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Motivation
lu' = unlle S (2h2 + 12) flulls
lu' —unlle  (N"1IN)?, (v € H3())

{P polygon |Ju € H*,~Au=1on P, upp = 0} C {triangles}

Q: What if u ¢ H3Q?



Typical solution of singularly perturbed problem
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Typical solution, Oy-derivative (away from layers)

Figure: no compatibility condition Figure: compatibility condition
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Galerkin method

||u’ — uh||§ <C ag(ul —up, u' — up) = C ag(u— u’, up — ul)
——

=IlVp

decomposes into

[V(u—u) - Vvydx [b-V(u—u)vpdx [c(u— u')vydx
Q Q Q

Fractional Sobolev Spaces:
1 ag g
lu' = uplle S (e2h*7 + B+ 02)||ull2
Weighted Sobolev Spaces:

1 — —
lu' = unlle S (€207 + h27% + 1) |ull3, o
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Test problem:

—Au—05ux+u, +u=1 upp=0

Q € {Qy}xer - .. family of parallelograms

X0 1 075 | 05 | 025
EOC(128) || 1.3469 | 1.4308 | 1.5627 | 1.7555
EOC(256) || 1.3485 | 1.4241 | 1.5534 | 1.7487
EOC(512) || 1.3375 | 1.4230 | 1.5504 | 1.7430
TOC | 1.3333 ] 1.4188 | 1.5442 | 1.7302

Table: Rates of convergence for ||u’ — up|1.
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Q € {Qy}xer - .. family of parallelograms

X0 1 075 | 05 | 025
EOC(128) || 1.3469 | 1.4308 | 1.5627 | 1.7555
EOC(256) || 1.3485 | 1.4241 | 1.5534 | 1.7487
EOC(512) || 1.3375 | 1.4230 | 1.5504 | 1.7430
TOC | 1.3333 ] 1.4188 | 1.5442 | 1.7302

Table: Rates of convergence for ||u’ — up|1.

» reference solution ... Ps-elements on 2048 x 2048 grid
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Singularly perturbed case

¢ small, Galerkin method 4 Shishkin mesh at outflow boundary

Il
i
H
1
L

lu" = unlle S (N"HIn N)?

> requires u € H3(Q)
> no (sharp) estimates known for less regularity

» approach to analysis: result from B. Kellogg ( “Corner
Singularities and Singular Perturbations” )



Singularly perturbed case
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» u ... finite element solution
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u=S+E+ZcH; « 4Q),¥6>0

» S ... smooth part, sufficiently regular
» E ... standard boundary layer terms (no corner layer)

» 7 ... term capturing both corner layer and corner singularities:

e Mexp(—azl) m € {0,1},
ID™Z| < {4 e2(1+ In £ )exp(—ak) m=1,

7M1+ (£)> ™) exp(—at) m>Z
= the following estimate holds:

1Z=2Z". < C(N"PInNYS = ||lu’ — uplle < C(N"LInN)&
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Numerical Experiment 2

PDE, e =10~*

—eAu—ux—u,+u=1 1inQ
u=0 on 02

» no knowledge about exact solution

» careful choice of reference solution: higher order P, and
Qp-elements on fine grid

» careful interpretations of results



Numerical Experiment 2 - results

o 0.00 0.2 0.50 0.7 1.00 | 1.25 15
= | 3.0000 | 2.7767 | 2.5442 | 2.4401 | 2.3333 | 2.2735 | 2.2303
N =28 || 1.5531 | 1.6424 | 1.6273 | 1.5928 | 1.4963 | 1.4615 | 1.4885
16 | 1.8064 | 1.8137 | 1.8104 | 1.8092 | 1.7585 | 1.7571 | 1.8247
32 || 1.9168 | 1.9173 | 1.9097 | 1.9059 | 1.8843 | 1.9199 | 1.8880
64 || 1.9694 | 1.9501 | 1.9501 | 1.9399 | 1.9246 | 1.9199 | 1.9095
128 | 1.0873 | 1.0790 | 1.9568 | 1.9440 | 1.9229 | 1.9006 | 1.8902

Table: EOC, u € H§_1+5(Q),V6 >0
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Numerical Experiment 2 - results

o 0.00 0.2 0.50 0.7 1.00 | 1.25 15
s 3.0000 | 2.7767 | 2.5442 | 2.4401 | 2.3333 | 2.2735 | 2.2303
N =28 || 1.5531 | 1.6424 | 1.6273 | 1.5928 | 1.4963 | 1.4615 | 1.4885
16 | 1.8064 | 1.8137 | 1.8104 | 1.8092 | 1.7585 | 1.7571 | 1.8247
32 || 1.9168 | 1.9173 | 1.9097 | 1.9059 | 1.8843 | 1.9199 | 1.8880
64 || 1.9694 | 1.9501 | 1.9501 | 1.9399 | 1.9246 | 1.9199 | 1.9095
128 | 1.0873 | 1.9790 | 1.9568 | 1.9440 | 1.0229 | 1.0006 | 1.8902

Table: rates of convergence against reference solution, u € H>™7(Q)

» very weak dependence of convergence on xp, i.e. on regularity

> rate grows and eventually starts to drop in finer discretizazions
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Figure: € = 0.05



Computational analysis of derivatives
g | ~ (14 7)e, pi= 1

€

epsilon # Dy Saolution, epsilon = 0.025

I i i I i
a 0.005 ] 001s o0z 0025

Figure: € = 0.025



Computational analysis of derivatives

83‘uxxy| ~ (1 + %)e—ap7 p = g

a 0002 0.004 0,006 0.005 .01 o012

Figure: € = 0.0125



Computational analysis of derivatives

83‘uxxy| ~ (1 + %)e—ap7 p = g

epsilon Dixxy Solution, epsilon=0.00675

Figure: € = 0.00675



Computational analysis of derivatives

3ty | ~ (1 + %)e—ap7 pi=:

epsilon Dixxy Solution, epsilon=0.00675 (zoom in)

Figure: ¢ = 0.00675 (zoom in)
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» singular behaviour only observable very close (order o(¢)) to
the origin

> sequence of numerical solutions {up}, does not see edge
singularity until very fine discretization



Conclusions

> pessimistic bounds for mixed layer/singularity term Z

» singular behaviour only observable very close (order o(¢)) to
the origin

> sequence of numerical solutions {up}, does not see edge

singularity until very fine discretization
= higher order of superconvergence than expected



The End
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