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What is to be balanced?

Consider the reaction-diffusion equation

—?Au+cu=f, inqQ, u=0, onodQ.
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What is to be balanced?

Consider the reaction-diffusion equation
—Au+cu=f, inQ, u=0, onodQ.

It is known, that the solution consists of a regular part S and
layer terms of the form

E = exp(—vyx/e).
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What is to be balanced?

Consider the reaction-diffusion equation
—Au+cu=f, inQ, u=0, onodQ.

It is known, that the solution consists of a regular part S and
layer terms of the form

E = exp(—vx/¢).
The standard energy norm now yields

Ivllle = e[V vilo +lIvilo
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What is to be balanced?

Consider the reaction-diffusion equation
—Au+cu=f, inQ, u=0, onodQ.

It is known, that the solution consists of a regular part S and
layer terms of the form

E = exp(—vx/¢).
The standard energy norm now yields

IVll. =€l Vvilo + lIvilo = [ISIl. < C, [IE|l. < C="/2.
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The approach of Lin and Stynes

Testing the PDE with v — cAv yields

3 (Au, Av) + (2 +£¢) (Vu,Vv) + c(u, v) = (f, v — eAv).
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The approach of Lin and Stynes

Testing the PDE with v — cAv yields
3 (Au, Av) + (2 +£¢) (Vu,Vv) + c(u, v) = (f, v — eAv).
This weak formulation is coercive w.r.t.

_ .3/2 1/2
1VIlls == >2[1Av]lo + &' /2([V V][0 + [ V]lo-
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The approach of Lin and Stynes

Testing the PDE with v — cAv yields
3 (Au, Av) 4 (62 4+ ec) (Vu, Vv) + c(u, v) = (f,v — eAv).
This weak formulation is coercive w.r.t.
IVlllLs = 221 av]o + "2V viio + [|V]o-
This norm is balanced since

I1SlllLs < €, [IElls < C.
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The approach of Lin and Stynes

Testing the PDE with v — cAv yields
3 (Au, Av) 4 (62 4+ ec) (Vu, Vv) + c(u, v) = (f,v — eAv).
This weak formulation is coercive w.r.t.
IVlllLs = 221 av]o + "2V viio + [|V]o-
This norm is balanced since
I1SlllLs < €, [IElls < C.

Drawback: v e H?(Q)
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The approach of Lin and Stynes

Testing the PDE with v — cAv yields
3 (Au, Av) 4 (62 4+ ec) (Vu, Vv) + c(u, v) = (f,v — eAv).
This weak formulation is coercive w.r.t.
IVlllLs = 221 av]o + "2V viio + [|V]o-
This norm is balanced since
I1SlllLs < €, [IElls < C.

Drawback: v € H?(Q) — C'-finite elements or mixed formulation
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Overview

Reaction-Diffusion Problems

Convection-Diffusion Problems
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Reaction-Diffusion Problems

Uniform convergence on a standard mesh

Lemma
Assume uy € H'(Q). Then

Juff +eluf} < € (cluolf + o

2
0,00 )

moreover,

2 2 2 2
lu— ol < € (luof? +elluol3n) -
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Reaction-Diffusion Problems

Uniform convergence on a standard mesh

Lemma
Assume ug € H'(Q). Then

Juff +eluf} < € (<luolf + luo

2
0,00 )

moreover,

2 2 2 2
lu = uoll} < € (2luof? +<llol3 0 -

Theorem

If |ug|1 and ||upllo,0n are bounded, the error of the finite element
method with linear or bilinear finite elements on a
shape-regular mesh satisfies the uniform in ¢ estimate
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Reaction-Diffusion Problems
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Reaction-Diffusion Problems

Another balanced norm

Define
1/2

IVlllgp := & =1V Vllo + [Iv]o-
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Reaction-Diffusion Problems

Another balanced norm

Define
1/2

IVlllap = €=V Vllo + (Vo

Apparently, this is a balanced norm as

IISllpp < €, lIEllgp < C.
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Reaction-Diffusion Problems

Another balanced norm

Define
1/2

IVlllgp := & =1V Vllo + [Iv]o-

Apparently, this is a balanced norm as
ISIlgp < C, IIElllgp < C.

But we do not have coercivity in this norm!
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Reaction-Diffusion Problems

Another balanced norm

Define

IVillap := "2V Vllo + [IVllo-

Apparently, this is a balanced norm as
ISIlgp < C, IIElllgp < C.

But we do not have coercivity in this norm!

Theorem
For the nodal bilinear interpolant u' on a standard Shishkin
mesh holds

o= = ot
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Reaction-Diffusion Problems

Analysis
Assume a standard Shishkin mesh and the Galerkin FEM:
Find uN € VN = {vN € H{(Q) : vN|. € Q1(7)} such that

aga(uV, vN) .= 2(vulV, vvM)+c(uN, vN) = (£, vN), vvN e VN,
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Reaction-Diffusion Problems

Analysis

Assume a standard Shishkin mesh and the Galerkin FEM:
Find uN € VN = {vN € H{(Q) : vN|. € Q1(7)} such that

aga(uV, vN) .= 2(vulV, vvM)+c(uN, vN) = (£, vN), vvN e VN,

Theorem
For the Galerkin solution uN holds

o ] = e
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Reaction-Diffusion Problems

Sketch of proof

u—uN=vu—ru+mwu—uV

Convection-Diffusion Problems

0000000
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Reaction-Diffusion Problems

Sketch of proof

u—uN=u—ru+mu—dV (D)

Galerkin orthogonality yields for 7u € V/V:
N2
9

e2|nu— uN 2 + c||mu — uN|3 = agy(ru — uN, 7u — uN)

= ¢? <V(7ru —u),V(ru— uN)> +c <7ru —u, U — uN).
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Reaction-Diffusion Problems

Sketch of proof

u—uN=u—ru+mu—dV (D)

Galerkin orthogonality yields for 7u € V/V:
N2
k

e2|nu— uN 2 + c||mu — uN|3 = agy(ru — uN, 7u — uN)

= ¢? <V(7ru —u),V(ru— uN)> +c <7ru —u,mu—uN

With 7 as the Lo-projection onto VN follows (wu — u, vV) =0,
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Reaction-Diffusion Problems

Sketch of proof

u—uN=u—ru+mu—dV (D)

Galerkin orthogonality yields for 7u € V/V:
N2
k

e2|nu— uN 2 + c||mu — uN|3 = agy(ru — uN, 7u — uN)

= ¢? <V(7ru —u),V(ru— uN)> +c <7ru —u,mu—uN

With 7 as the Lo-projection onto VN follows (wu — u, vV) =0,
hence

A
ru— Ny < ru—uly B Ju— oV < 2u - ruly
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Reaction-Diffusion Problems

Sketch of proof

u—uN=u—ru+mu—dV (D)

Galerkin orthogonality yields for 7u € V/V:
N2
k

e2|nu— uN 2 + c||mu — uN|3 = agy(ru — uN, 7u — uN)

= ¢? <V(7ru —u),V(ru— uN)> +c <7ru —u,mu—uN

With 7 as the Lo-projection onto VN follows (wu — u, vV) =0,
hence
A
ru— Ny < ru—uly B Ju— oV < 2u - ruly

Now to handle |u — wu|y use inverse estimates, L..-stability of
L,-projection and estimates of u — u'. TECHNISCHE
W hiEE o
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Reaction-Diffusion Problems

numerical verification

N e=10"2 e=10"° e=10"% ke {4,...,8}

error rate error rate error rate
8 1.86e-1 1.88e-1 1.88e-1
16 12501 098 42764 097 45764 0.97
0.98 0.98 0.98
32 7892 oo 800e2 oo 80le2 0.99
64 476e2 [0 4822 ' 4832 100
128 278e-2 o 2822 oo 2822 100
256 159e-2 0o 161e2 oo 161e2 100
512 8933 oo 907e-3 0 9.08e3 100
1024 4.96e-3 5.04e-3 5.05e-3 '

Error ||u — uM||sp of the Galerkin FEM with bilinear elements on a sequence
of Shishkin-meshes, convergence rates as powers of (N~ In N).
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Reaction-Diffusion Problems

interior penalty

B (w,v) =2t N " (Aw, Av)r + /2T (¢ + £V/2)(Vw, Vv) + ¢(w, v)
TeQN

5 (eo([2]w) e o [2]0), + (oo 2] [24]),)

ecEN
Lo(v) = (f,v) —£'/2T* 3" (f,Av)7
TeQN
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Reaction-Diffusion Problems

interior penalty

B (w,v) =2t N " (Aw, Av)r + /2T (¢ + £V/2)(Vw, Vv) + ¢(w, v)
TeQN

5 (eo([2]w) e o [2]0), + (oo 2] [24]),)

ecEN
Lo(v) = (f,v) —£'/2T* 3" (f,Av)7
TeQN

Theorem
Fix a € [1/4,1/2] and choose o, adequately. Then

lu—u"la <CN“INN

for biquadratic elements on a Shishkin mesh with

IVIIZ = BE (v, v). ) et [
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Convection-Diffusion Problems

Again, it's unbalanced

Consider the convection-diffusion problem

—eAuU—buy+cu=f inQ:(0,1)2,
u=20 on 0f2.
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Convection-Diffusion Problems

Again, it's unbalanced

Consider the convection-diffusion problem

—eAuU—buy+cu=f inQ:(0,1)2,
u=20 on 0f2.

Here the solution u has a regular component S and two
different layer components of the forms Ey = exp(—x/¢) and

E> = exp(—y/ve).
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Convection-Diffusion Problems

Again, it's unbalanced

Consider the convection-diffusion problem

—eAuU—buy+cu=f inQ:(0,1)2,
u=20 on 0f2.

Here the solution u has a regular component S and two
different layer components of the forms Ey = exp(—x/¢) and
E, = exp(—y/+/¢). With the standard energy norm

VIl = 219 vlo + [Ivllo
follows  [IS[Il. < C. [IEll. <C. |IEl. < C"/"

TECHNISCHE
@ UNIVERSITAT
DRESDEN M



Reaction-Diffusion Problems Convection-Diffusion Problems
0000000 0®00000

Convection-Diffusion Problems

A balanced norm

Consider the balanced norm

12 1/4
IVillep := €2 lIvxllo + & llvyllo + I Vllo.
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Convection-Diffusion Problems

A balanced norm

Consider the balanced norm
o 1/2 1/4
IVIllep = "2llvillo + £ * vy llo + [IV]lo-

Again, we do not have coercivity. We try to use a similar
analysis.
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Convection-Diffusion Problems

A balanced norm

Consider the balanced norm
o 1/2 1/4
IVIllep = "2llvillo + £ * vy llo + [IV]lo-

Again, we do not have coercivity. We try to use a similar
analysis.

Problem: We will need a different projection that is still
L.-stable.
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Convection-Diffusion Problems

A version of SDFEM

Define the SDFEM on a standard Shishkin mesh and with
piecewise bilinear elements by:
Find uV € VN such that for all vV € VN

asp(uM, vN) = fgp(vN)

)
where

asp(v,w) :=¢e(Vv,Vw) + (cv — bvy, w)+
Z(eAv + bvx — cv, 0, bwy),

T

fsp(v) = (f,v) = > (f,8:bvx),.

T
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Convection-Diffusion Problems

A version of SDFEM

The difference to the standard SDFEM-formulation is the
choice of ¢, as a stabilisation function on 7 given by

. h 1 (xi — x)(x — Xi_1)
Or, 1= —, h; .
p = {26 Hbuoo,ﬁ,} ’ [z
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Convection-Diffusion Problems
Analysis
Let a projection operator = : C(Q) — VN be given by

8proj(mu — u,vN)y =0 forall vN e VN
where
proj(V, W) = &( Vi, Wy)+(cv—bvy, W)+Z(evxx+bvx—cv, 5-bwy);.

T

TECHNISCHE
@ UNIVERSITAT
DRESDEN M



Reaction-Diffusion Problems Convection-Diffusion Problems
0000000 0000800

Convection-Diffusion Problems

Analysis
Let a projection operator = : C(Q) — VN be given by

8proj(mu — u,vN)y =0 forall vN e VN
where
proj(V, W) = &( Vi, Wy)+(cv—bvy, W)+Z(svxx+bvx—cv, 5-bwy);.

T

Then follows from agp(wu — ul, 7u — uN) with coercivity and
Galerkin orthogonality
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Convection-Diffusion Problems
Analysis
Let a projection operator = : C(Q) — VN be given by

8proj(mu — u,vN)y =0 forall vN e VN
where
proj(V, W) = &( Vi, Wy)+(cv—bvy, W)+Z(svxx+bvx—cv, 5-bwy);.

T

Then follows from agp(wu — ul, 7u — uN) with coercivity and
Galerkin orthogonality

Iimu =)o ra = | o, < Gl = mso = o g, +

Ce™ 2| 3_(e(tru = )y bl — t)y)-
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Convection-Diffusion Problems

Preliminary Results
Lemma
The projection 7 is L, -stable, i.e.

|ImV]|eo < C||IV||ew forv e C(Q)
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Convection-Diffusion Problems

Preliminary Results

Lemma
The projection 7 is L, -stable, i.e.

|ImV]|eo < C||IV||ew forv e C(Q)

and
[(u—mu)yllo < Ce~V4N=T(In N)3/2.
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Convection-Diffusion Problems

Preliminary Results

Lemma
The projection 7 is L, -stable, i.e.

|ImV]|eo < C||IV||ew forv e C(Q)

and
[(u—mu)yllo < Ce~V4N=T(In N)3/2.

It follows finally (after a lengthy analysis)

I(u = uM)yllo < CeANT(In N)*2.
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Result

Theorem
For the SDFEM solution uN holds in the standard energy norm

[l

< CN~'(InN)¥/2,
€
and in the balanced norm

o= ]| < ot
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