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Introduction

l:/l(;toivation
Consider
1 A
ny — min Zly — vall2 + 2gl2
min (v, q) r;lgzl\y vdllo + 5 llallo,
Ly = —ey" + by’ + cy = f +qin (0,1),
y(0) = y(1) = 0.
Assume
D<exl,
A >0,
[b(x)| > 8> 0,
c>0,

b, c, f, yq sufficiently smooth.
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Motivation

Using the adjoint state p (cf. TROLTZSCH 2009)

Aq+p =0,
L'p=—ep” —bp'+(c—b)p=y—yo,
p(0) = p(1) =0
gives equivalent problem
1
—ey" + by’ +cy +yp=1f y(0)=y(1)=0
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ooe

Motivation

This leads to a system

—euy +ayuy + briuy + bipup = i, w1 (0) = (1) =0,
—euy — axuy + byoty — byyuy = fo, uz(0) = ux(1) =0,

assuming

Christian Reibiger, Hans-Gorg Roos

ai, ap > a >0,
bi1, by > 0,
biob21 >0, b1, by > 3 >0
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© Solution Properties
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Solution Properties
[ o)

Solution Properties

If the assumptions

hold the system has an unique weak solution u € H(0,1).

2b11b>1 — (albzl + Eblzl)l >0
2byob1o + (a2b12 — ebiy)’ >0
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oe

Solution Properties

Assume

b i
b11b2o + biobr1 — azbio (b711> >0 or
12

22

b !
bi11b2> + b1obo1 + a1b21 (r> > 0.
21

Then the reduced problem (¢ = 0) has an unique solution u with

lut|ks1 + u2lkr1 < C([|allk + If2]lk),
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Solution Properties
oe

Solution Properties

Assume

b i
b11b2o + biobr1 — azbio (i> >0 or
b1z

22

b !
bi11b2> + b1obo1 + a1b21 (r> > 0.
21

Then the reduced problem (¢ = 0) has an unique solution u with

lut|ks1 + u2lkr1 < C([|allk + If2]lk),

@ Constant coefficients fulfill the prerequisites of the last two
theorems.
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Asymptotic Expansion

a Asymptotic Expansion
@ Construction
@ Properties
o Estimates
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Asymptotic Expansion
[ le]
Construction

Decompose u in
u =S+ Ew+Ei1+Rin, u=5+Ex+ i+ Ren

S1=) unp Eo=) cwl(), Eu=>_ cwi(n),
k=0 k=0 k=0

n n n
$=) fuk, Eo=> en(€), En=> e si(n)
k=0 k=0 k=0

with the local variables £ = x/e, n == (1 — x)/e.
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Asymptotic Expansion
[ le]

Construction

Decompose u in

up =58+ Eo+ Ei1+ Rin, =5+ Ex+ B+ Rap
n n n
S = Zékul,k, Eio = Z€kvk(§), En = Ze?ka(n),
k=0 k=0 k=0
n n n
$=) fuk, Eo=> en(€), En=> e si(n)
k=0 k=0 k=0

with the local variables £ = x/e, n = (1 — x)/e. Fulfilling

L (51, 32) — F40E™Y),  §(0)=0, 5(1) =0,
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Asymptotic Expansion
[ le]

Construction

Decompose u in

=5 +Eo+En+Rin w=S5+Ex+En+R,

S1=) unp Eo=) cwl(), Eu=>_ cwi(n),
k=0 k=0 k=0

n n n
S = Zakuz,k, Ex = Z€kfk(§)7 Ex = Ze?ksk(??)
k=0 k=0 k=0
with the local variables £ = x/e, n = (1 — x)/e. Fulfilling
L(S1 &) =F+0(E™),  51(0)=0, 5(1) =0,
L (ENlo, Ezo) = 0(e"h), E20(0) = —5,(0),

L (E~11, E21) = O(8n+1), E11(1) = —31(1).
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Asymptotic Expansion
o] ]

Construction

This leads to (cf. H.-G. Roos, M.STYNES, L.ToBIsSKA 2008)

aiu] o+ buuio + biopo =fi  up(0) =0,

/
—axs g + b — bnuo=1f wo(l)=0,
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Asymptotic Expansion
o] ]
Construction

This leads to (cf. H.-G. Roos, M.STYNES, L.ToBIsSKA 2008)

aiu] o+ buuio + biopo =fi  up(0) =0,

—agty g+ byotpo — b1 =f (1) =0,

k>0:
1" ~ ! ! ! .
—vi +310v% = gkt (Vi VI, oo Vke1s Vi1, My oo s Tke1) lim v (&) =0,
§— o0
lim r(§) =0,
"o /o / ’ oo
—r —aolr = 8k2 (rl, My ooy Tk—15 15 V1, -+ Vk—l)

rk(O) = _u2,k(0),
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Asymptotic Expansion
o] ]
Construction

This leads to (cf. H.-G. Roos, M.STYNES, L.ToBIsSKA 2008)

aiu] o+ buuio + biopo =fi  up(0) =0,

/
—axs g + b — bnuo=1f wo(l)=0,

k>0:
1" ~ ! ! ! .
—vi +310v% = gkt (Vi VI, oo Vke1s Vi1, My oo s Tke1) lim v (&) =0,
§— o0
lim r(§) =0,
1! ~ / 7 /
—r) —G0r, =gk (1, rls -y fk=1, Tho1> VIs -+, Vk—1) £—o0
r(0) = —u2,k(0),
lim wg(n) =0,
1" ~ ! ’ /
—wy —arowg = hg (wi, wi, ..o, Wko1, Wh_q, ST, o, Sker) T
Wk(O) = —ul,k(l),
" N ;o ’ ’ : _
—si + 32,08, = hi2 <S1, iy ey Skely Sk_js Wi, -+ - Wk—l) 7)"_)"100 sk(n) =0,
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Asymptotic Expansion
o] ]
Construction

This leads to (cf. H.-G. Roos, M.STYNES, L.ToBIsSKA 2008)

aiu] o+ buuio + biopo =fi  up(0) =0,

/
—axs g + b — bnuo=1f wo(l)=0,

k>0:
1" ~ ! ! / .
—vi +310v% = gkt (Vi VI, oo Vke1s Vi1, My oo s Tke1) lim v (&) =0,
§— o0
lim r(§) =0,
1! ~ / 7 /
—r) —G0r, =gk (1, rls -y fk=1, Tho1> VIs -+, Vk—1) £—o0
r(0) = —u2,k(0),
lim wg(n) =0,
1" ~ ! ’ /
—wy —arowg = hg (wi, wi, ..o, Wko1, Wh_q, ST, o, Sker) T
Wk(O) = —ul,k(l),
" N ;o ’ ’ : _
—si + 32,08, = hi2 <S1, iy ey Skely Sk_js Wi, -+ - Wk—l) 7)"_)"100 sk(n) =0,
k>1:

! 1’
ajuy g + buiu e + brous k = Uy g U1 k(0) = —vi(0),

uy g k(1) = —si(1).

—aguiy  + boatp k — boru g
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Solution Properties Asymptotic Expansion FEM Error ) ational Results

O0@00

Properties

Corollary

The terms of boundary layer correction have the form
vi(§) € Pi_1(8) e 2%, wi(n) € Pi(n) e~
ri(€) € Pi(¢) e 2%, 5(n) € Pi_y(n) e ”,

where Pp(x) denotes the set of polynomials in the unknown x of
degree less or equal to n.
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Introduction Solution Properties Asymptotic Expansion FEM Error Computational Results

00000

Properties

Corollary

The terms of boundary layer correction have the form

vi(€) € Pia(€) e 2%, wi(n) € Bifn) e (7,
ri(€) € Pi(¢) ek, si(n) € Pi_y(n) e,
where IP,(x) denotes the set of polynomials in the unknown x of

degree less or equal to n.
In particular

w(§) =0, wo(n) = —up (1) e (7,
ro(€) = —u20(0) e 55(n) =0

holds. Therefore E1g and E>1 are only weak layers.
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00000

Properties

Corollary

The remainders R;,, i € {1,2} satisfy

Rin(0) € O(e™1),
Rin(1) € O(e™1),
L(Ry n, Rap) € O(e™1/2),
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Introduction Solution Properties Asymptotic Expansion FEM Error

00000

Properties

Corollary

The remainders R;,, i € {1,2} satisfy

Rin(0) € O(e™1),
Rin(1) € O(e™1),
L(Ry n, Rap) € O(e™1/2),
This provides

[Rinlt < e [Ifinll < €"C,
[Rinlo <& (lfinll + [Rinllx) <" C,
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A totic Expansion FEM Error C utational Results

For sufficient smooth coefficients a, b and inhomogeneity f we can
decompose the solution in

u1 = S1 + Eio + Es,
up = Sy + Exp + Epa,

s ] <
‘ ‘ < Cel~ k8/(x ‘ ‘ < Ce7ke, (%),
‘Ez ‘< Ce*ke,( ’Ez ‘g Cel=ke, (x)

for k < 2. Where the generic constant C is independent of € and
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FEM Error

@ Error of the FE-Method on a Shishkin mesh
@ Used Mesh
@ Analysis
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FEM Error
[ ]

Used Mesh

o1 =2InN/j op=1-2cInN/j

U1 p—————————————+—
L2 HHHHHHH—————————————+—+—]
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FEM Error
[ Je]

Analysis

Provided the former estimates of the asymptotic expansion hold we
have for the nodal interpolant u' to the solution u

lu—u']c < CN"TIn N,
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c Expansion FEM Error ] onal Results
000

Analysis

Provided the former estimates of the asymptotic expansion hold we
have for the nodal interpolant u' to the solution u

lu—u']c < CN"TIn N,

Estimate as in the standard case

H51 = 51’Hs aF ||E11 — E1’1H5 < CN~tinN.

By standard interpolation results we can estimate

6h|E10|1 < C€1/2N71, e< N7t
Ch?|Eply < Ce1/2N72, &> N1
|Ero — Ejpls < Ch|Egolp < Ce7H/2N1 O

IExo — Efpllo < < CN73/2
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FEM Error
oe

Analysis

If the former estimates of the asymptotic expansion hold we have
for the solution u™ of the discretised problem

|u—u"|. < CN"LInN.
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Solution Properties Asymptotic Expansion FEM Error Co tational Resu
[ole] }

Analysis

If the former estimates of the asymptotic expansion hold we have
for the solution u™ of the discretised problem

|u—uN|. < CNLInN.

@ Use a symmetric version of the differential equation system.
Thus we have the coerzitivity of the associated bilinear form a
and the Galerkin orthogonality of our method.
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Solution Properties / Expansion FEM Error
[ole] }

Analysis

If the former estimates of the asymptotic expansion hold we have
for the solution u™ of the discretised problem

|u—uN|. < CNLInN.

@ Use a symmetric version of the differential equation system.
Thus we have the coerzitivity of the associated bilinear form a
and the Galerkin orthogonality of our method.

@ Using x := u' — uM and + := u' — u this provides

YIxI? < a(x, x) = a(¥, x)-

>

@TECHNISCHE UNIVERSITAT DRESDEN
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Asymptotic Expansion FEM Error utational Results
[elee]ele) ooe )

Introduction Solution Properties

Analysis

If the former estimates of the asymptotic expansion hold we have
for the solution u™ of the discretised problem

|u—uN|. < CNLInN.

@ Use a symmetric version of the differential equation system.
Thus we have the coerzitivity of the associated bilinear form a
and the Galerkin orthogonality of our method.

@ Using x := u' — uM and + := u' — u this provides
IxIZ < a(x: x) = a(¥, x).
@ Finally one can show (cf. T. LiNss 2010)
a(v, x) < CllYllelixlle- 0

A\
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Computational Results

© Computational Results
@ The Problem
@ Results
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Computational Results

The Problem *
We solve the following problem numerically
—eu] + V2 U+ up =2, u1(0) = u1(1) = 0,
—euly —V2uhy —up =1, up(0) = up(1) = 0.
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Computational Results
[ o]

The Problem

We solve the following problem numerically

—eu] + V2 U+ up =2, u1(0) = u1(1) = 0,
—euly —V2uhy —up =1, up(0) = up(1) = 0.

@ We know the exact solution.
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Computational Results
[ o]

The Problem

We solve the following problem numerically

—eu] + V2 U+ up =2, u1(0) = u1(1) = 0,
—euly —V2uhy —up =1, up(0) = up(1) = 0.

@ We know the exact solution.

@ All assumptions are met.
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Computational Results
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The Problem

e=0.001

0.57 T 1

-15 i i i i i i i i i i i
0 0.005 001 01 02 03 04 05 06 07 08 09 099 0.995 1
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Computational Results

oe
The Problem
e=0.001
2 T T T T
Uy
\ uj
‘ U
15F | -+ T uj ||
\
0 +~ ]
-05F + T+ .
-1t 4 T < £ 4
T /
T~ /
15 i i i i i i i i

i i i
0 0.005 001 01 02 03 04 05 06 07 08 09 099 0.995 1
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Results
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Computational Results
L o)

Results

—— | —uMo
—— [|u =™
[l =l
10 'q

10" 10° 10° 10* 10°
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Computational Results
L o)

Results

error

—— [l —u™lo
—— [Ju — u¥
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Computational Results
L o)

Results

——[Ju —uM|
—— |lu = u
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Computational Results

oe
Results
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Computational Results
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Results

10°
107
10"
s
)
10°
10 H —— llu =«
—— Jfu —
e =,
/N ,
In(N)/N
- (n(N)/N? ‘ ‘
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Control Constraints

@ Extension to Box-Constraints for the Optimal Control
@ Problem
@ Solution Estimates

@ Numerical Error Estimates
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Control Constraints
[ o]

Problem

Consider

1 A
inJ =min=|y — yall2 + Z1ql|2
min J(y, q) = min Zlly = yallo + 5 llllo.

Ly = —ey” + by’ +cy=f+qin(0,1),
y(0) = y(1) =0,
g€ Qua={q€ 2] qa<qg<qn}

Assume
1F] < ¢ (1 reke (x) ek e, (X)) ;
a1 1af1 < € (1 74 () + =747 He, () or
v <c (1 +eThRE (x) + ke, (X))

for k € {0,1}.
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Control Constraints
oe

Problem

Using the adjoint state p (cf. TROLTZSCH 2009)

g=-\A"1N(p):=-1"1 max(—)\qb, min(p, —)\qa))
L*p=—ep” —bp' + (c = b)p=y—y,

p(0) = p(1) = 0
gives equivalent problem
1
—ey" + by’ +cy +3Np) =f, y(0)=y(1)=0,
—ep” —bp' +(c=b)p—y = —y0, p(0)=p(1)=0.
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Solution Properties ptotic Expansion FEM Error tional Results Control Constraints

00800000

Solution Estimates

The following estimates hold

1P| < ¢ (1 ke (x) +elke, (x)) ,

) < € (14174 () + ™€, (x))
for k € {0,1,2} and

g < C (1 + ek (x) + ke, (x))

for k € {0,1}.
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof
@ Define o := —A"M(x > 0) achieving ||qoll, < C
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof
@ Define go := =AM (x — 0) achieving ||qoll, < C
© Costfunktional is uniformly bounded for qq
© Optimal solution satisfies ||g||, < C
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof

@ Define go := =AM (x — 0) achieving ||qoll, < C

© Costfunktional is uniformly bounded for qq

© Optimal solution satisfies ||g||, < C

© Analysis shows bounds of the form y =S, + E,, [|S,|; < C,
!E}f‘(x)‘ <e7ke, (x), k€ {0,1}

@ Analysis shows bounds for p = S, + E, [|Sp||; < C,
|EX(x)| <e7%€&/(x), k € {0,1}
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof

@ Define go := =AM (x — 0) achieving ||qoll, < C

© Costfunktional is uniformly bounded for qq

© Optimal solution satisfies ||g||, < C

© Analysis shows bounds of the form y =S, + E,, [|S,|; < C,
!E}f‘(x)‘ <e7ke, (x), k€ {0,1}

@ Analysis shows bounds for p = S, + E, [|Sp||; < C,
|EX(x)| <e7%€&/(x), k € {0,1}

@ We know g = —AIM(p) therfore we have bound for g in Ly
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof

@ Define go := =AM (x — 0) achieving ||qoll, < C

© Costfunktional is uniformly bounded for qq

© Optimal solution satisfies ||g||, < C

© Analysis shows bounds of the form y =S, + E,, [|S,|; < C,
|Ef(x)| < e &, (x), k € {0,1}

@ Analysis shows bounds for p = S, + E, [|Sp||; < C,
|EX(x)| <e7%€&/(x), k € {0,1}

@ We know g = —AIM(p) therfore we have bound for g in Ly

@ Analysis shows bounds for y and y’

© Analysis shows bounds for p and p/
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof

@ Define go := =AM (x — 0) achieving ||qoll, < C

© Costfunktional is uniformly bounded for qq

© Optimal solution satisfies ||g||, < C

© Analysis shows bounds of the form y =S, + E,, [|S,|; < C,
!E}f‘(x)‘ <e7ke, (x), k€ {0,1}

@ Analysis shows bounds for p = S, + E, [|Sp||; < C,
|EX(x)| <e7%€&/(x), k € {0,1}

@ We know g = —AIM(p) therfore we have bound for g in Ly

@ Analysis shows bounds for y and y’

© Analysis shows bounds for p and p/

© We know g = —A~IM(p) therfore we have bounds for ¢’
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Control Constraints
(o] ]

Solution Estimates

Sketch of Proof

@ Define go := =AM (x — 0) achieving ||qoll, < C

© Costfunktional is uniformly bounded for qq

© Optimal solution satisfies ||g||, < C

© Analysis shows bounds of the form y =S, + E,, [|S,|; < C,
|Ef(x)| < e &, (x), k € {0,1}

@ Analysis shows bounds for p = S, + E, [|Sp||; < C,
|EX(x)| <e7%€&/(x), k € {0,1}

@ We know g = —AIM(p) therfore we have bound for g in Ly

@ Analysis shows bounds for y and y’

© Analysis shows bounds for p and p/

© We know g = —A~IM(p) therfore we have bounds for ¢’

@ We can deduce the remaining bounds for y” and p”
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Control Constraints
@00
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If the former estimates hold and we have

() = ()"

we can show for the solution u™N of the discretised problem

Hq _ qNH < CN~tInN.
z
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Numerical Error Estimates

If the former estimates hold and we have

() = ()"

we can show for the solution u™N of the discretised problem

Hq _ qNH < CN~tInN.
z

(" ) (LN)* = (L*)N implies we should use the same mesh for the
discretisation of g, p and y
© But the boundary layer structure differs for p and y
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If the former estimates hold and we have

* N
CORIC)
we can show for the solution u™N of the discretised problem

Hq _ qNH < CN~tInN.
z

(" ) (LN)* = (L*)N implies we should use the same mesh for the
discretisation of g, p and y

© But the boundary layer structure differs for p and y

9 (V)" = (L*)N gives that the discrete problem is an
optimisation problem

© The other assumptions are quite reasonable

Christian Reibiger, Hans-Gorg Roos @TECHNISCHE UNIVERSITAT DRESDEN




Control Constraints
(o] Jo}

Numerical Error Estimates

Other Way of Proof - Use the System
We consider the weak formultaion of

1
—ey" + by’ +cy —l—Xﬂ(P) =f,  y(0)=y(1)=0,
—ep”" —bp' +(c—H)p—y = —yo, p(0) =p(1)=0.

Assuming ¢ — b'/2 > A\~1/? we can conclude

3 Y1 yi—y2 3 Y2 yi—»y2
p1) \p1—p2 p2)  \p1— p2
2 2
> € (I =2l +llpr = p2l2)
the monotony of the operator. We have continuity of the operator.

Thus we have an unique solution of the system and its discrete
counterparts (cf. E. ZEIDLER, 1990).
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Assuming g, < 0 < gp we get from the monotony of a by y» =0

and pp =0
Y1 Y1 2 2
> .
a (<p1> , <p1>> > C (Il + lImi2)

Thus we can use the standard analysis for linear operators to attain

N
13 g

and we can derive first order error estimates for the numerical
method for arbitrary discretisations with sufficient interpolation
properties. But we have the prerequisits

c—b/2>2"Y? and g, <0< qp.
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Thank you for your attention.
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