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History

Shape optimization in discretized static contact problems with:

1 no friction [e.g. Haslinger, Neittaanmäki, 1996]

2 given friction (Tresca law) [e.g. Haslinger, Neittaanmäki, 1996]

3 Coulomb law - 2D case [Beremlijski, Haslinger, Kočvara, Outrata, 2002]

4 Coulomb law - 3D case [Beremlijski, Haslinger, Kočvara, Kučera, Outrata, 2009]

Goal

Extend the results to contact problems, where the coefficient of friction depends on the
solution, i.e. the unknown displacement.
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Geometrical setting
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Elastic body and its contact boundary:

Ω(α) := {(x1, x2) | a < x1 < b, α(x1) < x2 < γ}, Γc(α) := Grα,

where

α ∈ Uad := {α ∈ C
1,1([a, b]) | 0 ≤ α ≤ C0, |α

′| ≤ C1, |α
′′| ≤ C2,

measΩ(α) = C3}.
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Classical formulation

Signorini problem

divσ(u) + F = 0 in Ω(α),

u = 0 on Γu,

(σ(u)n ≡ ) T(u) = P on ΓP ,

( u2(·, α(·)) ≡ ) u2 ◦ α ≥ −α

T2(u) ◦ α ≥ 0
(u2 ◦ α+ α)T2(u) ◦ α = 0



 in (a, b)
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Classical formulation

Signorini problem with given friction

divσ(u) + F = 0 in Ω(α),

u = 0 on Γu,

(σ(u)n ≡ ) T(u) = P on ΓP ,

( u2(·, α(·)) ≡ ) u2 ◦ α ≥ −α

T2(u) ◦ α ≥ 0
(u2 ◦ α+ α)T2(u) ◦ α = 0



 in (a, b)

u1 = 0 ⇒ |T1(u)| ≤ F g

u1 6= 0 ⇒ T1(u) = −sgn (u1)F g

}
on Γc(α)
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Classical formulation

Signorini problem with given friction and solution-dependent coefficient of friction:

divσ(u) + F = 0 in Ω(α),

u = 0 on Γu,

(σ(u)n ≡ ) T(u) = P on ΓP ,

( u2(·, α(·)) ≡ ) u2 ◦ α ≥ −α

T2(u) ◦ α ≥ 0
(u2 ◦ α+ α)T2(u) ◦ α = 0



 in (a, b)

u1 = 0 ⇒ |T1(u)| ≤ F(0)g
u1 6= 0 ⇒ T1(u) = −sgn (u1)F(|u1|)g

}
on Γc(α)
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Classical formulation

Signorini problem with given friction and solution-dependent coefficient of friction:

divσ(u) + F = 0 in Ω(α),

u = 0 on Γu,

(σ(u)n ≡ ) T(u) = P on ΓP ,

( u2(·, α(·)) ≡ ) u2 ◦ α ≥ −α

T2(u) ◦ α ≥ 0
(u2 ◦ α+ α)T2(u) ◦ α = 0



 in (a, b)

u1 = 0 ⇒ |T1(u)| ≤ F(0)g
u1 6= 0 ⇒ T1(u) = −sgn (u1)F(|u1|)g

}
on Γc(α)

σij(u) = cijklεkl(u) ∀i , j = 1, 2,

cijkl = cjikl = cklij ∀i , j , k, l = 1, 2,

∃Cell > 0 : cijklξijξkl ≥ Cellξijξij ∀ξij = ξji ∈ R.
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Variational formulation

Notation:

V(α) := { v ∈ H
1(Ω(α)) | v = 0 a.e. on Γu },

K(α) := { v ∈ V(α) | v2 ◦ α ≥ −α a.e. in (a, b) },

a(u, v) :=

∫

Ω(α)

cijklεkl(u)εij(v) dx ; L(v) :=

∫

Ω(α)

Fivi dx +

∫

ΓP

Pivi ds.

Weak formulation of the state problem:





Find u ∈ K(α) such that:

a(u, v − u) +

∫

Γc (α)

F(|u1|)g(|v1| − |u1|) ds ≥ L(v − u) ∀v ∈ K(α).

Existence, uniqueness, discretization ... [Haslinger, Vlach, 2005]
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Derivation of the algebraic state problem

Let:

Uad ⊂ R
p
+ convex, compact,

K(α) := {v ∈ R
n | vν ≥ −α} for any α ∈ Uad ,

where the subvector vν ∈ R
p corresponds to normal displacement at the contact nodes.

Primal formulation of the state problem:




Find u ∈ K(α) such that:

〈A(α)u, v − u〉n +

p∑

i=1

ωi (α)F(|(uτ )i |)
(
|(vτ )i | − |(uτ )i |

)

≥ 〈L(α), v − u〉n ∀v ∈ K(α).
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Derivation of the algebraic state problem

Let:

Uad ⊂ R
p
+ convex, compact,

K(α) := {v ∈ R
n | vν ≥ −α} for any α ∈ Uad ,

where the subvector vν ∈ R
p corresponds to normal displacement at the contact nodes.

Mixed formulation of the state problem:




Find (u,λ) ∈ R
n × R

p
+ such that:

〈A(α)u, v − u〉n +

p∑

i=1

ωi (α)F(|(uτ )i |)
(
|(vτ )i | − |(uτ )i |

)

≥ 〈L(α), v − u〉n + 〈λ, vν − uν〉p ∀v ∈ R
n
,

〈µ− λ, uν +α〉p ≥ 0 ∀µ ∈ R
p
+.

R. Pathó (Charles University) Contact shape optimization Workshop Prague-Dresden 6 / 16



Derivation of the algebraic state problem

Let:

Uad ⊂ R
p
+ convex, compact,

K(α) := {v ∈ R
n | vν ≥ −α} for any α ∈ Uad ,

where the subvector vν ∈ R
p corresponds to normal displacement at the contact nodes.

Reduced algebraic state problem:

(P̃(α))





Find (uτ , uν ,λ) ∈ R
p × R

p × R
p
+ such that:

0 ∈ Aττ (α)uτ + Aτν(α)uν − Lτ (α) +Q1(α, uτ ),

0 = Aντ (α)uτ + Aνν(α)uν − λ− Lν(α),

0 ∈ uν +α+ N
R
p
+
(λ),

where:
(
Q1(α, uτ )

)
i
:= ωi (α)F(|(uτ )i |)∂|(uτ )i | ∀i = 1, . . . , p.
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State GE and its solvability

Introducing the state variable y :=
(
uτ , uν ,λ

)T
, we may rewrite (P̃(α)) as:

0 ∈ F(α, y) +Q(α, y), (GE)

where:

F(α, y) :=



Aττ (α) Aτν(α) 0

Aντ (α) Aνν(α) −I

0 I 0






y1
y2
y3


−



Lτ (α)
Lν(α)
−α


 , Q(α, y) :=



Q1(α, y1)

0

N
R
p
+
(y3)


 .

Theorem

Let the coefficient of friction F : R+ → R+ be Lipschitz continuous with a sufficiently

small modulus. Then the mapping:

S : α 7→ {y | 0 ∈ F(α, y) +Q(α, y)}

is single-valued and Lipschitz continuous in Uad .
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Shape optimization and ImP

Let J : (α, y) 7→ R be a continuously differentiable cost functional. Then the shape
optimization problem reads as:

(P)





minimize J(α, y)
subj. to 0 ∈ F(α, y) +Q(α, y)

α ∈ Uad

From now on let the assumptions of Theorem hold. Then:

Implicit Programming:

(P) ⇐⇒ (P̃)

{
minimize J (α) := J(α, S(α))
subj. to α ∈ Uad

Given ᾱ ∈ Uad , we need to compute:

the solution to the GE: ȳ := S(ᾱ),

one Clarke’s subgradient: ξ ∈ ∂̄J (ᾱ) = ∇αJ(ᾱ, ȳ) +
(
∂̄S(ᾱ)

)T
∇yJ(ᾱ, ȳ)
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Generalized differentiation - basic definitions

For a set A ⊂ R
n and x̄ ∈ A denote by

N̂A(x̄) :=
{
x
∗ ∈ R

n
∣∣∣ lim sup

x
A

−→x̄

〈x∗, x− x̄〉n
‖x− x̄‖n

≤ 0
}

and NA(x̄) := Lim sup
x

A
−→x̄

N̂A(x)

the regular (Fréchet) and limiting (Mordukhovich) normal cones to A at x̄, respectively.

For a multifunction Q : Rn
⇉ R

m and (x̄, ȳ) ∈ GrQ the multifunction
D∗Q(x̄, ȳ) : Rm

⇉ R
n, defined by

D
∗

Q(x̄, ȳ)(y∗) := {x∗ ∈ R
n | (x∗,−y

∗) ∈ NGrQ(x̄, ȳ)}

is called the limiting (Mordukhovich) coderivative of Q at (x̄, ȳ).

Q is said to be calm at (x̄, ȳ) provided ∃L > 0 ∃ neighbourhoods U, V of x̄, ȳ, resp.:

Q(x) ∩ V ⊂ Q(x̄) + L‖x− x̄‖nBm(0, 1) ∀x ∈ U.
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Sensitivity analysis - the adjoint GE

Lemma

D
∗

S(ᾱ)(∇yJ(ᾱ, ȳ)) ⊂
(
∂̄S(ᾱ)

)T
∇yJ(ᾱ, ȳ) ∀ᾱ ∈ Uad .

... cf. [Mordukhovich, 1994]

=⇒ Our goal is to determine one element from D∗S(ᾱ)(∇yJ(ᾱ, ȳ))!

R. Pathó (Charles University) Contact shape optimization Workshop Prague-Dresden 10 / 16



Sensitivity analysis - the adjoint GE

Lemma

D
∗

S(ᾱ)(∇yJ(ᾱ, ȳ)) ⊂
(
∂̄S(ᾱ)

)T
∇yJ(ᾱ, ȳ) ∀ᾱ ∈ Uad .

... cf. [Mordukhovich, 1994]

=⇒ Our goal is to determine one element from D∗S(ᾱ)(∇yJ(ᾱ, ȳ))!

Theorem

(i) The multifunction:

M : p 7→ {(α, y) | p+Φ(α, y) ∈ GrQ},

where Φ(α, y) :=
(
α, y,−F(α, y)

)T
is calm at (0, ᾱ, ȳ).

(ii) For each p∗ ∈ D∗S(ᾱ)(∇yJ(ᾱ, ȳ)) there exists a vector v∗ such that:

(
p∗

−∇yJ(ᾱ, ȳ)

)
∈ ∇F(ᾱ, ȳ)Tv∗ + D

∗

Q(ᾱ, ȳ,−F(ᾱ, ȳ))(v∗). (AGE)

... for (ii) cf. [Kočvara, Outrata, 2004]
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Sensitivity analysis - adjoint GE

Sketch of the proof of (i):

By contradiction:

Show that noncalmness of M at (0, ᾱ, ȳ) implies noncalmness of

M̃ : p̃ 7→ {(α, y) | (0, 0, p̃) + Φ(α, y) ∈ GrQ}

at (0, ᾱ, ȳ);
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Sensitivity analysis - adjoint GE

Sketch of the proof of (i):

By contradiction:

Show that noncalmness of M at (0, ᾱ, ȳ) implies noncalmness of

M̃ : p̃ 7→ {(α, y) | (0, 0, p̃) + Φ(α, y) ∈ GrQ}

at (0, ᾱ, ȳ);

Observe, that: (α, y) ∈ M̃(p̃) ⇔ p̃ ∈ F (α, y) + Q(α, y) ⇔ 0 ∈ F̃ (α, ỹ) + Q(α, ỹ),
where ỹ := (y1, y2 − p̃2, y3)

T and

F̃ (α, ỹ) :=



Aττ (α) Aτν(α) 0

Aντ (α) Aνν(α) −I

0 I 0


 ỹ −



Lτ (α) + p̃1 − Aτν(α)p̃3

Lν(α) + p̃2 − Aνν(α)p̃3

−α


 ,

i.e. ỹ is the unique solution to the state problem on the domain Ω(α), but with a
different load vector;
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Sensitivity analysis - adjoint GE

Sketch of the proof of (i):

By contradiction:

Show that noncalmness of M at (0, ᾱ, ȳ) implies noncalmness of

M̃ : p̃ 7→ {(α, y) | (0, 0, p̃) + Φ(α, y) ∈ GrQ}

at (0, ᾱ, ȳ);

Observe, that: (α, y) ∈ M̃(p̃) ⇔ p̃ ∈ F (α, y) + Q(α, y) ⇔ 0 ∈ F̃ (α, ỹ) + Q(α, ỹ),
where ỹ := (y1, y2 − p̃2, y3)

T and

F̃ (α, ỹ) :=



Aττ (α) Aτν(α) 0

Aντ (α) Aνν(α) −I

0 I 0


 ỹ −



Lτ (α) + p̃1 − Aτν(α)p̃3

Lν(α) + p̃2 − Aνν(α)p̃3

−α


 ,

i.e. ỹ is the unique solution to the state problem on the domain Ω(α), but with a
different load vector;

Show that on a fixed domain the solution y depends Lipschitz continuously on the
load vector L;
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Sensitivity analysis - adjoint GE

Sketch of the proof of (i):

By contradiction:

Show that noncalmness of M at (0, ᾱ, ȳ) implies noncalmness of

M̃ : p̃ 7→ {(α, y) | (0, 0, p̃) + Φ(α, y) ∈ GrQ}

at (0, ᾱ, ȳ);

Observe, that: (α, y) ∈ M̃(p̃) ⇔ p̃ ∈ F (α, y) + Q(α, y) ⇔ 0 ∈ F̃ (α, ỹ) + Q(α, ỹ),
where ỹ := (y1, y2 − p̃2, y3)

T and

F̃ (α, ỹ) :=



Aττ (α) Aτν(α) 0

Aντ (α) Aνν(α) −I

0 I 0


 ỹ −



Lτ (α) + p̃1 − Aτν(α)p̃3

Lν(α) + p̃2 − Aνν(α)p̃3

−α


 ,

i.e. ỹ is the unique solution to the state problem on the domain Ω(α), but with a
different load vector;

Show that on a fixed domain the solution y depends Lipschitz continuously on the
load vector L;

From these facts prove that M̃ is calm at (0, ᾱ, ȳ).
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Sensitivity analysis - computation of D∗Q

Recall:

Q(α, y) =



Q1(α, y1)

0
N

R
p
+
(y3)


 ... components are decoupled,

therefore its coderivative can be computed componentwise:

D
∗

Q(ᾱ, ȳ, q̄)(q∗) =



D∗Q1(ᾱ, ȳ1, q̄1)(q

∗

1 )
0

D∗N
R
p
+
(ȳ3, q̄3)(q

∗

3 )


 ∀(ᾱ, ȳ, q̄) ∈ GrQ ∀q∗

.

3rd component is easy and well-known,

1st component is much more challenging!
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Sensitivity analysis - computation of D∗Q1

Write Q1 as a composition of an inner smooth mapping and an outer multifunction:

Q1(α, u) =



ω1(α)F(|u1|)∂|u1|

...
ωp(α)F(|up|)∂|up|


 =



Z ◦Ψ1

...
Z ◦Ψp


 (α, u) = (Z1 ◦Ψ)(α, u),

where: Ψi : (α, u) 7→ (ωi (α), ui )
T and Z : (x1, x2)

T 7→ x1F(|x2|)∂|x2|.
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Sensitivity analysis - computation of D∗Q1

Write Q1 as a composition of an inner smooth mapping and an outer multifunction:

Q1(α, u) =



ω1(α)F(|u1|)∂|u1|

...
ωp(α)F(|up|)∂|up|


 =



Z ◦Ψ1

...
Z ◦Ψp


 (α, u) = (Z1 ◦Ψ)(α, u),

where: Ψi : (α, u) 7→ (ωi (α), ui )
T and Z : (x1, x2)

T 7→ x1F(|x2|)∂|x2|.

Hence:

D
∗

Q1(ᾱ, ū, q̄)(q∗) ⊂ ∇Ψ(ᾱ, ū)TD∗

Z1(Ψ(ᾱ, ū), q̄)(q∗),

at all points (ᾱ, ū, q̄) ∈ GrQ1 for which the following holds:

Ker∇Ψ(ᾱ, ū)T ∩ D
∗

Z1(Ψ(ᾱ, ū), q̄)(0) = {0} ! (CQ)
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Sensitivity analysis - final step

Notice, that the components of Z1 are also decoupled, therefore the coderivative D∗Z1

may be computed componentwise, i.e. in terms of D∗Z !

The quantity D∗Z (x̄1, x̄2, z̄)(z
∗) may be expressed in terms of the data of our problem at

all reference points (x̄1, x̄2, z̄) ∈ GrZ and for all directions z∗ ∈ R.

Different parts of GrZ correspond the different mechanical regimes:

|x̄2| > 0 ⇒ sliding,

x̄2 = 0, |z | < x̄1F(0) ⇒ strong sticking,

x̄2 = 0, |z | = x̄1F(0) ⇒ weak sticking.
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Sensitivity analysis - final step

Notice, that the components of Z1 are also decoupled, therefore the coderivative D∗Z1

may be computed componentwise, i.e. in terms of D∗Z !

The quantity D∗Z (x̄1, x̄2, z̄)(z
∗) may be expressed in terms of the data of our problem at

all reference points (x̄1, x̄2, z̄) ∈ GrZ and for all directions z∗ ∈ R.

Different parts of GrZ correspond the different mechanical regimes:

|x̄2| > 0 ⇒ sliding,

x̄2 = 0, |z | < x̄1F(0) ⇒ strong sticking,

x̄2 = 0, |z | = x̄1F(0) ⇒ weak sticking.

Corollary

(CQ) is satisfied for all (ᾱ, ū, q̄) ∈ GrQ1.
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The End

Thank you for your attention...
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