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Initial-boundary value problem

spatial domain Q c R?
time intervall I = (0,7) with T > 0

time-dependent convection-diffusion-reaction equation (with time-constant coefficients)
Owu(t, z) — p(x)Au(t, ) + b(z) - Vu(t,z) + c(x)u(t, x) = f(t, ), te (0,7), z€Q,

homogeneous Dirichlet boundary conditions

u(t,z) =0, te (0,T), z € 09,
initial condition
u(0, ) = uo, ESRY)
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Parabolic problem

function spaces
e V = Hj(Q) with dual space V! = H~'(Q)
o H=1I*Q)

Weak formulation
Findu € {v € L*(I,V) : 9pv € L*(I,V')} with u(0) = uo such that

(Beu(t),v) + a(u(t),v) = (f(t),v) fora.e.t € I =(0,T], Vv €V,
where f € L*(I,V') and uo € H.

notation and assumptions

e coercive and continuous bilinear form a defined on Hg(Q), independent of time ¢

o (-,):H™'(Q) x Hj(Q) — R duality pairing, extension of inner product (-,-) in L*(Q)
I - | normin L*(Q)
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Semi-discretization in space

Vi, finite dimensional subspace of V;  assume f € C(I,V")

Semi-discretization in space

Find u, € CY(T, V4) with up, (0) = up o such that
(at'LLh(t),Uh) + a(Uh(t),Uh) = <f(t)7 Uh> vt € 77 V'Uh S Vh7

where up,o € V}, is an approximation of the initial value uo.

writing up (-) = Z Uhn,i(-)pi W.r.t. basis {¢1, ..., ¢m} of V3 results in ode system
i=1

MUy(t) + AUL(t) = F(t) Vtel, Un(0) = Un,o
here: « vectorfieldonrhs F;(:) = (f(-),¢;), j=1,...,m
* mass matrix M Mi; = (g5, 04), ihji=1,...,m
+ stiffness matrix A Ai; = a(y;, ¢i), i,j=1,...,m
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Variational Time Discretization (VTD) methods — Basic idea

decomposition of time interval =to<thi < - <tno1<in=T
+ subintervals I, = (tn-1,tn), 1 <n <N
+ their lengths Tn =tn —tn_1,1 <n <N, T = max T,

1<n<N
« jumpofwvatt, [v.=uv(t)—v(t;)

Short description of VTDj, framework (locally on I,,) with parameters r,k € Z, 0 < k <r

(local) ansatz space: P, if £ > 1 : initial condition,
(local) test space: Py, if k> 2: ODE® int, i=0,...,|%] -1,
ifk>3:0DE@ in¢_,, i=0,...,|52] -1

Here, ODE) means that the discrete solution fulfills the ith derivative of the ode system.
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Variational Time Discretization (VTD) methods — Basic idea

decomposition of time interval =to<thi < - <tno1<in=T
+ subintervals I, = (tn-1,tn), 1 <n <N

+ their lengths Tn =tn —tn_1,1 <n <N, T = max T,

1<n<N
« jumpofvatt, [v],=uvtl)—v(t,)

Short description of VTDj, framework (locally on I,,) with parameters r,k € Z, 0 < k <r

(local) ansatz space: P, if £ > 1 : initial condition,
(local) test space: Py, if k> 2: ODE® int, i=0,...,|%] -1,
ifk>3:0DE@ in¢_,, i=0,...,|52] -1

Here, ODE) means that the discrete solution fulfills the ith derivative of the ode system.

m U m
Urilr, € Pr(Ii,R™) : / (MUL,+ AU) -Vepdt+...= [ F-Vypdt YVey € Py (I, R™)
n In
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« jumpofvatt, [v],=uvtl)—v(t,)

Short description of VTDj, framework (locally on I,,) with parameters r,k € Z, 0 < k <r

(local) ansatz space: P, if £ > 1 : initial condition,
(local) test space: Py, if k> 2: ODE® int, i=0,...,|%] -1,
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Here, ODE) means that the discrete solution fulfills the ith derivative of the ode system.

m —
UThlI” S P’r(I'ruR ) . U‘rh(fn_1) — U‘rh(tn,_1)
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Variational Time Discretization (VTD) methods — Basic idea

decomposition of time interval =to<thi < - <tno1<in=T
+ subintervals I, = (tn-1,tn), 1 <n <N
+ their lengths Tn =tn —tn_1,1 <n <N, T = max T,

1<n<N
« jumpofvatt, [v],=uvtl)—v(t,)

Short description of VTDj, framework (locally on I,,) with parameters r,k € Z, 0 < k <r

(local) ansatz space: P, if £ > 1 : initial condition,
(local) test space: Py, if k> 2:0ODE® int, i=0,...,|%] -1,
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Here, ODE) means that the discrete solution fulfills the ith derivative of the ode system.

my . (i+1) @O — pOF 7 - 4t
Urnl1, € Pr(1n,R™) : MUY (@) + AU (1) = FU (1), te {t,,t_ 1}
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Variational Time Discretization (VTD) methods - .%,-VTD; (g)

integrator .4, approximates integral over I,,
%,-VTDj, (g) method (local problem on I,)
Find u,p|1, € Pr(In, Vi) such that
wen (t5_ 1):ufh(zt‘ )k if k> 1,

(aﬁ'lum(t;),vh)—&—a(afuTh(t;) ) <g( RIC Uh> Yo € Vi,
ifk>2i=0,...,[%5] -1,

(0 urn (1), vn) +a(Bfurn(th 1), o) = (g (1), vn) Vo € Vi,
ifk>3,i=0,..., |52 -1,

jn[(atufhvah)+a(uTh7UTh)] +0k ([Urn)n-1,vrn(ti_1)) =%, [(g,vrn)]  Yorn € Pr_i(In, Vi)

where u,,(07) €V}, is an approximation of «(0) =uo and g is some approximation of f.

TECHNISCHE Some aspects of variational time discretisations of higher order and higher regularity "
UNIVERSITAT Institut fir Numerische Mathematik // Gunar Matthies 719 DRESDEN A )
DRESDEN 10th Workshop Dresden-Prague on Numerical Analysis, D&cin, November 4-5,2022  cone Pt N



Variational Time Discretization (VTD) methods - .%,-VTD; (g)
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where u,,(07) €V}, is an approximation of «(0) =uo and g is some approximation of f.
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%,-VTDj, (g) method (local problem on I,) k =1 = c¢GP(r) method
Find u,p|1, € Pr(In, Vi) such that
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Special quadrature formulas

& interpolation operator (locally on I,,)
Let 7 : cL5)(T,, X) = P.(I.., X), for some Banach space X over R, be defined by

(Zew) (1) = v (tF-0), ifk>1,i=0,...,|5],
(Zi) () = vV (t), i=0,..., 5],
Zrv(tn,:) = v(tn,i), i=1,...,7r —k,
with t,; = "=t 4 7§ € [,,i=1,...,7 — k, where ; € (—1,1) are the zeros of the

(r — k)th Jacobi-polynomial w.r.t. the weight (1 + )L 1+ (1 — #)L5]+,

associated interpolatory quadrature formula

Gl = [ Trewars [ e

n n

exact for polynomials up to (the best possible) degree 2r — k
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Postprocessing
4, = Q) enables simple and beneficial postprocessing

Postprocessing Q;-VTD}(g) ~ Q;-VTD; 1} (g)
Let u,, solve Q;-VTDj (g). Forn =1,..., N set

ﬁrh’In = u‘rh‘ln +an19n, O € Pr+1(In7R)7

where 9,, vanishes in the (r + 1) quadrature points of @}, and satisfies ﬂ(L J+1 )( ») = 1 while
the function @, € V;, is defined by

(an,vh) = <g(L%J)(t;),0h> — a(atnguTh(t;),vh) — (atl‘gj+1u¢h(t ) Uh> Vvh c Vh.
Moreover, let @, (07) = u,,(07). Then, @, solves Q;-VTD; 1} (g).

note: -+ (local) polynomial degree and global temporal differentiability improved by one
* in particular the function value at ¢,, is preserved

DRESDE!
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Postprocessing — alternative calculation
k—1 —

assume g € CLTJ(I, V) = wum€ cl= J(I Vi)

Alternative calculation of a,,

k—lJJrl

~ -1 L5+t |
an = 0y Ur (tn 1) — 0y
(D P ( "

Um(ﬂq))» n>1

postprocessing makes the lowest order derivative continuous that is not contiuous by
construction of the method
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Cascadic interpolation

problem: quadrature rule and method do not match after one postprocessing step

s s ~ T 41
Qi-VTD;(9) > Qr-VTD;15(9)
— —_—
quadrature rule Q7. . quadrature rule QJ;
matches method VTD} does not match method VTDZié

idea: choose appropriate g that allows change of quadrature rule
o= 5]
Qi-VTDL(ZiLaS) » QiVTDLL(Tile ) § @il VIDI (TR S) 5 Qile VIDLL()

(1) Q. and Q1] both are (2r — k)-exact, integrands are in Pa,._y,
r+1

(2) I,:jr'é preserves quadrature points of Q7 ;

generalization: cascadic interpolation to enable multiple postprocessing steps

‘gzc,:f =TTt o.. o2 —kf]:

Qr-VTIDL(Cif) ~ Qp-VIDFL(Chf) = Quts-VIDL L (Crisf)

TECHNISCHE Some aspects of variational time discretisations of higher order and higher regularity "
@ UNIVERSITAT Institut fir Numerische Mathematik // Gunar Matthies 11/19 DRESDEN A )
DRESDEN 10th Workshop Dresden-Prague on Numerical Analysis, Dé¢in, November 4-5,2022 ~ conce Pt N



Discrete initial values
restrictionto .9, = [, and g € {f,Z; f,Ci. f}; =%

Special choice of discrete initial values
Determine du-n(ty) € Va, i =¢,...,0, by
Aurn(ty) == PLofu(0"),
Oiurn(07) € Vawithi=0—1,...,0:
a(azuTh(Oi)’fuh) = <g(i)(0+)avh>v/7v - ( Z+1u7h(07)7vh) Vo € Vi,

where P? is some projection operator into V.

e assuming suitable compatibility conditions:  9{u(0") recursively determined by data

e typical choices for P?: H-orthogonal projection, Ritz projection

TECHNISCHE Some aspects of variational time discretisations of higher order and higher regularity "
@ UNIVERSITAT Institut fir Numerische Mathematik // Gunar Matthies 12/19 DRESDEN A )
DRESDEN 10th Workshop Dresden-Prague on Numerical Analysis, D&cin, November 4-5,2022 ~ cne Pt N



Final error estimates

Vi: consists of elements that contain polynomials of degree «
remember: || - || is L-norm

Global L2-error in the H-norm

tn
/ HU . ’Ua—hHZ dt + H (u o U-rh)(t;)”2§ C(f, u) (TQ(T+1) + h2(ﬁ+1))
0
also optimal estimate for ith derivative, 0 < i < /¢

tn ) . .
/ H(u o uTh)(l)H2 dt + H(u - 'U/Th)(Z)(t;)HQS C(f,w) (7_2(r71+1> + h?(m+l>>
0
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Details on the implementation and the investigated (semi-)norms

(semi-)norms under consideration:

) 1/2 . 1/2
lollyap) = (// lu(t, ) dazdt) : [0l 71 12y = <// 10,0(t, )| dxdt) :
IJQ I1JQ
) 1/2
[[v]] yoo = max (/ v(t,,x dx)
lgoo (12 =  max, Q|( )|

implementation:
e programming language Julia
e floating point data type BigFloat with 512 bits
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Test problem

Instationary convection-diffusion-reaction problem

we(t, @) — Unn(t,2) + (1 4 2°)us (b, ) + (1 + 22)u(t, z) = f(t,z) for (¢,z) € (0,2) x (0,1),
u(t,0) = u(t,1) =0 fort € (0,2),
uw(0,z) =2>(1 —z) forz e (0,1)
with f chosen such that
u(t,z) = z(1 — z) (x cos(t) — sin(2t))
is the exact solution

+ spatial discretization: continuous, piecewise cubic finite elements,
spatial interval (0, 1) decomposed into 10 uniform subintervals
= spatial error is negligible

 temporal discretization:  different versions of Q%-VTD{(-), 0 < k < 6,
uniform time meshes with N subintervals, N € {256,512}
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Errors in L?(L?) and H'(L?)

Q%-VTD(-), 0 < k < 6, on uniform time mesh with 256 subintervals
eoc calculated from errors on uniform time meshes with N € {256,512}

lu —urnllL2(L2) lu — @rnllp2 L2 [u — wrn| g2y [u— Trn g2y
error eoc error eoc error eoc error eoc

9.616e-22 7.000| 6.855e-25 7.999| 4.548e-18 6.000| 1.694e-21 6.998
1.007e-21 7.000| 9.741e-25 8.000| 2.342e-18 6.000| 1.781e-21 7.000
1.645e-21 7.000| 1.801e-24 | 7.999| 3.460e-18 6.000| 2.903e-21 6.999
2.418e-21 7.000| 3.307e-24 | 8.000| 3.662e-18 6.000| 4.275e-21 7.000
4.836e-21 7.000| 8.527e-24 | 7.999| 6.190e-18 6.000| 8.537e-21 6.999
1.026e-20 7.000] 2.2071e-23 8.000] 9.650e-18 6.000| 1.813e-20 | 7.000
4.139e-20 7.000 4.543e-21 6.999 2.228e-17 6.000| 4.833e-20 6.999

oOUhWN = O &

postprocessing improves order by one
no improvement (since superconvergence order 2r — k + 1 is already reached)

TECHNISCHE Some aspects of variational time discretisations of higher order and higher regularity "
@ UNIVERSITAT Institut fir Numerische Mathematik // Gunar Matthies 1619  DRESDEN A )
DRESDEN 10th Workshop Dresden-Prague on Numerical Analysis, D&gin, November 45,2022~ conce LI N



Errors in £>°(L?) for solution and derivative

Q%-VTDS(-), 0 < k < 6, on uniform time mesh with 256 subintervals
eoc calculated from errors on uniform time meshes with N € {256,512}

flu — Ufh”eoo(m)

[0 (u — U‘Th)”P"(Lz)

standard cascade standard cascade

k error eoc error eoc error eoc error eoc

0 2.022e-28 9.517 6.809e-40 [12.997| 4.301e-18 6.000 4.301e-18 6.000
1 6.102e-28 9.404 1.137e-36 |12.000| 7.987e-18 6.000 7.987e-18 6.000
2 9.839e-28 9.225 1.884e-33 |[10.997| 1.236e-24 8.339 2.195e-32 |[10.997
3 5.295e-27 9.242 2.663e-30 |[10.000| 3.989e-24 8.257 3.103e-29 |10.000
4 1.665e-25 8.983 3.731e-27 8.996| 1.136e-23 8.248 4.346e-26 8.996
5 2.828e-23 8.000 4.317e-24 8.000| 3.496e-22 7.989 5.029e-23 8.000
6 4.939e-21 6.995 4.939e-21 6.995| 5.754e-20 6.995 5.754e-20 6.995

cascadic interpolation provides (optimal) superconvergence order 2r — k + 1
superconvergence for k € {0, 1} after postprocessing only (since no collocation at ¢,, before)
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Discrete initial values — “downward” vs. “upward” generation

Discrete initial values (determined in “downward” direction)

= k
ol 3w o) = BolHu@ty e vi,
Aurn(07) € Vawithi= [ —1,...,0:
a(0urn(07),0n) = (¢“(O0F),0n) 0 — (B urn(07),0n)  Von € Vi

Discrete initial values (determined in “upward” direction)

6tu7'h( 0) = Phuo € W,
Oun(07) € Vawithi=1,...,[%]:

i — _ (i—1) 10+
(atufh(o ),Uh) = <g (O ),Uh>v, (8 ’U,Th( ),Uh) Yon, € Vi
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Deficit compared to optimal order r» + 1 in L?(L?)

heat equation in (0,3) x (0, 1) with solution u(t,z) = x cos <3§> sin(3¢)

discrete initial values determined in “upward” direction
continuous, piecewise P,-finite elements

r k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12 k=13
5 0.000
6 0.000 0.000
7 0.000 0.000 0.999
8 0.000 0.000 0.735 0.228
9 0.000 0.000 1.000 0.500 1.998
10 0.000 0.000 0.808 0.302 1.138 0.640
11 0.000 0.000 1.001 0.501 1.999 1.499 2.997
12 0.000 0.000 0.847 0.329 1.184 0.687 2.014 1514
13 0.000 0.000 1.000 0.501 2.000 1.500 2998 2498 3.996

eoc calculated from errors on uniform meshes with - = 3h = 3/N and N € {128,256}
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