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e [Kaland, Roos, 2010]:
suboptimal error estimates derived for singular perturbed

problem
lellioo(rzy = O((N~In N)?/71/2 4 7a+1/2 4 Nratl)
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e [Kaland, Roos, 2010]:
suboptimal error estimates derived for singular perturbed
problem
lellie(zy = O((N~* In N)?/7/2 4 74F1/2 4 Nratt)
@ Desired estimate:
lell oo (z2y = O((N~tIn N)? 4+ 797)
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Singularly perturbed problem

ou 0?u ou
— == = 1),t T), (1
5r a2 Tha, T g, Yx€(0,1),t€(0,T), (1)
u(0,t) =u(l,t) = 0, Vte(0,T),

u(x,0) = u°(x), Vxe(0,1),
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Singularly perturbed problem

ou 0%u ou
3 82+b0 +cu = g, Vxe(0,1),t€(0,T), (1)
u(0,t) =u(l,t) = 0, Vte(0,T),

u(x,0) = u°(x), ¥xe(0,1),

o g€ *((0,1) x(0,T))
o u¥ € L?(0,1)
e 0<exxl1l

e functions b and c are sufficiently smooth with b(x) > 8 > 0
c— %%( ) >c >0
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Weak formulation

Bilinear form:

du Ov du
a(u,v) = 5(7, a) + (ba +cu,v)

Energy norm:

V12 = [IvVII? + el vIZn 0.

a(v,v) > min(c, 1)HV||§ >0
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Weak formulation

Bilinear form:

ou Ov Ou
a(u,v) = 8(77 a) + (ba +cu,v)

Energy norm:

V12 = [IvVII? + el vIZn 0.

a(v,v) > min(c, 1)HV||§ >0

We say that the function u € C*(0, T, H3(0,1)) is the weak
solution, if

<0g§f>,v)+a(u(t),v) = (g(t),v), Vv eH0,1),

u(0) = u®.
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Properties of the exact solution

@ Solution has in general boundary layer at x = 1.

@ Assuming sufficiently compatible data solution has no interior
layer.

@ Moreover, it is possible to prove

‘W’<C<1+l> )

Okxomt ckeB(l—x)/e
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Space discretization

@ Shishkin mesh: equidistantly distributed mesh points in
intervals [0, 0] and [0, 1], 0 = 3¢ log(N).
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Space discretization

@ Shishkin mesh: equidistantly distributed mesh points in
intervals [0, 0] and [0, 1], 0 = 3¢ log(N).
@ N number of mesh points
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Space discretization

@ Shishkin mesh: equidistantly distributed mesh points in
intervals [0, 0] and [0, 1], 0 = 3¢ log(N).

@ N number of mesh points

e Vi C H(0,1) contains piecewise linear functions
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Space discretization

@ Shishkin mesh: equidistantly distributed mesh points in
intervals [0, 0] and [0, 1], 0 = 3¢ log(N).
@ N number of mesh points

e Vi C H(0,1) contains piecewise linear functions
Semidiscrete problem: find uy € C1(0, T, Vy) satisfying

(8uN(ﬂ
ot

,v) +a(un(t),v) = (g(t),v), VveV,Vte(0,T),
(un(0),v) = (O v). VYve Wy
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Time discretization

@ Let 0=ty <...<t, =T be a partition of [0, T] and
I = (tmfl, tm).

o Let 7, = |Im| and T = max;, -

o Vi={vel*0,T,W):vl, € Plm Vn)}

o ve Vi vl =v(tmE) =limep,+ v(t), {vim= vl — v
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Time discontinuous Galerkin

We say that the function U € V[ is the approximate solution to
singularly perturbed problem (1) if

/(U’,v)+a(U, Dt + ([(Umog, v = /I(g, V)dt,

Im
Vv e Vg, Vm
(UO,v) = ().
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Ritz projection

e Ritz projection: R : H}(0,1) — Vi, such that
a(u,v) = a(Ru,v), Vv € Vy
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Ritz projection

e Ritz projection: R : H}(0,1) — Vi, such that
a(u,v) = a(Ru,v), Vv € Vy

@ It is possible to prove following estimates:
|Ru — ulle < C(N~LInN)
|Ru — ul| < C(N~1In N)2
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Time interpolation

@ Let us assume Radau quadrature nodes in interval /p,:
tn-1 <tmg <...<tmo=1tm

o X" ={vel?0,T,L%0,1)): v|;, € PI(Im, L*(0,1))}

e Time projection: P, : C([0, T],L2(0,1)) — X7, such that

PTu(tm,,') = u(tm7,-)
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Time interpolation

@ Let us assume Radau quadrature nodes in interval /p,:
tn-1 <tmg <...<tmo=1tm

o X" ={vel?0,T,L%0,1)): v|;, € PI(Im, L*(0,1))}

e Time projection: P, : C([0, T],L2(0,1)) — X7, such that

PTu(tm,,') = u(tm7,-)
Then

sup||Pru—ul| < Crdtt
I

m
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Space-time projection

@ Space-time projection: m = RP;, = PR
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Space-time projection

@ Space-time projection: m = RP;, = PR
o sup, |mu—ul| < C(r9T + (N~1In N)?)
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Radau quadrature

o Let f € C(0,1), we define Radau quadrature:

| Fode= airl = Zw, tmi)

@ Radau quadrature has algebraic degree 2¢q

e 0<w <7p
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Radau quadrature

o Let f € C(0,1), we define Radau quadrature:

| Fode= airl = Zw, tmi)

@ Radau quadrature has algebraic degree 2¢q

e 0<w <7p

If g € P9(l,, L?(0,1)), then we can express the method:

QUU V) + Qla(U. V)] + ({Uym—1.vI™) = Qllg. V)] Vv e Vj
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Radau quadrature

o Let f € C(0,1), we define Radau quadrature:

| Fode= airl = Zw, tmi)

@ Radau quadrature has algebraic degree 2¢q

e 0<w <7p

If g € P9(l,, L?(0,1)), then we can express the method:
QUU V) + Qla(U. V)] + ({Uym—1.vI™) = Qllg. V)] Vv e Vj
For the exact solution we obtain:

QU V)] + Qla(u, v)] + ({u}m-1, v 1) = Qllg, V)] Vv e Vf
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Error estimates

We divide the error

e(t) = U(t) — u(t) = U(t) — mu(t) + mu(t) — u(t)
=¢(t) =n(t)
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Error estimates

We divide the error

e(t) = U(t) — u(t) = U(t) — mu(t) + mu(t) — u(t)
=¢(t) =n(t)

[ €0+ alevde+ (1 mavi

Im

= QI )] = ({n}m-1,vI"*) = Qla(n, v)].

M. Vlasdk TDG



Error estimates

QU , I+ ({Mm-1,v7 ™) < 7 C(rT 4+ (N7 I N)?) sup ||

Qla(n,v)] = 0
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Error estimates

QU , I+ ({Mm-1,v7 ™) < 7 C(rT 4+ (N7 I N)?) sup ||

Qla(n,v)] = 0

/, (€.v) + a(€, v)dt + ({€} m_1, V™)

< TmC(r9T 4 (NTHIn N)?) sup || v].

m
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Error estimates

Setting v = 2¢:

€12 = N2 + [{E )} m—1l|* + 2min(co, 1)// lelf2ett

< 7mC (777 4 (NI N)?) sup I€])-
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Estimates inside /,,

[Akrivis, Makridakis, 2004]: setting v = 2§~ € V{, where 5 is

interpolation over Radau quadrature nodes in I, of —2—{(t)
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Estimates inside /,,

[Akrivis, Makridakis, 2004]: setting v = 2§~ € V{, where 5 is
interpolation over Radau quadrature nodes in [, of tj;';il&(t)
the values at the nodes of Radau quadrature:

f(tm,i) = - g(tm,i)

tm,i—tm—1
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Estimates inside /,,

[Akrivis, Makridakis, 2004]: setting v = 2§~ € V{, where 5 is
interpolation over Radau quadrature nodes in [, of ’;’;715(1‘)
the values at the nodes of Radau quadrature:

E(tmi) = —2—&(tm i), where ﬁ >1

tm,i—tm—1 -1

t—
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Estimates inside /,,

[Akrivis, Makridakis, 2004]: setting v = 2§~ € V{, where 5 is
interpolation over Radau quadrature nodes in [, of tj;';il&(t)

the values at the nodes of Radau quadrature:
Tm > 1

é(tm,l) = fm,iint]'m—lé-(tm’i)’ Where tm,i_tmfl -
Then

/ a(¢. &)dt = Q[a(e, &)

Im

Tm
= z]: Wima(g(tm,i)v f(tm,i))

> min(ao, 1)Q[I€[2] = min(ea, 1) [ ]t
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Estimates inside /,,

Tm
t—tm—1

Let v € V{, and V be the interpolation of
quadrature nodes in I,,. Then

v(t) over Radau

~ 1
2 (v n)de+ 20 v = v+ [ elPde (3
Im T™m Jip,
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Estimates inside /,,

Since the norms sup; |/¢] 2
equivalent, we get

o Sy IEIPdt and sup,, [E] are

1 -
stWSC/Ww%t

¢ (Jemie + /HMdH@wn% /WmdQ

<c (Tlé +c@ﬁ1(N1mm%wme
<C

m

. ~ 1
(€7 7H +729%2 + (N~ In N)4)+§S;JP”§H2
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Error estimates

Let u be exact solution of singularly perturbed problem (1) and U
be its discrete approximation. Then

max sup||U —uf| < C((N""In N)* 4+ 774).
L

Tty

m
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Thank you for your attention.
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