow applying Theorem 2.9. O

Theorem 3.7. The operators G and G, are C' mappings and the Frechét
derivative DG(U) is compact for any U € X. Moreover, we have for any U, U € X

IDG,(U) — DG, (U) | sxir1ayty < CIIU = Ulis, (3.22)
lim [ G(U) = G(U)]-1,0 = O, (3.23)

lim [DG(U) — DGw(U)llyxi-109) = 0, (3.24)
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where the constant C is independent of h. If i, € H*(Q)*, then we obtain for any
U = (u,p) € X withu € H*(Q)*

IDG(U) — DG (Ul 4x,m-10yty < Ch(llullo,o + llasllon) + Clliy — -
(3.25)

Proof. Consider any v € H;(Q)? and any U, U, We X with U = (u, p),
U= (u, Za) and W= (w, ¢). The Fréchet derivatives of G and G, are given by

(DG(U)[W],v) = —n(u+ @y, w,v) — n(w, u + iy, v),
(DGL(U)[W], v) = —n(z,u + ty,, zw, v) — n(z,w, z,u + Uy, v)
+ (1 = y)n(zu + wy,, 2w, v — 2,0)
+ (1 =y n(zmw, z,u + Uy, v — 2,0)
— g n(zt + Uy, W — 2,W, 2,V) — Yo n(zW, U — 2, U, 2,V)
— 5 Nz, U+ Uy, W — 2, W, V — 2,0) — Y3 n(ZW, U — 2,U, V — 2,V)

—an(U — U, w,v) — Py n(W — 2,W, U + Uy, V)
and hence we obtain using (3.19) and (3.5)
(DG, (U)[W] — DG, (D)[W1, ) < Cllu — itll1q [wlia V]9,

which gives (3.22). The same estimate holds for the operator G and hence
both the operators are C' mappings. Applying (3.20) and (3.19) and using
the imbedding H'(Q) & L*(), we obtain for any v € Hy (Q)?

(DG(U)[W]a v) = n(u + ﬁba v, w) - n(w, u-+ ilba v)

+ /(v -w)div(u + u,)dx < Cllu + w, |l o llwlloa0llvlh0-
Q

Thus, we have
IDG(U)[Wlll-1,0 < Cllu + w1 allwllos0

and because the imbedding H'(Q) G L*(Q) is compact, we deduce that
DG(U) is a compact operator. Applying (3.21) and (3.19), we obtain for
any u, u, w, w € H'(Q)%, and v € H; (Q)*

n(u, w,v) — n(u,w,v) < C(|lw— wlosollullia+ e —ulloso W) llv|ho.
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Using this inequality and (3.19), we get

(G(U) = G4(U), v)
<{f = fiv)+ Cllzu+ i‘bh”ig lv—z,vlo4,0
+ C(|lu — zulloso + @y — apllio)ullio + @lhe + l@mllo) v,
(DG(U)[W] = DG, (U)[W], v)
< Cllzu + upllio lwlhio lv — zvlloan + CUlullio + @l + l@mlhe)

X lw = zwlloso Vlio+ Cllu — zullosa + iy — wp o) llwlhollvlie

and (3.23) and (3.24) follow from (3.4), (3.12), and (2.1). Finally, let u,
u, € H*(Q)". Then, analogously as in the proof of Theorem 3.6, we derive
using (3.20) and (3.21)

(DG(U)[W] — DG, (U)[W], v)
< C(lv—zlloollwlia + lw—zwloallvlie) e+ @,lls0

+ C(lu — zaullo + i, — wpllio)llwllie [[v]ho
and (3.25) follows using (3.5). O
Theorem 3.8.  The operaiors ¥ and ¥, are C' mappings satisfying

IDF,(U) — DF,(U)|lvxx) < CIU=Ullg YU, UeX, (3.26)
lim [F(U) ~F,(U)lg =0 Y UeX, (3.27)

%irr(l) IDF(U) — DF,(U)|lsxx) =0 VYUeX, (3.28)
where the constant C is independent of h.

Proof. Using (3.10), (3.11), and Theorems 3.6 and 3.7, we infer that, for
any U € X,

DF(U) = T'DG(U) — 1, DF,(U) = T)DG,(U) — 1,

where I: X — X is the identity operator. Thus, (3.26) immediately follows
from (3.13) and (3.22). Further, using (3.11), we obtain

F(U) — F,(U) = (TG(U) — T, G(U)) + TUG(U) — G,(U)) — (U, — Uy,)

and (3.27) follows applying (3.14), (3.13), (3.23), and (2.1). Finally,
we have

DF(U) — DF,(U) = (T° — T)DG(U) + T(DG(U) — DG, (U)).
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According to (3.13) and (3.24), the second term on the right-hand side
tends to zero and, employing the compactness of DG(U), (3.13), and
(3.14), it can be shown by contradiction that the first term converges to
zero as well. (]

The properties of the operators F and F;, make it possible to investigate
the existence and convergence of the solutions of (3.7)-(3.8) by applying
the abstract theory of the approximation of branches of nonsingular
solutions developed by Brezzi, Rappaz, and Raviart [6]. Here we shall use
a particular result of this theory, which is formulated in the following
theorem. Let us recall that U € X is a nonsingular solution of the equation
F(U) =0 if F(U) =0 and DF(U) is a topological isomorphism of X.
Analogously, we say that U = (u, p) is a nonsingular solution of (1.2)—(1.3)
if U — U,, is a nonsingular solution of F(U) = 0, and that Uh (uy, pr) is a
nonsingular solution of (3.7)—(3.8) if Uh Ubh is a nonsingular solution of
the equation F,(U) = 0.

Theorem 3.9. Let X be a Banach space and F : X — X a C' operator. Let
{F..}) be a family of C* operators F), : X — X satisfying (3.26)—(3.28). Then, for
any nonsingular solution UeX of the equation F(U) = 0, there exist constants
hy >0 and R > 0 such that, for h € (0, hy), the equation ¥,(U) =0 has a
solution that is unique in the ball

B(U,R) = (VeX, |U-V|x <R}
Moreover; these unique solutions ﬁh € %(fj, R) are nonsingular and satisfy
10 = Uilix < CIFO)lIx ¥ h e (0, hy), (3.29)

where the constant C is independent of h.

Proof. The theorem is a consequence of Lemma 3.3, inequality (3.15),
and Theorem 3.1 from [11], pp. 301-302. O

Now we can easily prove the following existence and convergence result
for the problem (3.7)-(3.8).

Theorem 3.10. Let the constants oy, as, 05 used for defining a, satisfy o5 >0
and |og + o] < 2 ./as and let u, p be a nonsingular solution of the problem
(1.2)=(1.3). Then there exist constants hy > 0 and R > 0 such that, for h €
(0, hy), the problem (3.7)—(3.8) has a solution uy, p, that is unique in the ball

{(@,p) e H( Q)" x Lj(Q), llu—ilio+Ip—ploa < R}
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Moreover, these unique solutions are nonsingular and satisfy
}lli%{ lu —wupllio +11p — pulloo} = 0. (3.30)

In addition, if, for some m € {1,...,1}, u, w, € H™'(Q)?, p € H"(Q) and
(2.17) holds, then we have for any h € (0, hy)

lw —upllio+11p— pulloa < CA™ + Ch(1 — oy + |1 —og| + [T — p1]).
(3.31)

Proof. The solvability and the convergence (3.30) immediately follow
from Theorems 3.8 and 3.9 and from the assumption (2.1). For proving
the estimate (3.31), we apply the relation

F,(0) = F,(U) - F(U) = T, 64(U) - TG(U) + U, — Uy,
valid with U = (u — i, p), and the relations (3.29) and (3.17). O

For proving an improved convergence of the velocity in the L? norm,
we need an extension of the operator DF(U) defined on L*(Q)¢ x Lg(Q).
Such an extension can be easily constructed if RU + &, € W'*(Q)¢, where
R is the operator defined in (3.9). Because we are now only interested in
the behavior of the velocity, we shall drop the pressure space L3(Q) in the
following.

First, assuming that #, € W'*(Q)¢, we introduce an operator H:
W) - L(L2(Q), H'(Q)?) defined for any ue W'(Q)!, we
L*(Q)? and v € H} (Q)* by

H(uw)w, v) = n(u + u,,v,w) — n(w, u + u,,v) + f (v-w)div(u + u,)dx.
Q

Because W'(Q) C(ﬁ), the operator H is well defined. Moreover,
according to (3.20), we have for any U, W € X with U = (u, p), W = (w, ¢q)
and u € WH*(Q)¢
H(uw)w = DG(U)[W]. (3.32)
Now, we define an operator B : W'(Q)? — L(L*(Q)%, L2(Q)?) by
B(u) = RT’H(u) -1 VYue W"(Q)4,

where 1: L2(Q)? — L*(Q)" is the identity operator. Then we have for any
U € X with U = (u, p) and u € W'*(Q)*

B(u)w = RDF(U)[Pw] VYw e H)(Q)", (3.33)
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where P is the operator defined in (3.9), and hence B(u) can be used as the
above-mentioned extension of the operator DF(U). The following property
of the operator B is crucial for our further proceeding.

Lemma 3.11. LetU = (u,p) € X, u € W (Q)?, be such that DF(U) is a one-
to-one mapping. Then B(u)™" exists and is continuous.

Proof. Consider any w € L*(Q)" and assume that B(u)w = 0. Then w =
RT'H(u)w € H) (Q)? and hence, by (3.33), RDF(U)[Pw] = 0. Therefore,
DF(U)[Pw] = (0, ¢) for some ¢ € Lg(Q) and because DG(U)[W] depends
on W only through RW, we infer that DF(U)[W] =0 for W = (w, ¢).
Therefore, W =0, which means that B(x#) is a one-to-one mapping.
Now, assuming that B(x)™' is not continuous, there exists a sequence
{w,}>2, C L*(Q)" such that ||w,]loo =1 and |B(#)w,|on < 1/n for any
n € N. Because the space H'(Q)) is compactly embedded into L*(Q), the
operator RT  H(u) € Z(L*(Q)", H) (Q)?) is compact as an operator from
L)Y, L*(Q)?Y). Therefore, the sequence w, = RT'H(u)w, — B(w)w,
contains a subsequence, which we again denote by w,,, such that w, — w for
some we L2(Q)". Clearly, B(w)w = lim,_, B(#)w, = 0 and hence w = 0.
That is however in contradiction with |w|pq =1lim, . |[w,]oq = 1.
Therefore, B(u)~! is continuous and the lemma is proven. O

Now we can investigate the convergence of the velocity in the L? norm.

Theorem 3.12. Let the constants oy, o9, os used for defining a, satisfy as > 0
and |oy + 09| < 2 /o5 and letu € H™(Q)4, pe H"(Q), me {1,...,1}, bea
nonsingular solution of the problem (1.2)—(1.3). Let u,,, py be the solution of the
problem (3.7)—(3.8) from Theorem 3.5. If the problem (1.6) is regular, (2.17) and
(2.19) hold, ity — @ llo0 < Ch™ and w, € H™'(Q)?, then we have for any
h € (0, hy)

lu —upllon < CR" 4+ CRAT — ol + 1 = ol + [T = ]). (3.34)

Proof. Denote ﬁ = (u,[)), Gh = (uh,ph), fj = G — ﬁb, Gh = Gh — fjbh,, u=
RU and &, =RU,. Then & € H™'(Q)* N Hy (Q)*, &, € Hy (Q)? and

F(U)=0, Fu(U;)=0. (3.35)
Using (3.32), we obtain

B(@)[&t — it,] = R(T°DG(U)[U - U,] — U+ U,)
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and, in view of (3.11) and (3.35), we infer that

T°DG(U)[U - U, ] - U+ U, = (T° — T)DG(U)[U — U,]
+ TYDG(U)[U — U,] — DG, (D)[U — U, 1}
+ TUDG,(U)[U — U] — G(U) + G, (U,))}
—{TGU) =T, Go(U)} + {U, — Uy}

Because DG(U)[W] = —(Vw)u — (Vu)w € L2(Q)? for any W = (w, q) € X,
it follows from (3.15) that

IR(T’ — TODG(U)[Wllo.a < C 12 [DG(U)[W]lloq < C A [|ulls.q [w]1q.
Further, it is easy to show that
IDG,(D)[U — Ty = Gu(U) + Gu(Up) |10 < Cllit — ity 12

Thus, we deduce from (3.13), (3.25), (3.18), (3.31), and the assumptions
of the theorem that

IB(@)[i — wy]lloo < ChA" + Ch*(J1 — o] + |1 — o] + [T — p1]).

According to Lemma 3.11, we have & — @, < C||B(@t)[u — u,]|loo and
the theorem is proven. O

Remark 3.13. It follows from Lemma 2.6 that (3.30), (3.31), and (3.34)
remain valid if u,, is replaced by w} = (u), — @y,)" + @y,

4. VALIDITY OF THE ASSUMPTIONS (A3), (A4), AND (A7)

In this section, we assume that () is a bounded domain with a polygonal
resp. polyhedral boundary, which makes it possible to introduce a family of
triangulations 7, of ) consisting of polygonal resp. polyhedral elements 7"
(e.g., triangles, squares, tetrahedra, or hexahedra). The parameter A
represents the largest diameter of the elements of J,. We assume that
there exists a reference element 1 such that, for each element T, we
can introduce a regular one-to-one mapping Fr : T — T with Fp(T)=T.
Moreover, we assume that the triangulations I, possess the usual
compatibility properties (cf. [7]) and that they are shape regular in the
sense that

\Frliieo7 < Chr, |Fp'lioor< Chy' YT €T, h>0,
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where /iy = diam(7") and the constant C is independent of 7" and A. Thus,
denoting for any element 7 and any v € L'(T)

vr =v o Fp,

we have
Chd”vT”O],T — ”v”O[)T —_ Chd”"UT”M T VUELP(T)’ Tegh; ]721; (41)
Chi2or5 < (o} < ChI2loe2 ;. Yoe H(T), T €T, (4.2)

Using the mappings 7, we can introduce general finite element spaces

W ={ve H'(Q), ir € W'VT €T},
W2 = {ve H'(Q), 9y € W2V T €T},

where Wl, w2 c Hl(/f") are some fixed spaces defined on the reference
element. The following two lemmas give sufficient conditions for the
validity of (A3), (A4), and (A7).

Lemma4.1. Let W' bea Sfinite-dimensional subspace of H Y(T) and let W? be
a closed subspace of H'(T) such that W' N W2 = {0}. Then

1
lullio + lvlho < Clutolia YueW, veW,.

Proof. Because, in a finite-dimensional space, any bounded sequence
contains a convergent subsequence, it is easy to show by contradiction that

0<C = inf inf |2+ 9] 7.

fleW! HulllA—l 2eW?
This implies that Gl 7 F=<lu+7lhz Yue W, 5e W2 According to
[16], p. 18, Theorem 1.5, we have ||u||1 < Gzlu|1, Yue HI(T) ﬂLz(T)
which 1mphes that G [ul, 7< G |u+ 7 for any me W' NLAT), 7€
W2N L(T) and hence for any % € W', 5 € W2. Applying (4.1) and (4.2),
we get |lullo < Cllu+vl1oVuce W}L, v €E Wi and the lemma follows. O

Lemma 4.2. Let W2 be a closed subspace of HI(IT) such that 1 & we. Then,
forany p € [2,2d/(d — 2)), we have

11
lullopo < Ch™ Dlul g Yue W3,

Proof. Because the space H LTy is compactly imbedded into LX(T)
(cf. [16], p. 106, Theorem 6.1), it can be shown similarly as in the proof of
Theorem 1.5 from [16], p. 18, that ||u||0,,T <Clul,7 Vue W2. Then the

lemma follows using (4.1) and (4.2). O
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Remark 4.3. Note that it is not assumed that W? is finite-dimensional.
This makes it possible to use spaces V; locally adapted to achieve a proper
stabilization. Particularly, one may think of defining V; in the framework
of residual-free bubbles techniques.

Remark 4.4. The above results show that the assumptions (A3), (A4),
and (A7) are satisfied for the examples of the spaces V) and V; mentioned
in Section 1.
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