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STABILIZATION METHODS OF BUBBLE TYPE FOR THE Q;:/Q:—ELEMENT
APPLIED TO THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

PETR KNOBLOCH! AND LUTZ TOBISKA?2

Abstract. In this paper, a general technique is developed to enlarge the velocity space V1 of the
unstable Q1/Q1-element by adding spaces Vi such that for the extended pair the BabuskaBrezzi
condition is satisfied. Examples of stable elements which can be derived in such a way imply the
stability of the well-known Q2/Q1—element and the 4Q1/Q1—element. However, our new elements are
much more cheaper. In particular, we shall see that more than half of the additional degrees of freedom
when switching from the @1 to the Q2 and 4Q)1, respectively, element are not necessary to stabilize
the Q1/Q1—element. Moreover, by using the technique of reduced discretizations and eliminating
the additional degrees of freedom we show the relationship between enlarging the velocity space and
stabilized methods. This relationship has been established for triangular elements but was not known
for quadrilateral elements. As a result we derive new stabilized methods for the Stokes and Navier—
Stokes equations. Finally, we show how the Brezzi-Pitkaranta stabilization and the SUPG method for
the incompressible Navier—Stokes equations can be recovered as special cases of the general approach.
In contrast to earlier papers we do not restrict ourselves to linearized versions of the Navier—Stokes
equations but deal with the full nonlinear case.
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1. INTRODUCTION

In this paper we introduce a general class of stable finite element spaces suitable for a numerical solution of
the Stokes equations

—vAu+Vp=f, divu=0 in Q, u=0 on dQ, (1)
the Navier—Stokes equations
—vAu+ (Vu)u+Vp=f, divu=0 in Q, u=0 on 0 (2)

or other problems describing incompressible materials. In the equations (1) and (2), w is the velocity and p is
the pressure in a linear viscous fluid contained in a bounded domain 2 C R? with a polygonal boundary Of.
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The parameter v > 0 is the kinematic viscosity and f is an external body force, e.g. the gravity. Denoting
a(u,v) = / Vu - Vodz, n(u,w,v) :/ v- (Vw)udz,
Q Q
b(v,p) = 7/ pdivvdz,
Q

the usual weak formulation of (1) reads: Given v > 0 and f € H=1(Q)?, find w € H}(Q)? and p € L3(2) such
that

va(u,v) +b(v,p) —blu,q) = (f,v) Ve H;(Q)? qe LjQ), (3)

where L3(£2) consists of L?(2) functions having zero mean value on €. It can be shown that this problem has
a unique solution (cf. [14], p. 80, Theorem 5.1). The weak formulation of (2) is given by

va(u,v) + n(u,u,v) +b(v,p) —b(u,q) = (f,v) VYwveH(Q)? qeLj(Q). (4)

The problem (4) has a solution which is unique if v is sufficiently large and/or f is sufficiently small (cf. [14],
pp- 291 and 292).
A standard Galerkin finite element discretization of (3) reads: Find uy, € Vi, and pp, € Qp, satisfying

va(un,vy) + (v, pr) —b(un,qn) = (f,vn) Vo, € Vi, qn € Qp, (5)

where Vy, C HE(Q)? and Qp, C L3(€2) are some finite element spaces defined using a triangulation 7, of . In
this paper, we shall consider only triangulations consisting of quadrilaterals T' (cf. Sect. 2) and we shall use the
spaces

Vi ={ve H Q) voFrecQT)> VT €Tp},
Qn={ge H(Q) NL3(Q); go Fr € Qi(T) YT € Tp}

for approximating the velocity and the pressure, respectively. Here, Ql(f) is the space of bilinear functions
defined on the reference square T and Fr € Q1(T)? is a one—to—one mapping which maps 7 onto T'. Tt is well
known that this pair of spaces does not satisfy the Babuska—Brezzi condition

3B>0: sup PR S gy Vg e Qu k>0, (6)

vLeVI\{0} vl q '
which often causes that the problem (5) with V;, = V} is not solvable or that its solution contains spurious
oscillations. One way to suppress these oscillations and to assure the solvability is to add some extra terms
to the discretization (5) (cf. e.g. [7,9,15,19]). Another way is to enlarge the space V} by a space V3 so that
the Babuska—Brezzi condition is satisfied. Here we shall first consider the second possibility and construct a
general class of spaces V2 assuring the fulfilment of the Babuska-Brezzi condition. Then we shall show that,
for suitable spaces V3, the V}—component of wj, and the function pj, are solutions of the stabilized methods
of 9,15].

In case of the mini element [1], which is defined by enriching continuous piecewise linear functions by cubic
bubble functions, the close relation to the stabilized methods of [9,15] was already discussed in [3,18]. Similar
results for a convection—diffusion equation were obtained in [6]. In an abstract framework, the equivalence
between Galerkin methods with bubble functions and stabilized methods was investigated for linear problems
in [2]. For the linearized incompressible Navier—Stokes equations, the relation between a Galerkin method with
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the mini element and the streamline upwind Petrov—Galerkin method (SUPG) was studied in [12]. In [20], this
relation was investigated for residual-free bubbles and it was shown for the triangular P; /P;—element that also
the correct stabilization parameters in both the diffusion-dominated and the convection—-dominated regimes can
be recovered. However, generally, e.g. for the Q1 /Q1—element considered here, a stabilization using residual—free
bubbles is not equivalent to the SUPG method (cf. [8]). Finally, it was also shown that bubble functions can
help to design new stabilized methods (¢f. e.g. [11,13]).

There is a lot of further papers devoted to investigations of discretizations stabilized using bubble functions,
but the most of them are restricted to triangular elements and to linear problems. In this paper, we deal with
quadrilateral elements and, in addition, we consider more general functions than bubble functions. Apart from
investigating the relations to some well-known stabilized methods, we shall also derive, eliminating a suitable
space V,QL from the discretization, a new type of stabilization which can be applied to both the Stokes and
the Navier—Stokes equations. In addition, we shall establish a discretization of the Navier—Stokes equations
which is, after elimination of a suitable space V7, equivalent to the SUPG method studied for the linearized
Navier—Stokes equation in [12] and in the full nonlinear case in [21].

The space Vi added to V}, to satisfy the Babugka—Brezzi condition will be defined in a general way as

V3 = span{g} t; )",

where ¢! € H}(Q2) and ¢}, € R? are some suitable functions and vectors, respectively. The proof of the Babuska—
Brezzi condition for the spaces V;, = V} & V2 and Qp, which uses some ideas of [4] and a modification of the
Verfiirth trick [22], requires that the functions ¢! have localized supports and that, for any ¢}, there exists a
point Ai € Q such that

dan dan , ; | ,
| o= S [ eids YaeQu =1 N, (7)
all oqn , s 2
i < CRT Y |55 (A7) Vg €Qn TeT,. 8)
i=1, h
Arer

We shall give explicit examples of spaces V2 such that (7) and (8) are fulfilled.

If Al lies on an edge E of the triangulation 7}, the corresponding function ¢! can be associated with F
and we require that ¢! is tangent to E. In other words, vector functions associated with edges used to stabilize
the Q1/Q1—element are tangent to the edges. This is not the case for a stabilization of finite elements with
discontinuous pressure like the quadrilateral @1/Py—element or the triangular P;/Py—element, where vector
functions orthogonal to the edges are used (see [5,10]).

The plan of the paper is as follows. In Section 2, we introduce some notations and summarize the assumptions
on the triangulations and the functions ¢ needed for proving the Babuska-Brezzi condition in Section 3. In
Section 4, we give some examples of the functions @ﬁl and construct proper subspaces of the stable Q2/Q1—
element and the stable 4Q1 /Q1—element which satisfy the Babuska—Brezzi condition. Further, in this section, we
also recover the stability of the @Q;—bubble/Qi—element by Mons and Rogé [17]. We investigate discretizations
obtained from (5) by eliminating the VZ-component of wy in Section 5 and discuss the general framework
between this technique and stabilized schemes. Particularly, we derive a new type of stabilization in Section 6
and show the equivalence to the stabilized methods of [9,15] in Sections 7 and 8. Finally, in Section 9, we show
that, for a modified discretization of the incompressible Navier—Stokes equations and a suitable choice of the
space V37, the V}—component of uj, and the function py, are solutions of the SUPG method analyzed in [12,21].

2. ASSUMPTIONS AND NOTATIONS

We assume that we are given a family {7} of triangulations of the domain 2 parametrized by a positive
parameter h — 0 and having the following properties. Each triangulation 7, consists of a finite number of closed
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convex quadrilaterals T' (which will be often called elements in the following) such that hy = diam(T) < h,
Q= UTET;L T and any two different elements 77, T5 € 7}, are either disjoint or possess either a common vertex
or a common edge. In order to prevent the elements from degenerating when h tends to zero, we assume that
any triangle ZN“, the vertices of which are three vertices of an element T € 7, satisfies

e
L S Cl ) (9)
oF

where

hg = diam(T) = sup |z —yl, oF = sup diam(B)
z,yeT BCT is a circle

and the constant Cj is independent of h.

We introduce a reference Cartesian coordinate system with axes 71, T2 and we define a reference element
T = [0,1]2. For any T € Tj, we denote by Fy = (Fry, Frs) a fixed one—to—one mapping Fr € Q1(T)? which
maps T onto T. Such a mapping always exists and the assumption (9) guarantees that

Frly or SChr,  |Fp'lisor < Chy! VT eTh, (10)
where the constant C' depends only on C;. Thus, we have

Chrllveo Frlgz < [ollor < Chrlvo Frllyz  ¥VveIXT), TET, (11)
Clvo Prl,p<|olyp <ClvoFrl, 3 YveHT), TET,. (12)

We shall use the notation Jp(Z) = DFyp/DZ(z) for the Jacobi matrix of Fp.

In the following, we formulate general assumptions which are essential for the construction of the supplemen-
tary space V%L. Later, in Sections 4, 6, 7 and 9, we shall show how these assumptions can be satisfied in special
cases. N

We suppose that we are given functions {$p*},.p C H*(T) (where P is some parameter set which is usually
finite) such that, for any a € P, the function @® vanishes on at least three edges of T and there exists a point
A € T different from the vertices of T satisfying

/ﬁ@adzg:a@a) ﬁ 7dd Vaequ(d). (13)
T T
Further, for any o € P, we introduce a unit vector ¢ = (£%,3) and we denote n® = (£3,7%). If A% € 9T, we
require that %" coincides with the direction of the edge of T containing A, We admit P = @” for a # B in
order to be able to use the same function ¢ with two different directions £". For formal reasons, we also admit
©* = 0. In this case, (13) is automatically satisfied for any point Ao,

Now, using the mappings Fr, we transform the functions ©® onto elements T of a triangulation 7; and

introduce finite element functions ¢} € Hg(Q2) \ {0}, i = 1,..., Nj, having their supports always in one or two
elements. Precisely, we assume that, for any ¢ € {1,..., N,}, either

ITET, ac€P: Fr(A") €0QUntT, @lp =30 Fr', @hlgr =0 (14)
or

ITT €Ty, a,d €P: TNT ={edge}, Fr(A*) = Fp (A"),

‘PMT:@aOFT_la ‘%’;L|T':@a°FT_/17 ‘PMQ\(TUT'):O- (15)



STABILIZATION METHODS OF BUBBLE TYPE 89

The assumption Fr (//1\”‘) = Fp (//1\”‘/) in (15) implies that A, A € dT. Note that the function ¢t defined by
(15) may vanish on one of the elements T', T”. In both cases (14) and (15), we set

A= Fr(A), = (A E /(AT
and we denote
A=A, t.o=%, @ =a"
(and AL, =A%, T, =%, @A =n")

In the case of (15), we then also have A} = Frp/ (//1\”‘/) and

th = Jp (AN )| I (AT | or bl = —Jp(A)E | Jr (A E .

We suppose that the functions {¢f i} are linearly independent and that

card{ie{l,...,Nh}; AgeT}g@ VT e,

where the constant C5 is independent of h. The support of any function (p% is contained in the union of the
elements containing the point Aj; which will be denoted by F;. Thus, P} consists of one or two elements.
Further, we introduce the quantities

UQ @ﬁldx} . .
—_— =1.....N = 1 4
|P}ZL| |902|1 Q ! ’ e Th i:{?.l.I}Nh Th

Vh =
which influence the magnitude of the constant in the Babuska—Brezzi condition. Defining the functions ¢ in a
suitable way, the value of v, can be made arbitrarily small. However, arbitrarily large values of =y} cannot be
obtained. It can be shown that v, < 24 and, if 7}, consists of rectangles, we even have v, < 1.
Finally, we introduce an assumption assuring the validity of (8). We assume that, for any T' € 7}, there exist
points A, A{L, AF € T (with 4,4,k € {1,..., N,}) such that the number

Sk = (@ x Ad) Ak A 4 (@ x k) Ak - Al 4 (A5 x Ak Al - AL (16)
satisfies
185 > C5 > 0, (17)

where the constant C3 is independent of T and h, the vector product a x b is defined as a1 bs — by as and ﬁzT . ng
is defined as n7. - (A4 — 0).
Remark 1. Using the identity (7’ x 7, ne o+ (T av) Ak + (Ak x Ak 7, =0, we have
P R I TP . UV TPV
S{" = (p x fp) g - (Af — Ap) + (g x fig) g - (Ap — A7)
If, particularly, 7> and ﬁjT are equal and orthogonal to fis., then

57| = |y - (A — AF)].

which illustrates the meaning of (17).
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Remark 2. If 7;, consists of parallelograms, it is sufficient for proving the Babuska—Brezzi condition to assume

ﬁa-/f(a—ﬁa)w(f)dse:o (18)

instead of (13) (¢f. Remark 6 in Sect. 3). Functions satisfying the property (18) are easier to construct than
those ones satisfying (13).

Remark 3. Let ™ be given by a formula which is invariant to WAhich vertex of T is chosen as the origin of the
coordinate system Z1, T (with axes in the directiq\ns of edges of T). Let {g'}}_; be a basis of Q1(T') consisting
of bilinear functions equal to 0 in three vertices of T' and equal to 1 in the remaining vertex. Then ff Peqdr =
J7 @*q" dz for i = 2,3,4 and since 2?21 ¢' = 1, we infer that [ ¢*¢q'dZ = i Jz@*dz, i=1,...,4. Any
7 € Q1(T) can be written as § = Zle o' @' and hence [7 $*qdz = § Z?zl of [z ¢dz = q(Cy) [7 @™ dz,

where C7 = (1, 1) is the barycentre of T. Thus, (13) holds with A* = Cz. An example of such an invariant

function @“ is the biquadratic function
(@) =21 (1 —21)Z2 (1 — T2) .

Remark 4. It is not necessary to construct invariant functions @ to satisfy (13). An example of a non—
invariant function satisfying the relation (13) is the biquadratic function

@) =21 (1=21) (1 —72) (1/2 — 72)

for which A* = (1/2,0).
Remark 5. If A¢ lies on an edge of some element of the triangulation 75, then ¢} is a unit vector in the direction
of this edge. Therefore, the derivative %(Aﬁl) is well defined for any g5, € Qp and any 7 € {1,..., N,}. That

is essential for our proceeding in the following section.

3. PROOF OF THE BABUSKA-BREZZI CONDITION

In this section, we prove that, under the assumptions made in Section 2, the spaces V;, = Vi & V2 and Qp,
satisfy the Babuska—Brezzi condition with a constant proportional to 7. First, in Lemmas 1 and 2, we prove
the validity of (7) and (8). Then, in Lemma 3, we establish a Babuska—Brezzi condition with a ‘wrong’ norm of
qn and, finally, in Theorem 1, we prove the desired Babuska—Brezzi condition applying the modified Verfiirth
trick.

Lemma 1. We have

dqn i _ Oqn
— o, dr = —
q Ot} at;,

(A;)/ga;dx VaneQn,ie{l,...,Np}. (19)
Q
Proof. Consider any T' C P} and g5, € Qp, and set gr = g5 o Frr. Since

(V) (Fr(Z)) = Jr(@)~ " @qAT(ZE) VZeT, (20)

where V = (8/0%,,0/0%,)T, we have

/wgt;.vqhdx:/Awt;.JgTﬁaﬂdetJﬂdf. (21)
T T
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It is easy to verify that

OFry  0Fn
1 1 852 83?2
T 7 detJr OFpo OFp,
0T, 071

Since the Z1—derivative of a function from Ql(f) is a linear function of To which does not depend on Z; (and
similarly for the Zo—derivative), we infer that (det Jr) J; TVar € Qi(T). Using the fact that det Jr # 0 on T,
it follows from (21) and (13) that

/gpﬁltﬁl-thdx:tﬁl-(JT’TﬁqAT|detJT|)(XO‘)/A@"‘dy?.
T T

Applying (13) with ¢ = | det Jr| and using (20), we get

an i i ~_ Oan i i
Lo =t (Va(4)) [ 5 det Jrldi = (4} [ o
O
Remark 6. If 7, consists of parallelograms, then Jr = const. and it follows from (21) that
/ ¢ty - Van dz = /A Gt - Vgrdz|det Jr|/|Jrt |,
T T
where we assume that t, = Jpt /|Jrt | (f &, = —Jpt /|Jrt |, we can proceed analogously). Denoting
a\T(-/f) = EO + & T+ & To + 53 T1 22 and A% = (61,62), we haveforz € T
9qr ., _ 9qr , 4 PO 9qr . _ 9qr 4 POt
AT 3) = 2L (A% 4 €4 (T — T 2y = LT Aoy 4 e (3 —ar).
8551( 83?1( )+ &3 (T2 —a2), 83?2( 83?2( )+ &3 (71 —a1)
Hence
t° V@) =1t - Vir(A*) + &n® - (7 - AY)
and we see that, for proving (19), it suffices to assume (18) instead of (13).
Lemma 2. There exists a constant Cy independent of h such that, for any T € Ty, we have
Np dan . 2
lanl? ¢ < Cah > ot (A}) Van € Qn- (22)
—ry
Ajer

Proof. Let A € T, 7' € R2, || = 1,7 = 1,2, 3, be points and vectors satisfying (17) and let again/t\i = (4, n?),
1=1,2,3. Let us set fort € T and i = 1,2,3

7@ ={mT@ET AT AT @ AT (=2, B + RT x At B 2
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with the convention that i —1 =3 fori=1andi+1 =1 fori=3. For any t = (¢1,3) and 7 = (2,%), we
have

M (7) = {AExa™Y@E™ A — (axa Y@ A+ @ </ Va7

so that

o7
ot’

( =800y, 0,i=1,2,3,

where S123 is defined by (16), d;; = 1 for i = j and d;; = 0 for ¢ # j. Thus, for any ¢ € Ql(f), the function

3 an
1 aq ~ . ~
z) =q(0 = — (A" ¢*(2), T
P =00+ 5 D AT @)
satisfies
8—5(@):8—5(@'), i=1,2,3. (23)
ot ot

Let us show that p = ¢. We denote p(Z) — q(Z) = &1 1 + &2 To + &3 T1 Z2. Then it follows from (23) that
L+ &l +&A - =0, i=1,2,3, (24)
which implies that
LA xAY) +&{(A-aYas — (A Al =0, i=1,2.

Subtracting the second equation multiplied by n' x 7® from the first equation multiplied by n? x ﬁB, we infer
that &3m3 5123 = 0. Analogously we obtain from (24)

b (3% x %) + & (A AR — (B %Al =0, =12,
and &3 13 5123 — (. Thus, & = 0 and it follows from (24) that
G xw)=0,  &@xn)=0, ij=123,

which gives & = & = 0 in view of (17). Therefore, p = §. Since |Z < /2 for any T € T, we have ‘LA( )’ <32
for any t € R? with [t| = 1. Hence, applying (17), we get

108
2 B2
|qA]1,T 1 T =
which implies (22) in view of (12), (20) and (10). O
Lemma 3. We have
b(vn, qn)
sup Z3 > ey Van€Qa. (25)

v,eVi\{0} |’Uh|1,9 \/C2C4 TeT,
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Proof. Consider any v, € V}Zl. Then vy, = th1 al cph for some real numbers o'. We can assume that
fQ @i dx #0 for i = 1,..., N, since otherwise 7, = 0 and (25) holds. Thus, we have because of the definitions
of Cy and vy,

N, Np, i 2
2 2 N2 & L‘QUQ @;de}
orle =3, loalir <Ca 3, 3 I Pleilfir <2 Z e (26)
TeT) TeT, i=1, =1 h
Ay €T

Applying Lemma 1, we obtain for any ¢, € Qp

Np Np

daqn i aq}l i i
sonsan) = [ o Vande=3 ot [ Soiaw=3 o' G [ ehar

i=1

Choosing

i [P Oan
Jo ¢ dx ot}

it follows that

Nn f N, 3 N, 272
7 SD dz 7 f SD dz th
o) = 35 ot Lyt (5 o Lo el S e e
which implies (25) owing to (26), (9) and (22). O

Theorem 1. There exists a constant Cs > 0 independent of h such that the spaces Vy = V}L @ V%L and Qp,
satisfy the Babuska—Brezzi condition

b(vp,
sup  POmB) S o loe V€ Qu. (27)
v evi\{0} |Vnliq

Proof. Applying the modified Verfiirth trick presented in [7], pp. 255-256, we obtain

b(vp,
sup 2O s cnea— [ Rlals  VaeQ (28)

vnevi\{0} |Vnliq Tt

with a constant C' > 0 independent of h and the theorem follows from Lemma 3 and the bound v, < 2Cj. For
completeness, we recall the main arguments leading to (28). Since the spaces H}(2)? and L3(f2) satisfy the
inf-sup condition (6), we have

b U, dn
sup ) Yan € Qn. (29)
veHE(Q)%\{0} |’U|1,Q
Using an operator my, : Hi(Q)? — V), satisfying
mvlig < Clolia, | D hi'llv—mvlis <Clolig Ve H(Q)7,

TeT,
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where C is independent of h, we get for any v € H}(Q)? and ¢, € Qs

b(v — T, qn) = / (v —m0) - Varde < Clolg [ W lanl2 s,
Q TET,

~ b(mhv, qn ~ b(vn, qn
o, an) < Cloly o o) < Gl o AR
|7Th'”|1,ﬂ v, €V, \{0} |”h|1,Q
Substituting the sum of these two relations into (29), we derive (28). O

Remark 7. Let [ $*dz > 0 for any o € P. Consider any T' € Tj, and i € {1,..., Ny} and let ¢} |, = o Fy !
for some « € P. Then, according to (13),

/%dx:/ @a|detJT|d§:|detJT(ﬁ“)l/ ¢ dz
T T r

and hence, in view of (10) and (9),

¢ dx > C|P} inf /A‘de, i=1,...,Ny,
/Q‘Ph = |h|a6p7¢a#0 f@ h

where C' > 0 is a constant independent of h. Finally, applying (12), we get

/ p“dzx
aGP «p #0

v > C

where C > 0 is again independent of h. Thus, if P is finite and fT @*dx > 0 for any @* # 0, then v, > C >0
with C' independent of h.

4. EXAMPLES OF STABLE ELEMENTS IMPLYING THE STABILITY OF KNOWN ELEMENTS

In this section, we derive several explicit examples of supplementary spaces V%L such that the pair V;, =
V}L ® Vi, Qp satisfies the Babuska—Brezzi condition. All examples which will be discussed in this section can
be divided into three classes. The first class is characterized by the fact that V}, @ V? is a proper subspace of
the space

VPt = {v e Hy(Q* voPreQyl)? YT €T},

where Q2 (f) is the space of biquadratic functions defined on T. In this way, we get an alternative proof for the
stability of the Q2/Q1-element. The second class will be constructed such that V} & V3 is a proper subspace
of the space

VI (y € HY(Q)? vo Fr € Qu(T)? VT €Ty o,

where 7, /5 is a triangulation obtained from 7, by dividing each quadrilateral T' € 7}, into four quadrilaterals
connecting the midpoints of opposite edges of T. This also represents a new proof for the stability of the
4Q1/Q1—element. The basic feature of the last class is that the space V2 consists of bubble functions, i.e.,
any function from V3 vanishes on all edges of the triangulation 7;,. Here we recover the stability of the Q-
bubble/Q1—element [17] by our general approach.
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We start with the first class and introduce functions @* and points A« satisfying the relation (13). As we
have already seen in Remark 4, the biquadratic function

Pr@) =71 (1-71) (1 - 2) (1/2— T2)

satisfies (13) with A' = (1/2,0). Analogously we define the biquadratic functions $2, 3® and 3* satisfying (13)
with A% equal to (1,1/2), (1/2,1) and (0,1/2), respectively. Further, we define the functions

(@) =¢°(@) =21 (1 = 21) T2 (1 — o)

which satisfy (13) with A5 = A% = (1/2,1/2) (¢f Remark 3). Finally, we introduce the vectors =1 =

T = (1,0) and =1 = (0,1). Now, we follow the lines of Section 2 and construct the functions ¢},
and vectors tﬁl generating the space V}%. Each cpﬁl is constructed using either the functions @!,...,%* or the
functions $°, $5. In the former case, the point A% is the midpoint of an inner edge of 7y, t}, is a unit vector in
the direction of this edge and supp ¢}, consists of the two elements containing A} . In the latter case, the point
Al = Fr(1/2,1/2) lies in the interior of an element 7, ¢, is a unit vector in the direction determined by the
midpoints of two opposite edges of T" and supp ¢}, = T'.

The last assumption for satisfying the Babuska—Brezzi condition is the relation (17). According to Remark 1,
this relation is satisfied if, for any element 7", there exist three points A}, Afl, AZ € T such that the corresponding

vectors ?T, fJT and f? are not all equal. For example, it is sufficient if, for a given element T, there exist three
functions ¢} with A% € 9T or if there exist one function ¢} with A} € T and two functions ¢! with A} € int T
Thus, using the above defined functions ¢ and vectors ti, we are able to define various spaces V% such that
the spaces Vj, = V}L @ V%L and Qy, satisfy the Babuska—Brezzi condition (27). Moreover, in all these cases, the
Babugka—Brezzi condition holds uniformly with respect to h (¢f. Remark 7). As a simple consequence, we also
see that, owing to

Vi, =VieVicve:,

the Babuska—Brezzi condition is also satisfied for the spaces VSQ, Qpr- The remarkable aspect of the new class of
elements described above is that the Q2 /Q1—element remains stable if more than one half of the basis functions
from the velocity space are dropped. Particularly, the functions cpﬁl defined using @° and @° are needed for the
validity of the Babuska—Brezzi condition only on those elements which have two or three edges on 9.

We now derive the second class of elements implying the stability of the 4 Q1/Q1—element. The construction
of V}Zl is similar to the class above, however, we have to use piecewise bilinear functions instead of biquadratic
functions @®. First, we introduce the functions

~ 1 . N 1
T for 71 € [0, 5] s R 3—Txo for 75 € [O, 5] ,
p(z1) = 1 P(@2) = 1
1—-2 for §1€[§,1], To—1 for fge[i,l].

Setting (7)) = @(71) 121\(552), we obtain a function which is piecewise bilinear with respect to a subdivision
of T into four equal squares and which satisfies (13) with Al = (1,0). Analogously we define the functions
%, ¢ and @* satisfying (13) with the same points as in the biquadratic case. The functions @°> = @° are
now piecewise bilinear functions which vanish on the boundary of T and are equal 1 in the point (1/2,1/2).
According to Remark 3, the functions 3°, 3% satisfy (13) with A% = A5 = (1/2,1/2). Now we can proceed
in the same way as in the biquadratic case and construct various spaces Vi which guarantee the fulfilment of
the Babuska—Brezzi condition. The assumption (17) can be satisfied as in the case of the first class. In all

possible cases, we have V} & V2 C Vlel and hence we particularly infer that the 4 (Q1/Q1—element satisfies
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the Babuska—Brezzi condition with a constant independent of h. Again, the 4 Q1/Q1—element remains stable if
more than one half of the basis functions from the velocity space are dropped.

As an example of the third class mentioned at the beginning of this section, we shall investigate the Q1—
bubble/Q1—element by Mons and Rogé [17]. To describe the space V3, we divide the reference element T into
the triangles T}, T> having the vertices (0,0), (1,0), (0,1) and (1,0), (1,1), (0, 1), respectively. Denoting

-~ DT (1 -7y —3) for 2eTy,
oL@ = e
0 for z € Ty,
~ 0 forﬂ?efl,
() = R I S
(1-21)(1—22) (1 + 22— 1) for v €Ty,

we have
Vi = {v e H{(Q)? vo Fr € [span{d", *})> VT € T,}.
We want to show that the stability of the @1—bubble/Q1—element follows from our general theory. For this, we

cannot use the functions 121, 12)\2 since they do not satisfy (13) for any points A\l, A2 T herefore, we introduce
new basis functions

Pr=pdt+97,  P=Pl4pP?,  p=——
for which (13) holds with

. (21—\/21 21—#21) . (21+\/21 21—!-\/21)

Al = A =
42 42 42 42

R PN JUSIIPN ~ Y Al A2 3 4 )
respectively. Further, we set PP=pL,pt=0% A=A A'=A%t =t =(1,0),t =t =(0,1). Defining
functions goz and vectors ¢, i = 1,..., Ny (Np, = 4cardTy), as in Section 2, we deduce that

V7 = span{g}, t}, }i" .

It is easy to check that all the assumptions made in Section 2 are fulfilled and hence it follows from Theorem 1 and
Remark 7 that the @Q;—bubble/Q;—element satisfies the Babuska—Brezzi condition with a constant independent
of h.

5. GENERAL RELATIONSHIP BETWEEN ENLARGING THE VELOCITY SPACE AND STABILIZING
THE CONTINUITY EQUATION

It is well known that a standard Galerkin finite element discretization of the Stokes or Navier—Stokes equations
with the spaces V}L and Qj, cannot be used because of failing the Babuska—Brezzi condition (6). We have already
seen in Section 4 that, enlarging the velocity space by V7, the stability for the spaces Vi, = Vi & Vi, Q), can
be achieved. An alternative way for stabilizing a Galerkin finite element discretization using V},, Qj consists in
adding some terms to the continuity equation

b(un,qn) =0  Vqn € Qn.
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Here, we shall show that this technique is in some sense equivalent to eliminating the degrees of freedom of the
corresponding supplementary space V3 from the discrete problem formulated for the spaces Vi, = Vi & V2, Qp,.
In the following, we shall confine ourselves to functions ¢ and vectors ¢} satisfying

alh th, el t) =0 YVi#j, i,5€{l,...,Ny}. (30)

Examples of such functions and vectors will be given in the following sections.
We start with a reduced discretization of the Stokes equations given by:

Find u}, € V}, u € Vi and pj, € Qy, satisfying

Va(u}L,v}L) + b(’u}”ph) = (f, 'u;ll) N v}L € V;ll , (31)
Va(u,%, 'v,%) + b(’ui,ph) = 0 v v,% € V;QL , (32)
b(up, qn) + b(ui, qn) =0 Van € Q. (33)

This problem was obtained from the discretization (5) with V), = V} & V3 by dropping the terms v a(u?, v}),
va(u},v?) and (f,v?). In [16] it has been shown that, for f € L?(Q)?, the solution up = u} + u?, ps of
(31)—(33) has asymptotically the same rate of convergence as the solution of the original problem (5). Note
that, in the special case when the triangulation 7}, consists of rectangles only and the functions from V% vanish

on all edges of 7}, the terms a(u?,v}) and a(u},v?) vanish identically. Owing to (30), the elimination of
Np

u? by means of (32) becomes simple. Indeed, using the basis representation u? = i al <pr ti and setting

v? = i ti in (32), we get
o' va(py, t, ¢y th) + 0(@) th,pn) = 0.
Since a(pi th, ot th) = o |3 o # 0, we can eliminate uj from (31)~(33). Lemma 1 implies that

dqn
ot

b((pﬁl tﬁl,qh) = (A}L) / gpﬁl dz Vgn €Qn, i€{l,...,Np}
Q

and hence we obtain a stabilized Q1/Q1—discretization of the Stokes equations in the form:

Find u} € V} and p, € Q, satisfying

l/a(u}L, v}L) + b(v}”ph) = (f, v}L) i v}L € V}L , (34)
b(uy,,qn) — ca(ph,qn) = 0 Vagn € Qn, (35)

where the stabilizing term is given by

Ny, 4|
= —_— A’L e A’L a2 36
on(Pn an) ;atg( h) g (A Vel o "

It is easy to show (cf. [16]) that w) converges to the solution w of (3) with the same rate as u, = uj + u?.
That means that any stabilized discretization of the Stokes equations having the form (34),(35) with cx(pn, qn)
given by (36) possesses optimal approximation properties.
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Similarly as for the Stokes equations we can also proceed for the Navier—Stokes equations. We start with the
reduced discretization:

Find u} € Vi, u? € V7 and pj, € Qy, satisfying

va(uy,vy) +n(uy, up,v;) +b(vj,pn) = (f,vy) Vo, €V, (37)
Va(u%, v%) + b(’ui,ph) = 0 \ v% € Vfl , (38)
b(uy,, qn) + b(ui, qn) =0 Van € Qn, (39)

the solution of which has asymptotically, for f € L%*(Q)?, the same convergence rate as the solution of the
standard Galerkin finite element discretization of the Navier—Stokes equations (cf. [16]). Assuming (30) and
eliminating u? from (37)—(39), we arrive at the stabilized discretization:

Find u;, € V} and p, € Q satisfying

Z/a(u}”'vi) + n(u}”u}”v}b) + b(v}L,ph) = <f,v}b> W 'v}L € V}L , (40)
b(uh, qn) — ca(pn,qn) = 0 Van € Qn, (41)

where the stabilizing term cp(pr, ¢r) is given by (36). Again, it follows that this stabilized discretization has
optimal approximation properties.

Remark 8. Since the matrix {a(¢} ¢}, ¢} ti)}fvj’zl is regular, the assumption (30) is not necessary for trans-

forming the problem (31)—(33) (resp. (37),(39)) into the form (34)—(35) (resp. (40), (41)) with some stabilizing
term cp,(pn, qn). However, the stabilizing term then generally cannot be written in a compact form like (36).

6. NEW STABILIZATION TERMS

In this section, we discuss some choices of ¢, and tﬁl satisfying (30) and leading to new stabilization terms.
A sufficient condition for (30) is

(intsuppgpﬁb)ﬂ(intsuppcpil):V) or t%tizo Vi#j, i,j€{1,...,Np}. (42)

The functions ¢! introduced in Section 4 do not satisfy this condition but we can easily modify them so that
(42) holds. We define the sets il, cee $5 T as depicted in Figure 1 (the set S is a square with the vertices
(1/4,1/4), (3/4,1/4), (3/4,3/4), (1/4,3/4)) and we transform the biquadratic functions @', ..., 3" from Sec-
tion 4 onto il, cee §5, respectively. For simplicity, we denote the transformed functions again @', ..., %" and
we set 0% = $°. We remark that the sets 53 could be defined in many other ways (it is only important that
their interiors are disjoint) and we could also use various other functions @* (e.g., we could transform the
piecewise bilinear functions from Section 4 onto the sets f]l) However, to fix ideas, we shall now consider only
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the biquadratic functions defined on the sets from Figure 1. Thus, for example, the function @' satisfies

PO - 1.3 .1 1 _ o~
901@):(fl—_)(——m)(——xz)(——xg) for 7 € X!

474 4 8
PO -~ N ~1 ~6
and vanishes in T\ ¥!. The points A!,..., A% and the vectors ¢ ,...,t remain the same as in Section 4, i.e.,
-~ 1 -~ 1 -~ 1 -~ 1 -~ -~ 11
1 2 3 4 5 6
=(=,0), A2=(1,2), AP=(5,1), A*=(0,2), A®=A°=(=, =
(5:0, B=(3), P=@G1, A'=07). (53)
and
~1 ~3 ~5 ~2 ~4 ~6
t =t =t =(1,0, t=t=t=(01)
The construction of a space V3 is analogous as in Section 4. Thus, using the functions @', ..., 3%, we construct
functions ¢} with points A} lying on inner edges and, using the functions @° and °, we construct functions ¢},
with Aj lying in the interiors of elements. However, using the functions P, ..., 75 we are not able to construct

¢t with A% lying on a boundary edge. Therefore, for i = 1,...,4, we further introduce functions 3** € H} (f)
with supp @** C ¢ satisfying (13) with A’. The function @'* is given in X! by

PPN . 1.3 ... 1 3 =N
o (T) = (71 — 1) (7 —T)T2(] —T2) (% )

and the functions $?*, 3*, $** are defined analogously. Now, for any edge lying on 952, we introduce a function
¢l with A} belonging to this edge. For clarity, we shall not use the functions @*,...,3* for constructing
functions i with A} € Q. Now, if we choose a subset of the functions {¢}} so that the assumption (17) is
satisfied and define the space V%L as the linear hull of this subset, then the Babuska—Brezzi condition (27) will
hold. The question which functions ¢}, should be chosen in order to have (17) was already discussed in Section 4.
We recall that, for example, the assumption (17) is satisfied if, for any element 7', we have three functions ¢,
with A% on edges of T. As we know, it is also sufficient if, for a given element, we have two functions ¢! with
Alﬁ € int T and one function ‘F’Zﬁ with A}'L on an edge of T'. However, there is an important difference between
these two possibilities: A set of functions ¢ with A} on edges of the triangulation satisfies the condition
(42) (the supports of these ¢} are disjoint) whereas if the points A} also lie in the interiors of elements, (42)
generally does not hold. The reason is that functions ¢}, cpil defined by ¢i |, = %o Fr L %IT =S o Py ! for
some element T" have the same supports and the corresponding vectors t’;b, tiL are not orthogonal unless T is a
rectangle.

We denote by &, the set of all edges E of the triangulation 75, by Cg the midpoint of each edge F and by
tp a unit vector in the direction of E. Further, for each edge E, we have a function (pﬁl with A}; = Cg and we
denote ¢ = ¢} . Finally, for any T € Tj,, we set o = @° o i, 1 and we denote by Cr the barycentre of T'. As
we know from the previous paragraph, the space Vi = span{¢ptg} g g, guarantees the validity of (27) with
vp, > C > 0. For this choice of V%, the stabilizing term (36) can be rewritten into

Op Wy Opn
v Otg

() 52 (Cp) (3

ch(pn,an) = Y

Ecgy,

where hg denotes the length of the edge E and the parameter

h}lz’ |<PE|%Q

is bounded from below and from above by positive constants independent of h (cf. Remark 7).
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If we also use the functions ¢p and the triangulation 7, consists of rectangles, then (36) can be rewritten
into

Spht 0 0 57 hé
enlpnan) = Y, B S (Cp) S (Cr) + Y =L Vpn(Cr) - Van(Cr), (44)
Beg, 7 E B rer, 7
where ¢ is the same as above and
5, — o erdz] prde|”
htlerl o

Again, §7 is bounded from below and from above by positive constants independent of h. We recall that, in
the sums of (43) and (44), it is sufficient to consider only those terms which assure that the assumption (17) is
satisfied. For instance, if some T' € 7}, is present in the second sum of (44), we need only one edge £ C T in
the first sum of (44). Note also that the number of entries in each row of the matrix corresponding to (43) is
equal to one plus the number of edges containing the vertex associated with the given row. Thus, for a uniform
triangulation, the matrix corresponding to (43) has only five entries in each row like the usual five point star
for the discretization of the Laplacian. The matrix corresponding to (44) has typically nine entries per row.

We have seen in Section 5 that the stabilized finite element discretizations (34), (35) and (40), (41) of the
Stokes and Navier—Stokes equations, respectively, possess optimal approximation properties provided that the
stabilizing term cp(pn, gn) can be written in the form (36). The results of this section show that, particularly,
the mentioned discretizations have optimal approximation properties if ¢y, (pp, gp) is defined by (43) or (44) with
some suitable parameters g and d7, which is a new result.

7. RECOVERING OF THE BREZZI-PITKARANTA STABILIZATION

Eliminating the space V7 from a discretization, we can not only derive new stabilized discretizations as in
the previous section, but we can also obtain some existing ones. That often provides a deeper insight into their
behaviour. Here, we show that, choosing the functions ¢} and vectors ti in (36) in a suitable way, we can
recover a stabilization introduced and studied by Brezzi and Pitkdranta [9]. For this, we introduce functions
oL,...,pte HY (f) having their supports in the sets f]l, ceey S depicted in Figure 2. The sets S are squares

with side length 3_6\/3 and barycentres in the points Al = (%, 3_6‘/5), A? = (3+—6‘/§, %), A3 = (%, 3+—6\/§) and
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[G(A%) +G(AY)]  for  G@) = (& +&71)3E), (45)
[R(AY) + h(A%)]  for  h(T) = (& +&152)4(3@), (46)

where ¢ € Ql(f) and §o, &1 are arbitrary real numbers. Each function 2 is biquadratic in &¢, vanishes on the

boundary of S and is equal to 1 in AP, The corresponding vectors £ are depicted in Figure 2 and are defined
~1 23 2 4

byt =t =(1,0)andt =t =(0,1). Now, for any T € 75, and i € {1,...,4}, we set

erlr =@ o Frl, orlar =0, Ap=Fr(AY), tp=Jr(A)t/|Jr(A)T].

The functions @i and vectors t) satisfy all the assumptions made in Section 2 and the space V}QL =
span{ Y. tiT}TeTW-:Lm, , guarantees the validity of the Babuska—Brezzi condition for the spaces Vi & V2 and
Qp- The condition (42) is clearly satisfied and therefore, the discretizations (34), (35) and (40), (41) are stable
for the stabilizing term

; 2
aph a(Ih i UQ @Zde’
p , 4 Ap) =
@) T;h;aﬁ ) g, (A1) AR

Denoting pr = pp, o Frr, gr = g o Fr for any T € Ty, it follows using (13) and (20) that

ﬁ 8q det Jp(A?)|2 | [» @' dz|?

ph) Qh Z Z —,\Z T | T( )l f —

TeT, i=1 Ot at Jr(A)ER v [7 |I7" VW:||detJf|dx

If the triangulation 7}, consists of parallelograms, then Jp is constant for any T' € 73, and we obtain

o m) = 3 [(@ml)aq%n@@s)@m) !

—
o) 0T, 0T, |Jrt |2

(220 i) 2 () + 220 iy S ) [ det Ji| J; 3zl
o e om [t 2] v 7 1T VR dE

Since Opr /0y is a linear function independent of Ty, k = 1,2, we infer applying (45) and (46) that the terms
in the square brackets are equal to

o [ Dol L 05 0h 1

— — ——— + —— — ————dT.
& 0T, 0T |JTt1|2 0Fs 0T |JTt2|2

Applying (20), we obtain

hZ. Opp, O Opp, O
_y O Dan 0w Dan

TeT)

where the parameter

2| [ of daf?

Yr =
W Tl erl o
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is bounded from below and from above by positive constants independent of . The vectors ti., t2 are unit
vectors in the directions of the edges of the parallelogram T". Thus, if the triangulation 7, consists of rectangles,
we obtain

h2
cn(pnan) = Y WTT/ Vpn - Van dz,
TeT) T

which is the stabilization introduced by Brezzi and Pitkéranta [9] for stabilizing a discretization of the Stokes
equations.

8. CONSISTENT STABILIZED DISCRETIZATIONS OF THE STOKES EQUATIONS

A drawback of the stabilizations discussed up to now is that they are not consistent. First of all, the
consistency error comes from the dropped right-hand side in (32), resp. in (38). Let us consider the Stokes
equations (the Navier—Stokes equations will be treated in the next section) and let us replace the equation (32)
in the reduced discretization (31)—(33) by

va(up,vi) +b(vi,pn) = (f,vi) Vi € Vi, (47)

The resulting discrete problem (31), (47), (33) has a solution which converges to the solution of (3) with the
same rate as the solution of (31)—(33) (cf. [16]). If the triangulation 7}, consists of rectangles, the equation (47)
can be written as va(u?,v?) = rp(u}, pn, v3) with

r(w, 4,0) = (f,0) ~ b(v,q) +v 3 /T'U-Awdx.

TeT)

A solution of (3) with u € H?(2)? satisfies r4(u, p,v) = 0 for any v € H}(2)? and hence u} = u, p, = p solves
the new discrete problem (31), (47), (33). In this sense, the new discrete problem is consistent. If the elements
of 7;, are not rectangular, the discretization is not consistent any more, but if they are nearly rectangular, we
can hope that the consistency error is small.

Similarly as at the beginning of this section, we can eliminate u? from the discretization (31), (47), (33) and
obtain a stabilized (1/Q1—discretization of the Stokes equations. This discretization now reads:

Find u;, € V} and p, € Q satisfying

va(uy,vy) +b(vy,pn) = (f,v}) Vv, €V},
b(up,qn) — cu(pnsan) = ln(an) Y gn € Qn,

where cp(ph, gn) is defined by (36) and

() = = 5 2043 (5, g gy Jo AT
i=1 ot), V|<P}L|%,Q

The particular formulas for /5 (qr) corresponding to (43) or (44) can be introduced in a straightforward way.
We only derive a formula for I5(qs) in case of the functions @
Let 7}, consists of parallelograms and let

fe{vel? ) voFreQ(T)? YT €Ty},
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Denoting fT = foFr, gr = qn o Fr for any T € 7j,, we infer using (13) and (20) that
"YT h 8qT i | det JT|
- Z A Fr(AY) - Iy
TET, i=1 [Jrt |2
Applying (45), (46) and (20), we obtain

oo 9
-y T ;’?f th + qutT

TeT),

and hence, if the triangulation 7} consists of rectangles, the stabilized continuity equation reads

h
uhoan) + 3 L [ (=) - Vaude =0, (48)

TeT,

This stabilization is identical with the Petrov—Galerkin formulation of the Stokes equations introduced in [15].
Increasing the number of the bubble functions, we can derive this equation also for f being generated by higher
degree polynomials defined on the reference element. That will be also seen in the next section.

9. RECOVERING OF THE SUPG METHOD

The aim of this section is to show that, eliminating a sufficiently rich space V7 from a modified reduced
discretization of the Navier—Stokes equations, we can obtain the streamline upwind/Petrov—Galerkin (SUPG)
method of [12] analyzed for arbitrary combinations of approximation spaces for the velocity and pressure in [21].
This equivalence will be established without linearizing the convective term, unlike other papers investigating
the relationship between Galerkin methods with bubble functions and the SUPG method.

We confine ourselves to triangulations consisting of rectangles and, similarly as in Section 5, we again start
with a reduced discretization of the Navier—Stokes equations. In contrast with (37)—-(39), we now drop only the
terms v a(u?, v} ), l/a(uh, v?), n(up,u?,v?) and n(u?,upn, vy). Then we replace the term n(u},u?,v}) by the
term n(u}l, v}l, uh) The last modification is motivated by the fact that

n(u,w,v) = —n(u,v,w) — / (v-w)divude Vu,v,w e Hi(Q)?.
Q

Thus, we consider the following modified discretization of the Navier—Stokes equations:

Find u} € Vi, u? € V3 and pj, € Qy, satisfying

a(up, vh) + n(up, up, vi) — n(up,vh,ui) +bwh,pn) = (f,v1), (49)
va(uz,vy) +n(up,up,vi) +b(vi,pr) = (f,v}), (50)
b(up,qn) +b(ui.qn) = 0 (51)

for any vi € V}, vi € V? and g, € Qp. Using the techniques of [16], it is possible to prove the same convergence
results for (49)—(51) as we have for the standard Galerkin finite element discretization of the Navier—Stokes
equations. Since A(u}|p) = 0 for any T € 75 and uj can be considered as a stabilization device only, the
above discrete problem for u}, py, is consistent (cf. the previous section). The term —n(u}, v}, u?) introduces
an influence of the space V2 into the momentum balance (49). We shall see that this influence corresponds to
a stabilization of the convective term n(uj,u}, v} ) analogous to the SUPG effect.

In view of the presence of the convective terms in (49) and (50), we shall need a more accurate integration

formula than (45) and (46). Therefore, we have to increase the number of the points A’ and hence of the bubble
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functions @'. We introduce 16 points Al € f = 1,...,16, depicted in Figure 3 whose coordinates are all
possible combinations of the values (1 + ), %( ), %(1 +n), 3(1 —n), where

)

Then

16

e 1 N ~ ~
/f T ; q(AY) VgeQ@sT), (52)

where Qg,(f) is the space of polynomials of degrees less than or equal to 5 in each variable. To define the
functions ' corresponding to the points A%, we first prove the following lemma.

Lemma 4. Let A € T and ¢ € HY(T)\ {0} with ) > 0 on T be given. Then there exists p € Qo(T) such that
the function = p1) satisfies ¢ € HY(T) \ LE(T) and

/Aa
T

Proof. Let us denote ((u,)) = [ $u0dz and M = {G € Qx(T); G(A ) = 0}. Then ((+,-)) is an inner product
on Q2(T ) and M i isa linear Subspace of Q2(T ) with dim M = dim Q2(T ) — 1. Thus, the orthogonal complement
M-~ of M in Q2(T ) with respect to ((+,+)) is a one—dimensional space and hence there exists pe M\ {O} such
that (( )) =0Vqe M. That means that the function 3 P = pz/J satisfies [~ gpdZ =0 Vg€ M. Since
qfq(A) € M for any § € Qz( T), (53) holds. Let us assume that @ € L2(T). Then J7q0dz=0 VgeQT T),
L ((3,9) =0 ¥ §e QyT), which is in contradiction with p # 0. O
For each point Az i=1,...,16, we define a square with a side length 0.1 and a barycentre in A’ (¢f. Fig. 3).
Transforming the function @ from Lemma 4 (for A = (1/2,1/2) and some fixed function 1) onto the squares
around the points A, we obtain functions @' € H}(T), i = 1,..., 16, satisfying

)

a4z = §(A) /T pde YV aeQu). (53)

/qw = q(A /N‘dx VGeQyT), ic{l,...,16}.
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Further, we denote 3i+16 = i, Ai+16 — 4, i = (1,0) and 30— (0,1), i = 1,...,16. Finally, we again set

for any T'€ 7, and i € {1,...,32}
i i i i i i n i
SDT|T:§5LOFT1a <PT|Q\T:0a Ap =Fr(A"), tp=Jrt/lJrt].

(Note that Jp = const. for each T' € 7},.) Since 7}, consists of rectangles, we have
/ q@dex:q(AiT)/ b da VgeQaT), T €Ty, i€{l,...,32}. (54)
T T

The space Vi = span{@} t4} per ;1 3o guarantees the validity of the Babuska-Brezzi condition (27) for the
spaces Vi & V2 and Qp, with 4, > C > 0. Of course, much less bubble functions would be enough to get a
stable element (it would be sufficient to have three functions ¢%. in each element T') but the supplementary
space Vi = span{ i tiT}TeTh,isz,w enables us to show a relationship to the SUPG method.

Now, let us eliminate the function

32

_ i G40

= E E apppty
TET;, i=1

from the discrete problem (49)—(51). Since the basis functions of V3 are orthogonal with respect to the bilinear
form a(-,-), the elimination of u? is again easy. We shall assume that

fef{veLl2(Q)?%v|p € QT VT €T}

and we shall employ that the spaces V}L and Qy, now consist of piecewise bilinear functions and that ti. ~tiT+16 =0

for any T' € 7, and i € {1,...,16}. Applying (54) and the fact that
(f = (Vup)uy, = Vpn)lp € Qo(T)* VT ET,,

we obtain from (50)
v lh o=t (£ = (Vubyul = V) (47) [ o da.

Using (54) and the fact that each function ¥ is only a shifted function k., we further infer that

L2
n(ui, vp, uj) = Z Z ( (Vg )up, — V) - (Vv%)u,ﬁ) (A%) M

TeT, i=1 |‘PT| 1,0

Since the quadrature rule (52) is exact for polynomials from Qs (f), we finally get
n(uy, v}, us) = Z o hr / — (Vu})uy — Vpy) - (Voi)u;, dz,
TeT)

where

16| fQ ok da|?

T =
h T] ler i g
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is again bounded from below and from above by positive constants independent of hA. Analogously we obtain

h?
b(uj, qn) Z o / — (Vu})uj, — Vpp) - Vap dz .
TeT

Thus, the discrete problem (49)—-(51) can be equivalently written in the form:
Find u;, € V} and p, € Q satisfying

a(up,v}) + n(u},up,v},) + b(vy, pr) — b(up, qn)

h2.
= (f,vi) + Z RENG / — (Vu})uy — Vpn) - (Vo})up, + Vap,) do (55)
TeT,

for any v}, € V! and ¢, € Q. This form of the discrete problem (49), (51) is identical with the SUPG
method of [12,21] in the diffusion—dominated case, i.e., for small values of the element Reynolds number
Rer = |u}|y o p hr/v. The stabilized continuity equation now reads

h2
o)+ Yo T [ (£~ (Vubyul - Vpn) - Vande =0,

14
TET, T

which is a generalization of (48) to the nonlinear case.

In the convection—dominated case, i.e., for large values of Rer, the factor in front of the integral in (55) is
usually chosen proportional to hr/|uj|, o, p. Thus, for large values of Rer, we should have 47 ~ 1/Rer. That
can be always fulfilled since

1 . -~
1 < 62502 [diam(supp ¥)]*,

where zZ is the function from Lemma 4 and C is the same constant as in (12). For each element T', we can
use another function 1Z and obtain the correct value of 47 (the parameter set P introduced in Section 2 is then
generally infinite). However, if yp ~ 1/Rep, then the parameter 7, from the Babuska—Brezzi condition (27)
behaves like

1

e max 1/ Rer ’

TeT),

which means that, for large values of Rer, the SUPG method is equivalent to the problem (49)—(51) with spaces
Vy, =V} & V2 and Q, satisfying the Babuska-Brezzi condition (27) with a small parameter v;,. Although this
dependency has been not focussed in [20], a careful inspection shows that also for the P; / Pi—element enlarged by
residual—free bubbles the constant in the Babuska—Brezzi condition behaves in the convection—dominated case
like O(1/v/Re). Therefore, it seems to be more convenient to stabilize the continuity equation and the convective
term separately with different parameters yp. This discretization corresponds to a modified discretization of the
Navier—Stokes equations with a velocity space Vy, = V}L @V%@V%, where the supplementary space V% guarantees
the fulfilment of the Babuska—Brezzi condition and V?L gives additional stability in the convection-dominated
case (like in the SUPG approach).
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