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Goal: To work out an accurate, efficient and robust, theoretically
based numerical method for the solution of nonlinear parabolic
problems and compressible Navier-Stokes equations in time
dependent domains

Most of the results on the theory and numerical analysis are
obtained under the assumption that a space domain Q is
independent of time t.

However, problems in time-dependent domains Q; are important in
a number of areas of science and technology.
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Analysis of stability for a model initial boundary value problem in a
time-dependent bounded domain Q; C RY, where

t €[0,T], T > 0: Find a function u = u(x, t) with

x € Q¢, t € (0, T) such that

d
ou n Z Ofs(u) div(B(u)Vu) =g in Q, t€(0,T),(1)

ot — OXs
u=up on I, te(0,T), (2)
u(x,0) = u°(x), x € Q. (3)

We assume that f, € C1(R), £(0) =0,

/| <Lfy, s=1,...,d, (4)
B:R—[Bo, 1], 0<pPo<pr<oo, (5)
]ﬁ(ul)—ﬁ(uz)\ < L/@’Ul—uﬂ Vu1,uz e R. (6)
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ALE method

At o ﬁref = ﬁta X e ﬁref — X = At(X) € ﬁt; t e [O, T] (7)
domain velocity

2X,8) = TAX), 2(61) = HAPG). D, ()

t e [07 T]7 X S Qref7 X € Qt7

ALE derivative D:f = Df /Dt of a function f = f(x,t) for x € Q,
and t € [0, T] as

Dif(x, £) = D%f(x, £ = %(x, ), (9)

where f(X,t) = F(A:(X), t), X € Quer, and x = A(X) € Q.
The use of the chain rule yields the relation
Df  of
— = -VFf 1
Dr ~ ot +z - Vf, (10)
which allows us to reformulate problem (1)—(3) in the ALE form:
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Find u = u(x, t) with x € Q;, t € (0, T) such that

Z 8x —z-Vu—div((u)Vu) =g in Q,

(O, T), (11)
u=up on I, te(0,T), (12)
u(x,0) = u°(x), x € Q. (13)
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ALE-space time DG discretization

partition 0 = tg < t; < --- < tpy = T and set
Tm = tm — tm—1, Im = (tmfla tm)v Im = [tmfla tm] for
m=1,...,M, 7 = maxXm=1,.. MTm.

The space-time discontinuous Galerkin method (STDGM) allows us
to consider an ALE mapping separately on each time interval
[tm—1,tm) for m=1,..., M and the resulting ALE mapping in

[0, T] may be discontinuous at time instants tp,, m=1,...,M —1.
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Discrete function spaces
for every m=1,..., M we consider the space

spmt = {e € 2(Qu,)i vl € PPR) VR € Trsya |1 (14)

where p > 1 is an integer and PP(K) is the space of all polynomials
on K of degree < p.
Further, let p, g > 1 be integers. We set

e (15)
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Discrete forms

Diffusion form

ap(u,p, t) = B(u)Vu-Vedx (16)
n(u, ¢ K;}ﬂ/’( @
= % [@6@va) nrlel +6 BT} - nr ul) d
Fe}‘,’,’t
- 3 [B)Va-nrp+05() Ve nru = 05(u) Ve - or up) dS,
Fe}‘,‘ft
§=-1,0,1

Interior and boundary penalty

Ip(u, @, t) ==c AN [ [u][0] dS + ¢ AN [ uepds,
(17)
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Ah(”? 2 t) = ah(ua P, t)_'_BO Jh(u7907 t)a (18)
Convection forms

b(u, i, t) : Z/Zf 8“001 (19)

KETh, =
R
+ Z / ur ,uﬁ ), ) [¢]dS + Z / ur 7ur ,nr)pdS,
re]—‘,’]t Fe]—‘,’?t
H — suitable numerical flux to £

dp(u, @, t) : Z /(z Vu)pdx, (20)

KETh,t
Right-hand side form

Lr(ep, t) Z /gSDdXﬂLﬁoCW Z h(r /UDSOdS

KETh,¢ rerg,
(21)
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For a function ¢ defined in U%:l Im we denote
+ _ — | — _ _
pm = p(tmt) = lim o(t), {p}m = o(tmt) = o(tm—), (22)

if the one-sided limits (7 exist.

ALE-STDG approximate solution

Definition

A function U is an approximate solution of problem (11)—(13), if
Ue SP? and

/ ((Dtua W)Qt + Ah(Ua @, t) + bh(Ua @, t) + dh(Ua ®, t)) dt

Im
H{Umor o ada, , = [ o0t Voe SR, (23)
Im
m=1,..., M,
Uy € SP°, (Uy —u®vh) =0 Vv, e SPP. (24)
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Main stability result

There exists a constant C; > 0 independent of h and T such that

J

m m
_ B
1UAl3,, + D IHUY 1, + 5 [ Ul dt(25)
1 2 |
j=1 j=1714

m
<G (1051, + 3 [ (lelh, + luolbes. e |
j=1"1

m=1,...,M, he(0,h).
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Analysis of the stability

Important relations:

a) Boundedness of the Jacobian matrices and Jacobian

determinants of the ALE mappings:

dAR(X)
dX

P e
dx

A S C;) (26)

Cy <J(X,t) < Cf, (C) P <uH(xt) <(C))h (27)
XeQ, ,, x€Qi t€ly m=1,... M, he(0,h).

b) Multiplicative trace inequality and the inverse inequality:

1120y < om (Ivllizqiy IVIimy + i VI ) (28)

ve HY(K), K€ Tht, he(0,h), t€0, T],

WVImky < bt Ivlizky, v € PP(K), K € The, h€(0,h), t€[0, T]
c) Norms: |- [lq, - L2(Q¢) norm

1/2
lellpe,e = Z \80|/%/1(K)+Jh(90790; £) )= 2.(29)

Miloslav Feistauer and Monika Balazsova Theory of discontinuous Galerkin method in time dependent



Theorem

There exists a constant Cto > 0 such that
1UnlB,, —1UnllB, .+ {Umsl,

Bo
t5 1UlIDg dt
Im

< cra( [ e+ [ Nuolbasede + [ UlR.at).

d) Proof of the boundedness of the problematic term flm HU||%2tdt
in dependence on the data.

(30)

1

v
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e) Important estimate:

Theorem

There exists a constant Ct4 > 0 independent of h and T such that

// |UJ3,de (31)

< Crarin (Uil + | (el + luolpes)ae).
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f) Now, if (31) is substituted into (30) and the discrete Gronwall
inequality is applied, we obtain the unconditional stability of the
ALE-STDGM:

There exists a constant C; > 0 independent of h, 7, m such that

J

m m
_ Bo
HUmH%tm +Z H{U}j—lH%t.il + ?Z / 1UlIBg.cdt (32)
j=1 =17l

m
<G (101, + 3 [ (el + lelbes.Jat |
j=17l
m=1,...,M, he(0,h),

Further work: Analysis of error estimates - much more
complicated and difficult (M.F. and M. Balazsova)
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Application to the simulation of

compressible flow interacted with an elastic
body

DAw & og.(w) , 2 ORs(w,Vw)
Dt -+ Z BXS + WleZ = Z T, (33)

s=1 s=1

Navier-Stokes compressible system, where

w=(wi,...,wsq)" =(p,pvi,pv2, E)T € R*

gs(w) = fs(w) — zw,

(W) (,OV57;0V1V5+515 PaPV2Vs+525 pa(E“‘p)Vs) )
T
R,(w,Vw) = <O,TSI,TS\§, Tep V1 + 752 vo + k89/8xs) ,

DFf o(w)
B

2
ow
RS(W7VW):ZKSk(W)87)(k7 fS(W):
k=1

7 = Adivw 6 + 2 dji(v), dj(v) = (9vi/Dx; + Bv;/9x) /2

Miloslav Feistauer and Monika Balazsova Theory of discontinuous Galerkin method in time dependent



Thermodynamical relations

p=(y—1)(E—plv[*/2), 0=(E/p—I|vI*/2)/c,.

Initial and boundary conditions

Notation: p - density,

p - pressure,

E - total energy,

v = (v1, v2) - velocity,

0 - absolute temperature,

~ > 1 - Poisson adiabatic constant,

¢, > 0 - specific heat at constant volume,
> 0,A = —2u/3 - viscosity coefficients,
k > 0 - heat conduction
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Dynamic elasticity problem

Consider an elastic body represented by a bounded domain
QP ¢ R? with boundary 0P = l‘g U I'ﬂ, we seek for a
displacement function y : Q7 = Q® x [0, T] — R? such that

52 0 . 3
Png + CMPbF{ —divP(Vy)=f inQ°x[0,T], (34)
Y=Yp in F%X [07 T]a ( )
P(Vy)-n=gy inT{x[0,T]. (36)
oy
(37)

E(’O) =20 in va

y(,O) =Yo

f - outer volume force, p® > 0 - material density
P - (Piola-Kirchhoff) stress tensor

Blue term - structural damping
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Linear elasticity

Nonlinear elasticity:

St. Venant-Kirchhoff material

The Piola-Kirchhoff stress tensor and the second Piola-Kirchhoff
stress tensor:

P(F)=FX, X =\tr(E)lI+2u°E (38)

Neo-Hookean material
P(F) = puP(F — F~T) + APlog(detF)F~ T
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Application: The FSI is applied to the numerical
simulation of flow-induced vibrations of vocal folds

S, vestibule of tha farynx

l |

Scheme of the vocal tract in the sagital cut and a detail in the
coronal cut
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The above pictures inspire us to the channel representing the
human glottis coupled with elastic domains showing vocal folds.

Geometry of the computational domain at time t = 0 and the
description of its size: L; =20.0 mm, Lz = 17.5 mm,
Lo =55.0 mm, H; = 25.5 mm, Hp = 2.76 mm.
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Model of vocal folds - computational mesh.
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Interaction of compressible flow and Neo-Hookean elasticity model
of vocal folds

Vocal folds vibrations6 )

Coanda effect - main streams are attached to walles
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Further goals:

@ analysis of error estimate of the STDGM in time-dependent
domains

o further complicated numerical experiments
@ applications to sophisticated practical FSI problems

@ analysis of the acoustic signal

THANK YOU FOR YOUR ATTENTION
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