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Introduction
e0
General class of problems

General class of problems
Let
@ H be areal Hilbert space, p > 0,
@ inner product: (f,g) , == [ (f(t), (1)) ye 2" dt,
e norm: ||f[l, := (f, )12,
@ H)(R;H) ={f:R— H : fmeas.,, ||f||, < co}.
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General class of problems

General class of problems

The problem class

(OtMo+ M1+ AU =F,
where
@ 0 is the time derivative,
@ My, M are bounded, linear, self-adjoint operators on H,
@ A is an unbounded, skew-selfadjoint operator on H,
® Jpo, v >0Vp > po, x € H: ((pMo + M1)X, X}y = v (X, X) s
has for each p > po and F € H,(R; H) a unique solution U € H,(R; H) and it holds

]
1|, < ;lIFHp-

Picard: An Elementary Hilbert Space Approach to Evolutionary Partial Differential Equations, Rend. Istit. Mat. Univ. Trieste, 2010
Picard, McGhee: Partial Differential Equations: A unified Hilbert Space Approach, volume 55 of De Gruyter Expositions in Mathematics, 2011
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Examples

Maxwell’s-equations where J(t, x) = K(t,x) =0 for t < 0.

850+JO+0—curIE_—J
\0 u 00 cul 0 H) — K
nw>0,e,0>0,ande+0o >0
solution space:

v {(E’ . EHEH) (R (L2(2))°) me(R+;H(cur|,Q)),}

n><E|aQ:O
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Examples

Maxwell’s-equations where J(t, x) = K(t,x) =0 for t < 0.

850+JO+0—curIE_—J
“\o u 00 curl 0 H) — \ K
nw>0,e,0>0,ande+0o >0
solution space:

v {(E’ . EHEH) (R (L2(2))°) me(R+;H(cur|,Q)),}

n><E|aQ:O
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changing type systems
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Examples

changing type systems

Ioue, O Lo, 0 0 div u\ [(f
[6t< 0 Lg, Lo Ta,u0. * grad 0 v)—\o

solution space:

ue H (Rei L2(QnUQp)) N H, (Ryi HY(Q)),
V= {(U’ vy € H} (R+; (L2(Qh))d> N H, (Ry; H(div,Q))

TECHNISCHE pg
} e WA
UNIVERSITAT IWR

DRESDE

5/22



Introduction
[e]e] e}
Examples

Examples

changing type systems

]lQhUQ 0 ]]_Qe 0 0 div uy f
[&( 0 ’ 19h>+< 0 TIgoua. * grad 0 v/ \o

solution space:

ue H (Rei L2(QnUQp)) N H, (Ryi HY(Q)),
V= {(U’ vy € H} (R+; (L2(Qh))d> N H, (Ry; H(div,Q))
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Further problems that fit

@ heat-, wave-, Poisson-equations
Maxwell’s equations

acoustic wave equations,
(regularised) Stokes equation,
dynamic linear elasticity,
piezo-electric models,

fractional integrals,

° ...

and any combination of above equations.
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periodic mixed type problems, ZAMM, 98(7), 2018
SF, Waurick: Homogenisation of parabolic/hyperbolic media,, BAIL2018 Proceedings, 2020
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Discontinuous Galerkin method

Time — Discontinuous Galerkin

continuous form:
Find U € V,such thatforallo ¢ Vand m=1,....M
(OeMo + M1+ AU, @), 1, = (F,®)

p,m?

where (, ), , is the weighted inner product localised to Iy := (tm—1, tm].
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Numerical Method
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Discontinuous Galerkin method

Time — Discontinuous Galerkin

continuous form:
Find U € V,such thatforallo ¢ Vand m=1,....M

(OeMo + M1+ AU, @), 1, = (F,®)

p,m ’
where (, ), , is the weighted inner product localised to Iy := (tm—1, tm].

semidiscrete form:
Find U™ € V" := PZ=¢([0, T], H), such that for all ® € V" and m

(Mo + My + AUT, ), o+ (Mo[UT]m-1, @5, ), = (F,®), m,

where [-]m—1 is the jump at the time ;1.
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Discontinuous Galerkin method

Time — Discontinuous Galerkin
continuous form:
Find U € V,such thatforallo ¢ Vand m=1,....M

(OeMo + M1+ AU, @), 1, = (F,®)

p,m?
where (, ), , is the weighted inner product localised to Iy := (tm—1, tm].
semidiscrete form:
Find U™ € V" := PZ=¢([0, T], H), such that for all ® € V" and m
(Mo + My + AU, 0) 4+ (Mo[UTlm 1, Dy (), = (F,®) o,

where [-]m—1 is the jump at the time ;1. ——
There is exactly one solution for each F € H,(R; H). i [WR

SF, Trostorff, Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., 39 (2), 2019
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Discontinuous Galerkin method

Finite Element Method

discrete form:
Find U, € V[, such thatforall® c Vi, m=1,... .M

Q [(81‘-/\/10 + M1 + -A)Uha q>]p,m + <M0|[Uh]]mf1 ’ ¢;~7_1_1 >H =Q [F7 (D]p,m )

where [-]»—1 is the jump at the time t,,_4 and Q[-, ], , is a weighted right-sided
Gauf-Radau quadrature rule exactly for p € Pag(/m; H).
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Discontinuous Galerkin method

Choice of discrete space

In time, the functions are piecewise polynomials in t of degree q, globally
discontinuous.
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Discontinuous Galerkin method

Choice of discrete space

In time, the functions are piecewise polynomials in t of degree q, globally
discontinuous.
Depending on A we choose conforming, piecewise polynomial spaces for the
spatial discretisation.
@ grad : = H'-conform,
piecewise polynomials in x of degree k, globally continuous
@ div: = H(div)-conform
Raviart-Thomas or Brezzi-Douglas-Marini elements in x of degree k—1
@ curl : = H(curl)-conform
Nédélec-elements in x of degree k
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Discontinuous Galerkin method

Abstract convergence results

Assuming enough regularity in time and space (roughly
U € H}(R; H*(Q)) N HIT2(R; L3(%2))) we obtain

e*ﬂtslgpﬂ IMg/2(U — Up)(0)I3, + |U — Upll%,, < C(r2@+1) + Tg(h)?)
€ El

where g(h) represents the approximation quality of the chosen discrete space,
depending on k (again roughly g(h) = h¥).
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Discontinuous Galerkin method

Drawback of this approach

@ Even for continuous data there is no continuity in time, although jumps
converge towards zero (order g + 1/2).
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Discontinuous Galerkin method

Drawback of this approach

@ Even for continuous data there is no continuity in time, although jumps
converge towards zero (order g + 1/2).

@ Dissipative method in the sense (r.h.s = 0)
e 2 MG P U3 + 2]l (pMo + M) RUI2 . = IIMg 2 U(0) 13
VS.

- 12,7 T
e 2P| M PUL I3, + 2]l (pMo + M) V2UT|2 0.1

!
_ 1/2 1/2
+2 3 e 2t | My PIUTTS_ 12 = My 2 U113
m=1
Q) IEEH |WR
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Discontinuous Galerkin method

Drawback of this approach

@ Even for continuous data there is no continuity in time, although jumps
converge towards zero (order g + 1/2).

@ Dissipative method in the sense (r.h.s = 0)
e 2 MG P U3 + 2]l (pMo + M) RUI2 . = IIMg 2 U(0) 13
VS.

- 12,7 T
e 2P| M PUL I3, + 2]l (pMo + M) V2UT|2 0.1

!
+2 3 e 2t | My PIUTTS_ 12 = My 2 U113

m=1
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Singularly perturbed problem

A singularly perturbed problem

Let a singularly perturbed reaction-diffusion problem on Q = (0, 1)? be given by
—PAu+cu=f0<e<1,0<cy<c<cCo

and u = 0 on 99.
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A singularly perturbed problem

Let a singularly perturbed reaction-diffusion problem on Q = (0, 1)? be given by
—PAu+cu=f0<e<1,0<cy<c<cCo

and u = 0 on 99. Using u = —e grad® u we have the first order system

(6 3) (eome ") ()=o)
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Singularly perturbed problem

A singularly perturbed problem

Let a singularly perturbed reaction-diffusion problem on Q = (0, 1)? be given by
—PAu+cu=f0<e<1,0<cy<c<cCo

and u = 0 on 99. Using u = —e grad® u we have the first order system
c 0 n 0 ediv u\ (f
0 1 egrad® 0 u/ \0/°

We obtain the weak formulation
B(U, V) :={cu,v)+e(divu,v) + (u,v) — e (u,divv) = (f, v)

for U = (u,u) and V = (v, v) € [2(Q) x Hgv(Q). G ivesis [WR

SF: Singularly perturbed reaction-diffusion problems as first order systems, J. Sci. Comput. 89(38), 2021
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Singularly perturbed problem

Stronger norm

We have immediately
B(U, U) > min{1, co}||Ul[%2(q) = min{1, co}(I|Ul[f2(q) + llUllZ2c))

that is equivalent to coercivity in the energy norm of the initial problem.
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0e000

Singularly perturbed problem

Stronger norm
We have immediately
B(U, U) > min{1, co}||Ul[%2(q) = min{1, co}(I|Ul[f2(q) + llUllZ2c))

that is equivalent to coercivity in the energy norm of the initial problem. But we can
actually use the stronger norm

1/2 C
101 = (1UIReqgy + Sl divuleg)) < 2

o0

This norm is equivalent to the weighted H?-norm ||u|| ;2 + €||grad® u|| 2 + €2||Aul| 2,
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Singularly perturbed problem

Stronger norm
We have immediately
B(U, U) > min{1, co}||Ul[%2(q) = min{1, co}(I|Ul[f2(q) + llUllZ2c))

that is equivalent to coercivity in the energy norm of the initial problem. But we can
actually use the stronger norm

Co
2’

o0

1/2
U= (U1 + Sl divulifeg)) 6 <

This norm is equivalent to the weighted H?-norm ||u|| ;2 + €||grad® u|| 2 + €2||Aul| 2,
and even a balanced version of this norm

1/ TECHNISCHE
2 —1 - . )
1Ullar = (11ullzqgy + = U2y + 8= le div w2 ) DR IWR
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Singularly perturbed problem

Stronger convergence

No coercivity with stronger norm, but for each ¢ < C%O there exists a constant
B > 0, such that for all V € U it holds

B(V,
sup 2V S g1y
XEUN HXHLZ(Q)
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Singularly perturbed problem

Stronger convergence

No coercivity with stronger norm, but for each ¢ < C%O there exists a constant
B > 0, such that for all V € U it holds

B(V, )
sup
XEUN HXHL

> BIVII-

Using interpolation error estimates for each term on a properly chosen layer
adapted rectangular mesh, we obtain for RTy(K) = Qkt1 k(K) x Qk k4+1(K)

11U = Unlllpey S (h+ N~" max [y A1 (In N)1/2.
and BDM(K) = (Px(K))? @ span{curl(x*+1y), curl (xyk+1)}
U = Unlllpar < (h+ N7" max o )%, @R IWR
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Singularly perturbed problem

Example _2Au+ (1 _|_X2y2€xy/2) u=f,

X efx/s _ 671/5 ] efy/a _ ef1/5
R Gl R e o N U e e o

where
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Singularly perturbed problem

Example _2Au+ (1 _|_X2y2€xy/2) u=f,

X efx/s _ 671/5 efy/a _ ef1/5
u={ees(G) - ) Ve

Errors |[|U — Up|||py for fixed e = 10~% in the Raviart-Thomas case.

where

N k=1 k=2 k=3
8 9.250e-03 1.059¢-03 1.640e-04

16 2.304e-03 201 1.518¢-04 280 1.238¢-05 3.73

32 5679e-04 202 2023e-05 291 843307 3.88

64 1.402e-04 202 2603e-06 2.96 5.480e-08 3.94
128 3.479e-05 201 3.298¢-07 298 3.488¢-09 3.97
256 8.657e-06 2.01 4.148¢-08 299 2.198e-10 3.99
512 2.158e-06 2.00 QIR [WR

ESDEN .
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Singularly perturbed problem

Examples
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Example

where

Errors [||U — Up|||py for fixed e = 10~

—e2Au+ (1 + x2y2exy/2) u="f,

—X/e _

el

—1/e

4 in the Brezzi-Douglas-Marini case.

1

ef}//g _
_ef1/s

ef1/5

N k=1 k=2 k=3
8 8.406e-01 1.520e-02 2.700e-03
16 6.451e-01 0.38 3.420e-03 2.15 3.624e-04 2.90
32 3.519e-01 0.87 8.492e-04 2.01 4.606e-05 2.98
64 1.796e-01 0.97 2.144e-04 1.99 5.553e-06 3.05
128 7.124e-02 1.33 5.403e-05 1.99 6.631e-07 3.07
256 2.186e-02 1.70 1.356e-05 1.99 8.129e-08 3.03
512 5.906e-03 1.89 3.390e-06 2.00 1.027e-08 2.98 .
1024 1.566e-03 1.92
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Application in the homogenisation of PDEs

Homogenisation with PDEs — Maxwell’s equations in 2d
(atMO,n + M1,n + A) Un = F,

Where the coefficients are stratified, i.e. they oscillate only in one direction.
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Ongoing joint work with M. Waurick
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Application in the homogenisation of PDEs

Homogenisation with PDEs — Maxwell’s equations in 2d
(atMO,n + M1,n + A) Un = F,

Where the coefficients are stratified, i.e. they oscillate only in one direction. Let

1 3Jjie7- [2/ 2/+1>
L(x) =4 ieZ:xe n
0, otherwise

be the oscillating indicator and Q = (—2,2)?, D = (—1,1)2, 1= ([ $). Then

1+ 1, 0

MO,n = XD < 0 (1 — ]ln)H) + (1 XD (0 M0H>
B 0 0 o 0 div __ (sin(27t)
Min:=xp- (O IL,,]I) , A= <grad° 0 > , Fi= ( 0 @ﬁ?&"&éﬁﬂ? IWR

DRESDEN

Ongoing joint work with M. Waurick
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Application in the homogenisation of PDEs

Maxwell’s equations in 2d — homogenised equation

(atM(,)mm + M1hom + A)Uhom = F,
where

0

0
ME™ = xp - 1o +(1—xD)~<5° >
0 0 0 0 pol
0 0
M;‘Om = XD" 0 % 0 .
0 2-2(1+0)"

Thus, by the limit process we obtain an operator with a memory term.

Nl
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Application in the homogenisation of PDEs

Maxwell's equations in 2d — memory term

Let us define an intrinsic variable w with w(t, x) = 0 for t < 0 by

14+0) T va=w & wn=(14+0)w < Iw+w—1,=0.
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@00

Application in the homogenisation of PDEs

Maxwell's equations in 2d — memory term

Let us define an intrinsic variable w with w(t, x) = 0 for t < 0 by
14+0) T va=w & wn=(14+0)w < Iw+w—1,=0.
(at/\(l)wm + /\7’1h°m + 2\) Uhom — /,E’
where Uhom = (yhom yhom yhom)T 'F — (f g 0)T and
R Mhom 0 Mhom 0 ~ A0
0 0
1 hom
5 0 0 M 0
(62 ()]0 (5
© -2 2 DERT IWR

19/22
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Application in the homogenisation of PDEs

Maxwell’s equations in 2d — snapshots of ug, u™, whom

time: 0.25

._’
e AN
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Application in the homogenisation of PDEs

Maxwell’s equations in 2d — snapshots of ug, u™, whom

time: 0.50
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Application in the homogenisation of PDEs

Maxwell’s equations in 2d — snapshots of ug, u™, whom

time: 0.75
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Application in the homogenisation of PDEs

Maxwell’s equations in 2d — snapshots of ug, u™, whom

time: 1.00
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Application in the homogenisation of PDEs

Maxwell’s equatlons in2d — convergence inn

T LA B I
100 | E ~ ~
|| 18— aom)
ot | 1 [l = 7m)z
| — || o
-2 | ! \.\7
10 10 100
. — _|<Nn—0hom’1>\
1071? E — | (Vo — V7™, (%)) |
ozl 17— wom (),
10_32 i _‘ v, — Vhom7 sin(07rx) |
10_4£ E _‘ Vn — Vhom’ sin(07ry) ‘
0 o)
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Conclusion

@ first order systems of evolutionary type
@ numerical discretisation by discontinuous in time Galerkin methods
@ applications
e changing type problems
https://doi.org/10.1093/imanum/dry007 and
https://doi.org/10.1553/etna_vol54s198
e singularly perturbed problems
https://doi.org/10.1007/s10915-021-01638-1 and
https://doi.org/10.1016/7.am1.2021.107453
e homogenisation of PDEs
ongoing work (Maxwell) and
https://www.springer.com/gp/book/9783030417994
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Conclusion
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@ numerical discretisation by discontinuous in time Galerkin methods
@ applications
e changing type problems
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