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Where it began

Thomas Bayes °
(~1701 =7 April 1761)

English statistician, philosopher and
Presbyterian minister

Mathematical book: An Introduction
to the Doctrine of Fluxions, and a De-
fence of the Mathematicians Against
the Objections of the Author of The
Analyst (published anonymously in
1736): defense of the logical foun-
dation of Isaac Newton’s calculus
(“fluxion”) against the criticism by
George Berkeley, a bishop and noted
philosopher

His notes (including Bayes theo-
rem) edited and published posthu-
mously by Richard Price (1723—
1791, Welsh moral philosopher, Non-
conformist minister and mathemati-
cian)
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Bayes theorem (for events)

P(Ac|B) = m(B’Ak) Ak) k=1,....m,
> _P(BlA) P(Aj
j=1
where Aq, ..., Ay events such that

P(ANA) =0, j#s,  PUTLA) =1

Conditional probability
P(A« N B)

P(A|B) = 55

P(B) > 0.
In this context:
P(Ak): prior (apriorni) probability of event Ay,

P(Ax | B): posterior (aposteriorni) probability of event A, given the fact that
the event B occured.
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Bayes theorem (for events)

e Derived by Thomas Bayes for P(Ac) = L forallk =1,....m.

e Published in 1763 (by R. Price), further generalized by P. C. Laplace (1773).
e And then globally ignored in 20’s of the 21st century.
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The (testing) business must go on

e A; = A, A> = AC = infected or not (by virus, ....).

e B (or B) = some test positive (or negative).

e P(TEST + |INFECT) = sensitivity (of the test).

e P(TEST — |NOT INFECT) = specificity (of the test).
e P(INFECT) = prevalencelincidence (of the infection)

sens - prev

P(INFECT | TEST+) = sens - prev + (1 — spec) - (1 — prev)

(1 —sens) - prev

P(INFECT | TEST-) = (1 —sens) - prev + spec - (1 — prev)

depends on prevalence

(prior information available before seeing data = test result).
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The (testing) business must go on

specificity sensitivity  preval. false positives  false negat.
P(T - }NOT INF) P(T+ |INF) P(INF) P(NOTINF|T+) P(INF|T-)
0.99 0.99 0.10 0.083 0.001

0.01 0.500 0.000

0.90 0.50 0.10 0.643 0.058

0.01 0.952 0.006

0.95 0.50 0.10 0.474 0.055

0.01 0.908 0.005

0.99 0.50 0.10 0.153 0.053

0.01 0.664 0.005

0.90 0.75 0.10 0.545 0.030

0.01 0.930 0.003

0.95 0.75 0.10 0.375 0.028

0.01 0.868 0.003

0.99 0.75 0.10 0.107 0.027

0.01 0.569 0.003
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Screening by stupids or helping helpful diagnostic by MD

specificity sensitivity  preval. false positives  false negat.

P(T - }NOT INF) P(T+ |INF) P(INF) P(NOTINF|T+) P(INF]T—)
0.99 0.99 0.70 0.004 0.023

0.01 0.500 0.000

0.95 0.95 0.70 0.022 0.109

0.01 0.839 0.001

0.90 0.90 0.70 0.045 0.206

0.01 0.917 0.001
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Bayesian methods since 18th century

e Bayes theorem published in 1763 (by R. Price), further generalized by P. C.
Laplace (1773).

e Further development: only in 30’s of the 20th century (de Finneti — he did
not write in English. .. ).
e Then after WW Il in context of theory of statistical decision
o still only very simple applications;

o mainly used in the crypto community.
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Bayesian methods as disinformation by mainstream of the 20th
century statistics

Big (statistical) names of the first half of the 20th century:

e Karl Pearson (1857—-1936):
o did not like the Bayesian concept,
o hated R. A. Fisher,

o formally introduced the (frequentist) p-value concept;

e Ronald A. Fisher (1890-1962):
o popularized and supported the p-value concept,
o hated K. Pearson,
o did not like the Bayesian way of thinking,
“Theory of inverse probability is founded upon error and must be whole rejected.”

e Jerzy Neyman (1894-1981):
o transformed UC Berkley to anti-Bayes camp.

“The scientific concensus” of that time.
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Bayesian methods in disent of the 20th century statistics

It always takes some time to change disinformation to information. ..

e Harold Jeffreys (1891-1989): primarily geophysicist, criticized the
(frequentist) p-value concept, kept Bayes alive in Cambridge;

e Alan Turing (1912—1954): developed “Banburismus” — a Bayesian method
for ENIGMA code breaking, later used the Bayes rule to search for German
U-boats, use of the Bayes rule brought to the group of the U.S. code
breakers;

e Andrej N. Kolmogorov (1903-1987): used the Bayes rule to direct Soviet
artillery during WW Il;

o After WW II: Secret life and survival of the Bayes rule mainly in the crypto
community;

e Irwing John “Jack” Good (1916-2009): cryptologist at Bletchley Park
(with AT), after WW Il — U. of Manchester, Virginia Tech.

e Leonard J. Savage (1917-1971): the book “The Foundations of Statistics”
(1954) — theory of subjective and personal probability.

e Dennis V. Lindley (1923-2013:) taught the Bayesian methods at UC

1 pu |
10 1. Introduction 1. History



Bayesian methods in past ~ 30 years

e Considerable progress: (=)since 90’s of the 20th century jointly with rapid
development of computers (allowing for practical use of Monte Carlo
methods).

o also (very) complex applications/statistical models hardly tractable by frequentist
methods

o unfortunately, also exponential increase of incompetent use of statistics by
nonstatisticians. . .

o computers produce something. . .
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Bayesian methods: Dobry sluha, ale zly pan. ..

Pouze do povolanych rukou. ..

naLs v covin-19

SCienCC Curentissue  Fistrsleasepapers  Archive

& w9y s

> INFERRING THE EFFECTIVENESS OF GOVERKMENT INTERVENTION

uNST COVID-19

RESEARCH ARTICLE f ¥ in

+9 authors

science

How to hold down transmission

Early in 2020, severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2)
transmission was curbed in many countries by imposing combinations of nonphar-
maceutical interventions. Sufficient data on transmission have now accumulated
to discern the effectiveness of individual interventions. Brauner et al. amassed and
curated data from 41 countries as input to a model to identify the individual non
pharmaceutical interventions that were the most effective at curtailing transmis-
sion during the early pandemic. Limiting gatherings to fewer than 10 people, clos-
ing high-exposure businesses, and closing schools and universities were each more
effective than stay-at-home orders, which were of modest effect in slowing trans-

mission,

Science, this issue p. eabd9338

Structured Abstract

& ® =

Inferring the effectiveness of government interventions
against COVID-19

m
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Setting for (simpler) statistical problems

Data: Y4, ..., Yy (d-dimensional random vectors).
Model (obvious and frequent part): Y;,..., ¥y "< V.

Model (less obvious and more important part): Y ~ F(y; 6),

YERI, FeF, 0= (0.6 €0CRk

Usually: F absolutely continuous w.r.t. Lebesgue/count measure having
adensity f, i.e.,

MODEL=Yi,....YN' " ¥V, Y~ f(y; 0),y cRY, 0 € O.

If density w.r.t. count measure then f(y; 8) = P(Y =y, 6).

> Likelihood (given observed data y4,...,¥n)

N N
Loy =]ty 0) =]]Li6)
i=1 i=1
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Statistical inference

Frequentist (classical) approach
6 € © is unknown constant.

Principal tasks: point/interval estimation, hypothesis testing,

e.g., 6 = argmax L(6) (maximum likelihood — ML).
0co

Statistical properties of estimators, tests (evaluation of uncertainty):
What happens if

(a) we repeatedly obtain (sample) data (i.e., a full set Y4,..., Yn) under the
same stochastic conditions (model) as the original data (e.g., unbiasedness);

(b) we add more data (Y ni1, Yni2,...) under the same stochastic conditions
(model) as the original data (e.g., consistency, asymptotics).

Asymptotics quite crucial for practical usage as only rarely (for very, very
simple models) one can derive all needed properties when N < oo.
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Statistical inference

Frequentist (classical) approach
How reliable are results based on real data (always N < oo, often N << o)

that rely on asymptotics (N = o0)?
Well, good question, not always an easy answer. ..
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Statistical inference

Bayesian approach
We postulate that some (stochastic) information is available about 8 € ©
before any data arrive

> prior distribution (apriorni rozdéleni) above ©.
Principal tasks: point/interval estimation, hypothesis testing,

based on a (stochastic) “combination” of prior distribution
and information provided by data.

Statistical properties of estimators (evaluation of uncertainty):

What are possible values of 6

given prior information and given data at hand.

No repeated sampling of data behind.

Only minor theory for what happens if N — oo
> not really needed for practical problems.
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Statistical inference

Bayesian approach
Only minor theory for what happens if N — oo

> not really needed for practical problems.

But, there is no free lunch, see later.

> One of reasons why Bayesian statistics not much used
until 90’s of 20th century.
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Bayes theorem

Notation
p(+): a generic symbol for a density (w.r.t. some o-finite measure);

p(-|-): a generic symbol for a density (w.r.t. some o-finite measure);

0= (61,... ,Gk)T: a random vector with a density p(8) w.r.t. a o-finite

measure A on (©, B(©)), © C R¥: non-empty Borel set, B(©): Borel subsets
of ©;

Y=(Y1,..., YN*)T: a random vector with a conditional density p(y | 8) w.r.t.
some o-finite measure v on (RN*, BN*), i.e., for any measurable sets B and C

POcB, YeC)= /B</Cp(y’0) du(y)) p(O)AN(D).
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Bayes theorem

Typically

© C R, almost always product of (open) intervals.

Measure X (for the model parameter): almost always Lebesgue,
symbol A omitted from all subsequent integrals.

p(0): prior distribution for model parameters.

Y=(Yy,..., Yy) =Data, N* = N - d.

Measure v (for the data): Lebesgue or count or combination (product
measure).

p(y|6) =TIV, f(y;; 6) = Model for data.

20 1. Introduction 2. Basics



Bayes theorem

Theorem 1.1 Bayes.

The conditional density p(6 | y) of the random vector 6 given Y =y is given
as

p(y|6) p(6) A
p(ely) = /@P<V|9*>p(o*)da*’ /ep(ﬂ ) p(67)d6" > 0,

0, otherwise.

p(6 | y): posterior distribution (aposteriorni rozdéleni) on (©, B(0)).

21
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Bayes theorem

Bayes theorem, more important part: p(6 | y) « p(y|0) p(6),
o constants w.r.t. 6.

/p(yle*)p(e*)de* = / p(y, 6*)dé = p(y):
(S] (C]

marginal density of Y = marginal/integrated likelihood
just a normalizing constant for p(8 | y)

- meaning?

This is also the lunch price. ..
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Bayesian statistics

Basic theoretical problems
e Choice of a prior distribution (p(8)),

see next part.

e Point and interval estimation, hypothesis testing, . ..

based on the posterior distribution p(8 | y).
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Bayesian statistics

Point and interval estimation

For a measurable set BC ©: P(§ € B| Y =) = /Bp(e | y)deé.

If it exists, perhaps
6 := / 0p(0|y)do=E(0|Y =y)?
S]
Extension of the lunch price?

feo=R,0=0letfor0 <a < 1,6, and 0§y satisfy

/OL p(ei}')dH:/:op(@!y)d@: 5

— 00 U

then

oy
P(6 € (6L, 0U)|Y:y):/0 p(f|y)dd=1—q.

Perhaps, (0., 6y) = interval estimate for 67

> credible interval (vérohodnostni interval).
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Bayesian statistics

Major practical problems
Nasty (mostly analytically not tractable) integrals:

Denominator from the Bayes theorem (marginal likelihood)

p(y) = /@ p(y|6%) p(67)de".

Moments, quantiles, . .. from the posterior distribution, e.g.,

E@0|Y =y) :/eop(ayy)de.

See the second part of the semester.
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Exercises

Exercise 1.1 (The Bayesian Choice, Exercise 1.7).

An examination has 15 questions, each with 3 possible answers. Assume that
70% of the students taking the examination are prepared and answer correctly
each question with probability 0.8; the remaining 30% answer at random.

(i) Characterize the distribution of S, score of a student if one point is
attributed to each correct answer.

(i) Eight correct answers are necessary to pass the examination. Given that

a student has passed the examination, what is the probability that (s)he/it
was prepared?
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Exercises

Exercise 1.2 (The Bayesian Choice, Example 1.2.2 (Bayes, 1764)).
A billiard ball W is rolled on a line of length one, with a uniform probability of
stopping anywhere. It stops at U. A second ball O is then rolled N times under

the same assumptions and Y denotes the number of times the ball O stopped
on the left of the ball W. Given Y, what inference can we make on U?
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Role of the prior distribution

Posterior distribution (typically)
p(0|y) < p(y|6)p(o)

{ﬁp(yi 16) } p(6)

{HL(@ } Loror(6).

Prior distribution

= information on @ from one more virtual observation/another dataset
to the likelihood.
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Choice of the prior distribution

Prior distribution
Knowledge on possible values of unknown parameters 8 before any data
arrive, before experiment or study are conducted.

e Objective
o information supported by physical, ... theory;
o information from older data, past experiments, e.g.
probab. mass of p(6) concentrated on a confidence/credible set on 6
based on older data.

e Subjective
o expert opinion;
o belief, philosophy.
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Choice of the prior distribution

Prior distribution, client oriented approach

é Quite some space to adjust the results “as needed/requested by client”

p@|y) <p(y|o)p®), 6oco.

(o}

Support of p(@ | y) C support of p(6).

o Client does not like negative values of 6.
Nas zakaznik, nas pan. p(6) ~ Ga(1,1)
=P(@>0|Y=y) =1 (forany data y).

Client wishes 6 € (1, 2). SluZebniéek. p(f) ~ Unif(1,2)
=P(0e(1,2)|Y=y) =1 (forany data y).

o

o Client desires 6 = 1. Nic neni nemozné. p(0) ~ Dirac(1)
=>P(#=1|Y=y) =1 (for any data y).
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Choice of the prior distribution

Prior distribution, client oriented approach

or
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Choice of the prior distribution

Prior distribution
For majority of problems, nothing/not much is known in advance on 6.

Approaches/strategies have been developed to specify p(8) such that

o for given model p(y | 6), p(0) leads to “more tractable” calculation of the
marginal likelihood p(y) = | p(y | 0) p(6)de;

o allow for specification of p(€) which expresses “no” or at least “a weak”
prior information.
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Conjugate system of prior distributions

Definition 2.1 Conjugate system of prior distributions.

The system Q = {q(0; n): ne 7—[} of distributions on © C RX, where €
H C R" are hyperparameters (that index the system) is said to be conjugated
with the model p(y | 6) if and only if for any € # and any y € R? that satisfy

0</ep(y]0) q(6; n)do < o, (2.1)

the distribution p(6 | y; 1) o< p(y | 8) q(6; n) belongs to Q as well.

e Condition (2.1), its part > 0, means that we only care about data Y = y that
belong to their support given by the model.

e Meaning: take prior p(0) = q(8; nyier) for some choice of n, € H, if it's
conjugated with the model p(y | 9) then the respective posterior
,0(0 ’ .V) = q(0; 77poster(y)) for some nposter(y) € H.
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Conjugate system of prior distributions

Example 2.1 (Normal model with known variance)

iid.

Data: Yi,..., Yn "~ N(0, 02), 0 € R,0 < 02 < oo known

1 SN (vi— 6)?
R e
SN (v —0)?
O(eXp{77120_g }

1= g ol St el 522}

V2ma?

~ N, o),  n=(1,0%)", peR, 0<o?< oo
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Conjugate system of prior distributions

Some calculation: p(6 | y; 1) ~ N(pposters Thster) Where

Hposter = -N 1

> (N 1\
Uposter— ;g+§ .

2 \
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Conjugate system of prior distributions

For given model, the conjugate system is not unique.

Possible method of construction: based on sufficient statistics

(postacujicich statistikach).
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Conjugate system of prior distributions

Construction using factorization theorem and sufficient statistic
Suppose

p(y|6) = gi(T(y): 0) g2(y), 66,
where g1 and g» are non-negative measurable functions and T(Y) is an
r-dimensional sufficient statistic for given model. Let

H = {neR: O</g1(n;0)d0<oo}.
Q)

Further, let
g1(m; 6)

(
feg1(77? 0)d0’ 0O, neH.

q(6;n) =
The system
Q = {q6:n): neH}
is conjugated with the model p(y | 6), 6 € © (under additional mild conditions
on g).
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Conjugate system of prior distributions

Some more examples for i.i.d. univariate data, Y1, ..., Yn "<& f(y; 6)

Bernoulli distribution, § = P(Y; = 1) € (0, 1)
p(y|o) = o> v (1 — )N,

q(6; a, b) < 63" (1 —9)°~"
~ Be(a, b), n=a>0 b>0,

N N
p(d|y; a b) ~ Be(a+Zy,-, b+N—Zy,-).
i=1 i=1
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Conjugate system of prior distributions

Some more examples for i.i.d. univariate data, Y1, ..., Yn "<& f(y; 6)

Poisson distribution Po(6), 6 > 0
9=y i
H,,‘i1 yi!’

q(0; a, b) x 63" exp(—0 b)
~ Ga(a, b), n=a>0 b>0,

p(y|0) = exp(~0N)

N
p(0|y: a b) ~ Ga(a+Zy,-, b+N>.

i=1
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Conjugate system of prior distributions

Some more examples for i.i.d. univariate data, Y1, ..., Yn "<& f(y; 6)

Normal distribution NV (p0, 6='), 6 > 0 (inverse variance), 1o € R known
N

p(y|6) o« oN2 exp{—z Z(}/i - uo)z},

i=1

q(0; a, b) x 63" exp(—6 b)
~ Ga(a, b), n=a>0 b>0,

N 1L
p(0|y; a b) ~ Ga(a + 5 b+ 3 ;(J//—Mo)z)-
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Conjugate system of prior distributions

Some more examples for i.i.d. univariate data, Yi,..., Yy g f(y; 0)

Normal distribution NV'(1, 77'), 6 = (p, T)T, u € R, 7 > 0 (inverse variance)

N
p(y[0) x 72 exp{ - ;(yi—/&},
q(0; m) x ?7?

p(6]y;m) ~ 272

w9
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Conjugate system of prior distributions

In a particular situation (analysis of a given dataset): value n € H of
hyperparameters must be chosen.

How?

Well, good question, not an obvious (and easy) answer.
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Empirical Bayes methods

A way on how to choose values of hyperparameters based on historical data.

Assume for historical data Y ,4 the model p(y,4 | 6),0 € ©.
Consider the prior g(0; n) with the hyperparameter n € H.
- The integrated/marginal likelihood od historical data is

Do 1) = /@ (Vo | 8) q(6: 1) d6

> Likelihood of historical data which depends
on unknown (hyper)parameter 7.

Use some classical method (ML, moments, ...) to estimate n using the
historical data and the model p(y ,4; 1)

~

-> 'f]
Prior for “new” data: p(0) = q(0; 7).
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Empirical Bayes methods

Example 2.2 (Random sample from a normal distribution with known
variance).

Historical data and the model: You = Y1, ..., YN N (6, ag),
6 € R: parameter, 0 < o5 < oo: known variance.
Prior with a hyperparameter: q(6; n) = N (ug, 3),
T
n = (g Ug) , uqeR,0<Ug<oo.

Integrated likelihood p(Y ,i5i 1) = Yoa ~ Nu (g In, odln + o21nIn ).

E.g., estimates for j.q and 02 motivated by the sample mean and the sample
variance:

N N

O ~ 1 5 5 &

Hg=1> Y UZ:N71 > (Yi—q)?, 55 =max(a° —of, 0).
i=1 i=1

Z|

Prior for the analyzis with the “new” data is then p(0) ~ N (fiq, 7).
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Hierarchical prior

Aneb pfeneseni odpovédnosti na jinou Uroven fizeni.

Idea: We express uncertainty in a choice of hyperparameters in a stochastic
way

> by considering them as additional parameters of the model
and giving them also a prior.

In other words: q(8; n) = p(6 |n) and some hyperprior p(n), n € H is given.

Prior for data and the model p(y | 8) at hand is then

"“”:L 0 ]n) o dn—/qenp(n)
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Hierarchical prior

Example 2.3 (Random sample from a normal distribution with known
variance).

Data and the model: Y = Yy, ..., Yy HEg N(0, od),
6 € R: parameter, 0 < o5 < oo: known variance.

Prior with a hyperparameter: q(6; n) ~ N(n, 03),
n€R,0 < o5 < oo given (known).

Hyperprior: p(n) ~ N (g, 0727), wy €R,0< a% < oo both given (known).
Prior for the analyzis:

p(0) = [ a: P ~ N o+ %)
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Hierarchical prior

Both 6 (primary parameters) as well as n (hyperparameters) can be viewed
as just parameters of the Bayesian model having the (joint) prior

p(8, n) =p(0|n) p(
where the model for data does not depend on 7, i.e., where

p(y[6.n) =p(y|0).
The joint posterior p(6, n|y) o« p(y|6) p(6, n) leads to the marginal

distribution .
p(6]y) > [ p(6.n|y)dn

which is equal to the posterior distribution p(@ } y) obtained by taking the
(same) model p(y | 6) for data and the hierarchical prior

p(0) = /H p(6 | n) p(n)dn.
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Hierarchical prior

That is, the “hyperparameter” integral jH can be calculated either in the prior
phase or in the posterior phase. It does not matter.

Later (MCMC methods), we will see that the “hyperparameter” integral does
not have to be calculated at all to get many useful things and that it might be

easier to work with “more” dimensional posterior p(6, | y) rather than to
work directly with p(6 | y).
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Multilevel hierarchical prior

Aneb rozmnélnéni odpovédnosti, az uz neni odpovédny nikdo za nic.

M levels of hyperparameters: ny € Hi, ..., ny € Hu.
Hierarchically specified joint prior
p(07n1a ceey T]M)
= pO|n, s nm) - Py (M2 ) - P(m—t | M) - P(M)

asgme P(9|771) - p(n |772) - P(Ny—1 |77M) - P(11)-

Prior for the primary parameters 6:

0=

P(9 | 771) : P(m |772) P(TIMA |77M) - p(ny) Ay dny_q - dny.
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Noninformative prior
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Noninformative prior (princip neurcitosti)

Uniform distribution over the whole parameter space ©
q(0) < 1, 6 co.

It can be
/ q(0)dé =
©
> improper density (neviastni hustota).

Improper prior can be used with the given model p(y | 9) as soon as (if and
only if) the integrated likelihood exists (finite), i.e., as soon as

p(y):/ep(y|0)1d0<oo

leading to proper posterior

p@ly) =
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Noninformative prior

Noninformative with one parameterization is not necessarily noninformative
with other parameterization.

Example 2.4 (Noniformative prior for standard deviation).

Consider 6 = o, standard deviation in a i.i.d. sample from a distribution with
a finite variance, 0 < o < .

Lety =log(c), ¢ €R.

plo)x1,0< 0 < 0
> p(y) cexp(y), ¢ eR.

p(y)x1, ¢eR
> plo)x1/o, 0<o<oo.
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Jeffreys prior

Prior distribution which “does not depend on parameterization”.

For models satisfying regularity conditions (known from the MLE theory).
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Regularity conditions

Definition 2.2 Regularity conditions.

The model p(y | 6), y € N* (having a density with respect to the o-finite mea-
sure v), @ € © C R satisfies the regularity conditions if

(i) © is an non-empty open set in RX.
(i) Theset M = {y: p(y|6) > 0} does not depend on 6.

(iii) Foralmostally € RV forall§ € © and foreachj=1,..., k there exist
a finite partial derivative pj(y | 6) := ae p(y|6).

(iv) ForeachHe@andeachj:1,...,k/pj(y|0)dy(y):
M

(v) Foreach 6 € © and each pair (j, /) there exist a finite integral
0) 0
Ji(8) = /p/y|2 pi(y]6)
P?(y|0)
(vi) For each 6 € ©, the matrix J(0) = (Jj,/(e)),-,/:1 . is positive definite.

.....

p(y|0)dv(y).

y
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Maximum-likelihood theory in a nutshell

Notes
e Matrix J(0) is called the Fisher information matrix.

e Incaseofiid. data ¥ = (Yy, ..., Yn), ¥;'" po(y;]6), y; € RY,
i=1,...,N, N*=Nd, we have
J(8) = NJo(0),
where the matrix Jo(6) is based on the density po (- \ 6).
e Foreachfc©andeachj=1,... k

2((;: ||:)) = g3 Pe{p(v[0)} = U@: ).

e Vector

0
U ) = (Ui(6: y). ... Ul6: y)) " = 55 108{p(y |6) |

is called the score vector.
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Maximum-likelihood theory in a nutshell

Notes, cont’d
e Foreachj, I=1,....k, Jj/(0)=EpyeU;(0)U(0) ,ie.,

J(8) = Epye)U(6; Y)U'(6; Y).

e Under regularity conditions also
2

J(8) = Epylo) {—leog{p(v\a)}}

e Matrix
2

0
WO y) == pog™ |°g{p(y’0>}
is called the observed information matrix.
e Asymptotic normality of the MLE 8y, = argmax Iog{p(y | 0)} related to

. CISS)
above matrices.

33 2. Choice of the prior distribution 5. Jeffreys prior



Jeffreys prior

Theorem 2.1 Jeffreys.

Let the model p(y | 0), 6 € © satisfy the regularity conditions with the Fisher
information matrix J(8). Let fory € RN

1/2
cy) = /e p(y]0) [det{1(0)}] " ap.
Let H be a regular injective function (prosté zobrazeni) © — W ¢ BX. Let

Y =H(8) andp*(y | ) =p(y| H“(z/;)). The following then holds.

(i) The model p*(y | ), ¢ € V satisfies the regularity conditions.

(i) LetJ*(v) denote the Fisher information matrix of this model. Then for
anyBC ©,Bec BXandanyy € RN such that c(y) > 0

/B ply |0) [cet{3(6)}] " ao /H 5P 1) [der(r )] v

c(y) B c(y)
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Jeffreys prior

Model  p(y|6)

p*(y|v)

Prior p(8) [det{J(G)}T ;
Posterior p(0|y)

x ply|6) [det{30))]

plae) o [det{3°(4))]
Pr(v]y) o
x P (y|w) [det{I"(¥)}]

Jeffreys P@cB|Y=y) =P(necHB)|Y=y)
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Jeffreys prior for Bernoulli sample

Example 2.5 (Bernoulli (alternative) i.i.d. sample).

Data: Ys,..., Yn "5 Alt(6), 0 < 6 < 1.

p(y ’ 9) — 92&1 Yi (1 _ Q)N—EL yi,

«o; y):=10g{p(y|0)} = me +(N - anw—@

0 Novi N=YN.y
U y)= 2y = =t No L
2 Novi N=SNoy
I(o; y) = - wﬁ(e) 2’52‘ Yy g %3’9—)12}/’,
N
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Jeffreys prior for Bernoulli sample

Example 2.5 (Bernoulli (alternative) i.i.d. sample).

Jeffreys prior
p) < 6721 -6)""2 0<fd<1 = Be(1/2,1/2).

Lety =0/(1 — 0) (odds).

Jeffreys prior
p(¥) < v~ V21 +¢)7!, 0< ¢ < oo
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Improper Jeffreys prior for Poisson sample

Example 2.6 (Poisson i.i.d. sample).

Data: Yi, ..., Yn " Po(6), 0 € (0, o).

1 .
p(y|o) = - exp(—N@) 6211,
i=1 Vit

N

0o y) = Iog{ (y0) } Z log(yi!) = N6 + > y; log(6),

i=1

N
U y) = i) = N+ 2l

o0 0

o? Ny

106 y) =~ ootle) = 21V
N
1(0) = Epiy 0 10: ¥) = -
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Improper Jeffreys prior for Poisson sample

Example 2.6 (Poisson i.i.d. sample).

Jeffreys prior: p(0) o 5 = Ga(0, 1/2).

It is improper.
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Exercises

Exercise 2.1 (The Bayesian Choice, Example 1.2.4 (Laplace, 1786)).

Considering male and female births in Paris, Laplace wants to test whether
the probability = of a male birth is above 1/2. For 251527 male and 241945
female births, assuming that = has a uniform prior distribution on (0, 1),
Laplace obtains

P(r < 1/2](251527; 241945)) = 1.15 x 10~*.
He then deduces that this probability = is more likely to be above 50%.

How does he obtain the above formula?
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Exercises

Exercise 2.2 (Double exponential (Laplace) distribution).

Data and model: Y = Yq,..., YN g DE(6), 8 > 0 parameter.

Thatis, each Y; (i=1,...,N) has a density

0
fly; 0) = > exp(—0 |y|), yeR.

2
Remark: E(Y;) =0, var(Y;) = 72
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Bayesian statistical inference

Everything based on the posterior distribution
p(y|6) p(6)
p(y|6~) p(6*)de*

p(0|y) =/

©
In the univariate case (f € © C R):

Posterior cdf: )

G(9; y) ::/ p(6* |y)do*, 60eR.

Quantiles of the posterior distribution:
G Yo y) = inf{60: G(6; ¥y) >a}, O0<a<1.

Note: In the multivariate case, we are usually (also) interested in the
univariate characteristics related to the margins of the joint posterior
distribution p(6 | y).

x p(y|6)p(6), 6c0.
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Point estimate

Suitable location characteristic of the posterior distribution
1. Posterior mean (if it exists):

0 = Ep(g‘y)OZLap(a‘Y)de.

2. Posterior median (in the univariate case):
0 := G '(0.5; y).
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“Uncertainty” (in the univariate case)

= “spread” of the posterior distribution
1. Posterior standard deviation (if it exists):

Oun(®) = [ [ (0-07p(0] )

> counterpart of the standard error from the frequentist statistics.

2. Posterior quartiles:
Q:i(0|y) = G 1(0.25; y), Q:(0]y) = G 1(0.75; y).
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Credible set/region

Definition 3.1 Credible set/region.

We say that the Borel set C.(y) C © (0 < a < 1) is the 100 (1 — «)% credible
set/region (vérohodnostni mnozina/oblast) for the parameter 6 if

POcCuly)|Y=Y) = /C(y)p(e\y)de =1-a.

The credible region is (indeed) not uniquely specified by Definition 3.1.
The number 1 — « is called the credible level (vérohodnost) (compare with
coverage (pokryti)) in the frequentist statistics.
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Highest posterior density credible region

Definition 3.2 Highest posterior density credible region.

The credible region C,(y) is called the highest posterior density (HPD) credible
region if it satisfies

Culy) = {6€©: p0|y) > ka},

where k, is the highest constant such that

/ p(0|y)do = 1—a.
Ca(y)

If C.(y) is the HPD credible region then for any other credible region C(y)
with the same credible level

[ o< o
Ca(y) C:)

i.e., the HPD credible region has the lowest volume (in R¥) among all credible
regions with the same credible level.
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Credible interval

Univariate case,/ c © C R
If Ca(y) = (La(¥), Ua(y)) we callit 100 (1 — )% credible interval.

Equal-tail (ET) credible interval
Lu(y)=G (a/2;y), Uuly)=G '(1-a/2;y).

HPD credible interval
= credible interval which is also the HPD credible region.

o It is the shortest credible interval.
o If the posterior distribution is symmetric and unimodal then HPD = ET.
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Hypothesis testing

There exist more (different) approaches to hypothesis testing in a Bayesian
setting.

Here: “What is the posterior evidence against a given point 8y € © based on
the credible region?”

G.E.P. Box and G. Tiao, 1973, Bayesian Inference in Statistical Analysis;
L. Held, 2004, Simultaneous posterior probability statements from Monte
Carlo output, J. of Comp. and Graph. Stat.

Analogy to testing Hy: 8 = 64 against Hy: 8 # 0, for chosen 8y € © while
using the duality between testing and confidence intervals/regions.

f However, don’t look for frequentist interpretations like type | error, its
probability etc.!
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Bayesian P-value

Definition 3.3 Bayesian P-value.

For a given point 8y and a given approach to construct the credible regions

Ca(y), 0 < a < 1, with Co(y) := © and Cy(y) := 0, the Bayesian P-value
p(6o; y) is defined as

p(6o; ¥) =inf{a: 0o ¢ Cu(¥)}.

It is not the P-value in a frequentist sense!

But it has a similar interpretation:
o p(6g; y) — 0: small posterior evidence for 6,
(high posterior evidence against 0y);
o p(6g; y) — 1: high posterior evidence for 8,
(small posterior evidence against 6y).

> It is popular among practitioners who use it as the classical P-value,
why not....
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Bayesian P-value

Not easy calculation when based on the HPD credible regions.

Easily calculated in a univariate case (§ € © C R) when the P-value is based
on the equal-tail credible interval

> p(0o; ¥) =2 min{G(6o; ¥), 1 — G(6o; ¥)}.

“One-sided” variants cound be defined as well.

In the literature, different “Bayesian P-values” (with a different meaning) can
be found.
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Bayesian prediction

Consider independent observations and the model
Y=Yq...,Yn, Y~ fi(y; ), i=1,...,N.

fi has the same functional form for all i’s and depends on i only through
known factors (e.g., explanatory variables in the regression context).

> y | 0 H fi(y;; 6
Consider the prior distribution p(8), 8 € © which leads to the posterior

p(@ly) x p(y|o)p {ny, )} (o

Let Y o be an dhen-dimensional random vector being

o independent, given the stochastic model, of Y = Y4,..., Yu;

o generated by the same probabilistic mechanism as Y, i.e.,

Y new ~ fnew(ynew; 0)
with known additional factors (explanatory variables, . ..).
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Bayesian prediction

Definition 3.4 Posterior predictive distribution.

The posterior predictive distribution of Y e is the distribution whose density at
Ynew € R is given as

fpred(ynew) = IE,D(Oly) fneW ynew / fneW ynew (0 | _V) de
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Bayesian prediction

Notes
e The density forea(V new) = / foew (Y new: 0) (6| y) d6 is called
e

the posterior predictive density

= (marginal) distribution of Y e, after the information on 6
included in data Y is taken into account.

e Compare it with the marginal/integrated likelihood of the new observation:

p(ynew) = /ep(ynewv g)dez/ep(ynew‘a) p(@)d@

- / Frow(V new: 0) P(6)06.
€]

= (marginal) distribution of Y ne, when only the prior information on 6
is taken into account.
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Bayesian prediction

Point prediction
Suitable characteristic of the posterior predictive distribution, e.g.,

?new = IE:fp,ed(‘) Y new :/

Rdne

V" fored(Y™ )dVnew (¥™) (if it exists),

vnew: the appropriate measure related to the density of Y e .

Interval prediction in the univariate case (Qhew = 1)
> credible interval (HPD, ET, ...)
based on the posterior predictive density fyreq.
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Exercise: Normal linear model

Exercise 3.1 (Normal linear model).
Data and model: Y = Yi,..., Yy independent, Y; ~ N'(x[ 3, 02), where

e Xi,...,Xx € R are known constants;

e 3 €RX, 0 < 0? < oo are unknown parameters,
0=(8",0%)" €0, ©=RKx(0,x);
e Itis assumed that the N x k matrix
x{
X =
Xy

has a full column rank, rank(X) = k < N.
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Example: Weighing of light objects

Example 3.1 (Weighing of light objects).
From Box and Tiao, 1973, Bayesian Inference in Statistical Analysis.

We want to find a weight of two (very) light objects (A and B).
51 weight of the object A, 3> : weight of the object B.

Experiment (obtained values, ng):
o 2-times: object A on the weights » 109, 85.

o 9-times: object B on the weights
> 114, 121, 140, 122, 125, 129, 98, 134, 133.

o 7-times: both objects A and B on the weights
> 217, 203, 243, 229, 233, 221, 221.

s>Data¥=(Yy,..., Ya) ,N=18.

> (Bayesian) inference on (31 and 3> through the linear model.
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Exercise: Normal linear model

Data and model: Y = Yi,..., Yy independent, Y; ~ N (x/ 3, o2).

Further notation:
N
SS(B:y) = Y (vi—x[B)° = (y-%8) (v~ %),

- (xX"x)7'x — (98.89, 124.42) ",
) =

SSe—SSe(y SS(b;y) =2525.7.

The model implies:

p(y]@) = (27r02>—N/2 exp{—% SS(6; y)}

—N/2 SS 1 T
= (270%) exp{—2028 ~ 5,2 (B-b) XTX(ﬁ—b)}, y eRV.
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Exercise: Normal linear model

oy o N 2y N 2y SS(B;y)
(0 y) = —% log(2m0®) — 5 log(0®) — =5 5=,
e 9 o %(XTY*XTXM
0y = 360N = | "N sspy) |
202 204
T oty 1T T
1(6; y) = ——=0(6;y) = 7
0696 . SS(By) N
0-6 204
]
—X'X 0
J(0) = Epy1l(0;y) = | © N
[ L
204
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Exercise: Normal linear model

Special case: x;=1,i=1,....N, Yy,..., YN ~ N(B, 02).
>XTX =N,
%o
=19 ~
204

Jeffreys prior
1. For B8 € R when 0 < 02 < oo known.

2. For 0 < 02 < oo when 3 € R¥ known.

3. For6 = (5, 02)T € R x (0, 00) in the special case.
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Exercise: Normal linear model

p(y|0) = (270%) "2 ep{ 515 SS(3: ¥))

oy —N/2 SSe 1
= (270°) exp{za2 ~ 5,2

(8-b)' XTX (ﬁb)}, y € RN

Conjugate system
Ti=020:= (,BT, T)T € R¥ x (0, o) = ©.
p(B8, 7) =p(B|7) p(7), p(B|7) ~N(fo, 77" o),

p(T) ~ Ga(Co, do)
~ N-Ga(By, Xo, Co, ),

By € R, X5 >0, ¢p > 0, dy > 0: hyperparameters.
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Exercise: Normal linear model

Semiconjugate system

p(B. 7) = p(B) p(7)
p(8) ~ N(bo, Xo),
p(r) ~ Ga(co, do),

(independence of 3 and 7 in the prior),

By € RK, Xy >0, ¢o > 0, dy > 0: hyperparameters.
Thenp(B, 7|y) ~ N-Ga(-, -, -, *).

Jeffreys motivated improper prior

p(B) oc 1

Nk(07 ©_1)7

pr) o L

Does it lead to proper posterior?
22

Ga(0, 0), p(logo) x 1.
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Exercise: Normal linear model

Posterior distribution, 6 = (37, T)T € R¥ x (0, c0)

ply[0) = (2m)"* N2 exp{ -5 SS(8; y)}

= (27r)_N/27N/2 exp{—7'828e - %

p(B, 1) x ; BeRK 7>0.

pB.7y) = pB|7,y)p(|y),
plrly) ~ a5, %),

p(B|7.y) ~ Ni(b, 77! (XTX)7),
SS,

(B-b) XX (8- b)}, y € RV,

P(Bly) ~ b+ mvte(N—k £~ (X7%) 7).
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Example: Weighing of light objects

p(r|y) ~ Ga(N2 K sge) = Ga(8, 1262.8).

Rezidualni pfesnost Rezidualni smérodatna odchylka
0
E
2 _ 5}
B
g 8
2 2
@
EI 2 84
Z 8 - =z o
E - E
8 g
e g
7 I
o o
3 3
< <
0
o S A
['e] o
o
o - S
o
T T T 1 T T T T 1
0.005 0.010 0.015 0.020 10 15 20 25 30
T a
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Example: Weighing of light objects

p(rly) ~ Ga(N2 ‘ 828‘*) = Ga(8, 1262.8).

n—k
SS.
2(n—k)
SS:

E(r|Y=y)=

var(r| Y =y) =

E(aﬂY:y):%, forn—k>2
28S2
(n—k—-2)2(n—k—4)’

var(c?|Y =y) = forn—k >4

E(o|Y =y) =77
var(o| Y =y) =77
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Example: Weighing of light objects

p(rly) ~ Ga(N2 ‘ 8286) = Ga(8, 1262.8).

Possible point estimates
71 =E(r| Y =y) =0.00633 o1 =E(c|Y=y)=1777

= med(r\ Y = y) =0.00607 oo = med(a| Y= y) =12.83
95% credible intervals
ET cred. interval 7:(0.00273, 0.01142) o :(9.36, 19.12)

HPD cred. interval 7 : (0.00235, 0.01079) o : (8.87, 18.22)
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Multivariate t-distribution

T ~ mvte(v, X),if T = u,/%, where
e X: positive definite matrix (the scale matrix),
e U~ N(0, X),

o Vo,

e U and V independent.

It has a density

_ (Vzk) -3 tT - K
p(t)_r(z)ﬁﬁ'z‘ {1+7y } ., teRk

- Can be used to define the mvt distribution for non-integer v € (0, o).

e ET=0,ifv > 1,
° varT:LZ, ifv>2,
v—2

e modusT = 0.
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Shifted multivariate t-distribution

For u € RK, the random vector Z = . + T, where T ~ mvix(v, X) has
a density

vtk

r(M) ’z’—% {1 i (Z_“)TZ_1 (z—n) }77’ z e R¥.

14

o EZ = p,ifv>1,

o varZ = Lzz, ifr>2,

e modusZ = p.
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Example: Weighing of light objects

ss _ 98.89 2525.7 _
pBly) ~ b+mvt(N—k === (xT%)7") = (124'42> + mvtp (16, — (X7x) ).

N —k

80 85 90 95 100 105 110 115

B
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Example: Weighing of light objects

ss . . 25257 _
p(BlYy) ~ b mute(N—k =2 (xT%) ") = (98 89> + mvty (16, (T,

N — k 124 .42 16
[ — 5lib] _ g . T 1
»>Foreachj=1,...,k e Y=y ~ tnek, Vjj=(j,j)diag. elem. of (X'X)"".
e Vi
N—k ViJ

Aposteriorni hustota
0.06 0.08 0.10
I I |

0.04
L

0.02
L

0.00
L
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Example: Weighing of light objects

SS — 98.89 25257 _
p(Bly) ~ b+mvi(N-k, T (XTX) )= (124.42> + mvip (16, o (X7x) ).

Possible point estimates
Bi=E(81|Y=y)=med(s|Y =y) =98.89
Bo=E(B2|Y=y)=med(B2| Y = y) = 124.42

95% credible intervals

ET as well as HPD cred. interval 3 : (87.96, 109.83)

B, : (116.22, 132.62)
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Example: Weighing of light objects

SS 98.89 5257
P(Bly) ~ b+mvt(N—k, == - (XTX)” )= (124.42> + mvip (16, xTx)™).

> (;3 b)" <LSKXTX) ,Gfb)‘Y:y ~ Frn_k:
- 100 (1 — a)% HPD credible region for 3:

0
8-

130
I

125
I

Hmotnost B

120
I

115
I

80 85 90 95 100 105 110 115

Hmotnost A
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Exercise: Normal linear model

Proper semiconjugate prior
p(8, ) = p(B) p(T) (independence of 3 and 7 in the prior),

p(B3) ~ N(Bo, Xo),
p(7) ~ Ga(co, db),
By € RK, Xy >0, co > 0, dy > 0: hyperparameters.

p(B.7|y) = p(B|7,y)p(|y),

N —k SS.
p(r|y) ~ Ga(CoJriz , Ob + 5 )

p(ﬁ’ﬂ y) ~ NK(Q_1 Hcanon> Q_1)7

where Q = 251 +7XTX precision matrix,

Hcanon = 261 By + 7X"Xb canonical mean.
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Bayesian statistical inference

Everything based on the posterior distribution for 6 = (61, ..., 0,()T € © C Rk:

p(Oly) = P(y]6) p(6) x p(y|6)p®), 6¢co.
/(y|0) )do*

We need

o For a measurable functiont: ©® — R

to :=Epg| p)1(0) = /et(e)p(9|y)d0 (if it exists).

o In the univariate case (# € © C R):
G y) = [ (9*|y) do, 0eR,
G (s y):=inf{0: G(6; y) >a}, O0<a<l.
> credible intervals, . ..

All that needs to calculate the integral [, p(y | 0*) p(6*)d6".
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Monte Carlo integration in statistics

Task: For a measurable function t : © — R, to calculate numerically

tg :=Epoy)t(0) = /@ 1(0)p(0|y)de  (if it exists).

Assumption:

/e|t(0)|p(0]y)d0 < o0

Monte Carlo principle:

o LetSy={6M,...,6M1 o0 oM pg|y).
o Then (law of large numbers)

B(m i> Ep(g‘y)t(e) =1 as M — oc.

M§

m=1

o ﬁ/, = Monte Carlo (MC) approximation/estimate of ty.
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Monte Carlo integration in statistics

Precision of the MC integration:

Let [o {t(e)}zp(e |y)dé < oo and

o2 = /@ (1(6) — %2 p(6 ] y)de.
Then
v = var(ﬂ,,) = var{l:” Zt(e(m))} — CL/\;'
m=1
Law of large numbers:

M
ﬁ > {t6™) —tu} 5 of.

- m=1

62 =

Monte Carlo Error

~ 1 M ~ 52
MCE(fy) = V=T Z{t(g(m))_tM} =\

m=1
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Monte Carlo integration in statistics

Central limit theorem & Cramér-Sluckij:

=l Ly N(0,1)  asM— .
MCE ()

> 100 (1 — a)%, 0 < a < 1, confidence bounds for the approximation:
t/A\/] + MCE({/\\//) Ui—ay2,
Ui_q/2: quantiles of A(0, 1).

Practice:

o Sy=1{0",...,6M) generated by a computer.
o The “sample size” M can be arbitrarily high.
o The Monte Carlo error can be arbitrarily low.

Really?
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Special cases

Su = 00,...,0M " paly)

Takeje {1,...,k},x€R.

N
=
I
=
M§

0|y)9

m=1

0'M < x
t(0) = H[e,gx](0)3 %

o density estimate of p(6;| y) (histogram, kernel, ....)
- HPD credible intervals for 6;;

~ Pl <x|Y=y)

o quantiles of p(¢; | y) - ET credible intervals for 6.

7 4. Monte Carlo posterior inference
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Special cases

Take r : R¥ — R a measurable function, x € R.

t(0) = r(0): 1M > r(0) & Epe)y)r(6);
m=1

#[r(a(’")) < x}
t(0) = H[,(Q)SX](O): T ~ P(r(0) < X| Y = y)
o density estimate of p(r(8) | y) (histogram, kernel, ...)
> HPD credible intervals for r(0);

o quantiles of p(r(e) \ y) > ET credible intervals for r(8).

Function r can be relatively complex. Nevertheless, no additional integration
is required to calculate the MC estimates of Epg|y)r(6), P(r(0) < x| Y =y),

p(r(0)|y), ...
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No free lunch. ..

How to generate

Su =0, 0™ " po|y)

299

9 4. Monte Carlo posterior inference 2. Special cases



Section 4.3

Random numbers generation

10

4. Monte Carlo posterior inference 3. Random numbers generation



Random numbers generation
TASK

Generate 8, ..., 0M ' F(g), € © C R¥, F : cumulative distribution
function (cdf);

f(-): density;

In a univariate case: F~'(a) :=inf{f: F(0) > a},0< a < 1;
Assume: © is the support of the distribution, i.e.,

PO@cO)=1, VOCRPOcO\O)>0 = POcO)<I.

11
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Univariate situation

Inverse transform sampling
1. Generate U ~ Unif(0, 1).
2. 0:=F (V).

Note:

If F is continuous and strictly increasing on ©, it is easily seen that for any
xeR
PO <x) = P(F'(U)<x) = F(x).

The useful method if F~' can be easily/efficiently calculated.
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Univariate situation

Sampling based on transformations

Based on transformations of distributions from which we (computer) are able
to sample from.

Example 1: Uy, Us Hg- Unif(0, 1), n € R, 0 < o < o0, then for
01 = p + ocos(2nUi)\/—2 log(Us),
0> = p + osin(2rU)\/—2 log(Us)

91, 92 I'I\c/j ./\/(/i, 02).

Example 2: U ~ Unif(0, 1), 0 < X\ < oo, then for

6 = f% log(U)

0 ~ Exp(}).

13 4. Monte Carlo posterior inference 3. Random numbers generation



Multivariate situation

Consecutive sampling from conditional distributions
Assume 6 = (67,65, ...,67)" and
f(e) = f(01a R ek)

= f(01]02,...,0k) f(0263,....6k) - f(6k_1|6Ok) f(Ok),

where it is possible to generate easily from all (conditional) distributions on the
RHS of the decomposition.

Step 1 Generate 6y ~ f(6y).
Step 2 Generate Oy_1 ~ f(Ox_1 |0k = ).

Stepk —1  Generate 62 ~ f(62]03 =03, ..., 6 = 0x).
Step k Generate 61 ~ (01|62 =02, 03 =03, ..., O = 6%).

5> 6= (61,02 ...,00) ~ £(6).
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Random numbers generation

More
NMST535 Simulation Methods (summer term, sometimes).

Luc Devroye. Non-Uniform Random Variate Generation. New York:
Springer-Verlag, 1986.

Christian P. Robert, George Casella. Monte Carlo Statistical Methods, 2nd
Ed. New York: Springer-Verlag.

Practical applications
Statistical packages have methods implemented to generate (pseudo)random
numbers from most common (even multivariate) distributions.

R functions runif, rnorm, rexp, ...

For most (even slightly complex) Bayesian models, the posterior distribution is
multivariate and not common. .. Q
x X
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Exercise: Normal linear model

Exercise 4.1 (Normal linear model).
Data and model: Y = Y, ..., Yy independent, Y; ~ N (x| 3, =), where

e Xi,...,Xx € RK are known constants;

e 3 cRX, 0 < 7 < oo are unknown parameters,
0=(8",7) €0, ©=RKx(0,);
e [t is assumed that the N x k matrix
x{
X =
Xy

has a full column rank, rank(X) = k < N.
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Example: Weighing of light objects

Example 4.1 (Weighing of light objects).
From Box and Tiao, 1973, Bayesian Inference in Statistical Analysis.

We want to find a weight of two (very) light objects (A and B).
51 weight of the object A, 3> : weight of the object B.

Experiment (obtained values, ng):
o 2-times: object A on the weights » 109, 85.

o 9-times: object B on the weights
> 114, 121, 140, 122, 125, 129, 98, 134, 133.

o 7-times: both objects A and B on the weights
> 217, 203, 243, 229, 233, 221, 221.

s>Data¥=(Yy,..., Ya) ,N=18.

> (Bayesian) inference on (31 and 3> through the linear model.
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Exercise: Normal linear model

Data and model: Y = Y, ..., Yy independent, Y; ~ N (x/ 3, 7).

Further notation:

N
SS(8: y) = Z(M*X?ﬁ)z = (y-%8) (v-x8),

- (X'x)7'x — (98.89, 124.42) ",
) =

SSe—SSe(y SS(b;y) =25257.

The model implies:
ply|0) = (2m) P2 exp{-Z88(8: y) )

= (2m) M2 N2 exp{_fsg’e - 5(B-b)"X'X (ﬂ—b)}, y eRV.
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Exercise: Normal linear model

Jeffreys motivated improper prior
p(B, 7) = p(B)p(7),
p(B) x 1 = Ni(0,07),

p(7) 1 = Ga(0, 0), p(logo) < 1.

T

Posterior distribution
p(B,7|y) = p(B|7. y)p(r|y),

o)

i

p(7|y)

p(B[7y) ~ Nilb, 7" (x7%) ),

b + mvty (N — kK, l\?fek (XTX)71).

2

p(B|y)
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Example: Weighing of light objects

Marginal posterior densities (M=1 000)

Hmotnost A Hmotnost B
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g o g o
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o
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Example: Weighing of light objects

Marginal posterior densities (M=1 000 000)

Hmotnost A Hmotnost B
g « g «
5 S 5 S
% o %3 o
3 3
2 2
€ E
8 S
g 3 8 3
g o g o
2 =4
< <
o o
S =3
© r T T T 1 r T T T T 1
80 90 100 110 120 100 110 120 130 140 150
By B2
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0
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o
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o
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Example: Weighing of light objects

Marginal posterior densities (M=1 000)

Hmotnost A Hmotnost B

£ « £ o«
e <2 L <
%3 o % o
3 3
2 2
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L2 2
s 3 s 3
g ©° g ©°
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Example: Weighing of light objects

Marginalni aposteriorni hustoty (M=1 000 000)

Hmotnost A Hmotnost B
£ « £ o«
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g 3 s 3
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Example: Weighing of light objects

Joint samples from the posterior distribution (M=1 000)

B2

8 -
— . .
: o
3
3
5
g - 3
g
o
3
3
o
g .
o
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o | . |
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Example: Weighing of light objects

Joint samples from the posterior distribution (M=1 000)

135
1
30

130
1

P

B2
125
1

120
1

115
1

80 85 90 95 100 105 110 115 110 115 120 125 130 135 140
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Example: Weighing of light objects

Posterior inference for 8 (M=1000)

B B2
Posterior mean 98.8947 124.4211
MC estimate 98.7944 124.6197
MC error 0.1804 0.1312
Posterior median 98.8947 124.4211
MC estimate 98.7813 124.5673

95% ET cred. interval  (87.9641; 109.8253) (116.2231; 132.6190)
MC estimate (86.9761; 110.0815) (116.7594; 132.6802)
( ) )
( ) ( )

95% HPD cred. interval (87.9641; 109.8253
MC estimate 87.9245; 110.7076

116.2231; 132.6190
116.4892; 132.2210
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Example: Weighing of light objects
Posterior inference for 8 (M=1000 000)

B B2
Posterior mean 98.8947 124.4211
MC estimate 98.8874 124.4192
MC error 0.0055 0.0041
Posterior median 98.8947 124.4211
MC estimate 98.8849 124.4196

95% ET cred. interval
MC estimate

87.9641; 109.8253 116.2231; 132.6190)
87.9680; 109.8184 116.2239; 132.6113)
)
)

( )

( )
95% HPD cred. interval  (87.9641; 109.8253) (116.2231; 132.6190
MC estim (88.0765; 109.9202) (116.1496; 132.5329
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Example: Weighing of light objects

Posterior inference for 7 a o (M=1000)

T ag
Posterior mean 0.00633 ?
MC estimate 0.00629 13.207
MC error 0.0000689 0.0776
Posterior median 0.00607 ?
MC estimate 0.00601 12.904
95% ET cred. interval (0.00273; 0.01142) ?
MC estimate (0.00272; 0.01097) (9.547; 19.183)
95% HPD cred. interval ? ?
MC estimate (0.00248; 0.01039) (8.987; 18.186)
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Example: Weighing of light objects

Posterior inference for 7 a o (M=1000 000)

T ag
Posterior mean 0.00633 ?
MC estimate 0.00633 13.198
MC error 0.0000022 0.0025
Posterior median 0.00607 ?
MC estimate 0.00607 12.838
95% ET cred. interval (0.00273; 0.01142) ?
MC estimate (0.00274; 0.01142) (9.356; 19.116)

95% HPD cred. interval
MC estimate

? ?
(0.00237; 0.01081) (8.872; 18.224)
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Markov chain Monte Carlo

Alternative to generation of a random sample.

Construct the Markov chain

00 - 0 — 9B — gBHY 9B+ ., g(BEM)

whose stationary/limiting distribution is the requested distribution.
> From certain point B, the Markov chain behaves almost as the random

sample and can be used in almost the same way as with the Monte Carlo
methods to calculate integrals etc.

- Markov chain Monte Carlo (MCMC).

2 5. MCMC methods 1. Introduction



Markov chain Monte Carlo

NMSAS334 Random Processes 1: Markov chains with a countable state space.

Here: 6 € © C R, need a (random) sample from p(6 | y) =: ()
= distribution which is continuous w.t.to the Lebesgue measure
on (©, B(©)).

- Uncountable state space.

Sound theory: NMTP539 Markov Chain Monte Carlo Methods
- Here: Scetch of the theory needed to understand the principles.

Many books exist. ..
o Dani Gamerman, Hedibert F. Lopes (2006).
Markov Chain Monte Carlo: Stochastic Simulation for Bayesian Inference, 2nd
Edition. Boca Raton: Chapman & Hall/CRC.
o Steve Brooks, Andrew Gelman, Galin L. Jones, Xiao-Li Meng (2011).
Handbook of Markov Chain Monte Carlo. Boca Raton: Chapman & Hall/CRC.
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Markov chains

© C RX: the state space;

f(0): distribution/density which is continuous w.r.to the Lebesgue measure
on(©,7),T=DB(O)
- target distribution/density,
in a Bayesian analysis, f(8) = p(0|y).
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Markov chains
Markov kernel

Definition 5.1 Markov kernel.

The measurable mapping P : © x T — [0, 1] is called the Markov kernel
(markovské jadro) on (©, T) if

1. Foreach T € T, P(., T) is a non-negative measurable function on ©.
2. Foreach 6 € ©, P(6, -) is a probability measure on 7.

e Generalization of transition probabilities.

e P(0, T): probability of transition from the state 6 to a state in the set T.

6 5. MCMC methods 2. Markov chains with a general state space



Markov chains

Transition density

For each 6 € ©, there exist a density of the distribution P(8, -)
(w.r.to the Lebesgue measure)

= transition density (pfechodova hustota)

> Notation: p(8, ), ¥ € ©,
ie,forTeT

PO, T) = /T p(6. ) dip.

The transition density could also be viewed as a conditional density
p6,y) = p(y|0), 6€0O,¢peco.
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Homogeneous Markov chains

Definition 5.2 Homogeneous Markov chain.

The random process {0("’) :m=0,1,.. } is the homogeneous Markov chain
(homogenni markovsky fetézec) with the transition kernel (s pfechodovym ja-
drem) P and the initial distribution (pocatecnim rozdélenim) f;(0) if for each
m € Ny its finite-dimensional distributions satisfy for any Tg,..., T, € T the
(markovian) condition

POV T, 6MWeT, . ..,0McTy)

/ / / P(Gm 1) ) (O(m 2) 0(m—1))d0(m—1)
To/Tq Tm—

.. ,0(9(0), 9(1))d9(1) fo(g(o))dgo

_ /T /T /T i p(8™ 1 9™ )ge(™ p(e(™-2) glm=1)qgm-1)
0 1 m—1 m

-~ p(6®, )de™ £,(6©)de°.
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Homogeneous Markov chains

Properties
For any measurable and bounded function hon (©, T) and any m € No:

E[n(6™ ) |6™.....00] = E[n(e™V)|6™].

Forany T € T, with h =1y, we get

PO™NeT|om ... ,00) = P(O™cT|6M),
markovian property.
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Homogeneous Markov chains

Distribution of the Markov chain at time m + 1
7(8): distribution/density which is continuous w.r.to the Lebesgue measure
on (©, T),
> distribution/density of a state 6 at a certain time point m.

- / P8, T)=(0)do.
(C]
While using the transition density, we can also write

_ /@(/Tp(0,1/:)d 6)do — //p 6) ds do.

Notationfor T € T:

10 5. MCMC methods 2. Markov chains with a general state space



Homogeneous Markov chains

Distribution of the Markov chain at time m + 1
Fubini theorem (forany T € T):

//p 6)dvydo
/ / p(8, ) (6)d6 dap.

> 7P(-) is again the probability distribution on (©, T) with the density

/ p(0, ¥)r(6)do w.r.to the Lebesgue measure.
(C]

If (-) is the distribution of the state of the Markov chain at time m then =P(-)
is the distribution of the state at time m+ 1.

11 5. MCMC methods 2. Markov chains with a general state space



Homogeneous Markov chains
Stationary distribution

Definition 5.3 Stationary distribution.

The probability distribution #(+) is called the stationary distribution (stacionarni
rozdéleni) of the homogeneous Markov chain with the transition kernel P if
() = «P(.), thatisifforany T € T

P(T) = =(T),

/e P(0, T)r(0)d6 — /T (6)d6.
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Homogeneous Markov chains

Reversibility

Definition 5.4 Reversibility.

The homogeneous Markov chain with the transition kernel P is called reversible
(reversibilni’) with respect to the probability distribution 7 if forany T,S € T

/ P(6. S)x(0)d6 — /3 P(p, T) (1) dp

//p 0)dydo = //pfz,b, 1) dO dip.
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Homogeneous Markov chains

Reversibility
/ P(6, S) 7(0)d6 can be viewed as a joint probability distribution
;

on(@x0,T® 7') with a joint probability measure of sets T, S € T

/ P(6, S)(6)d0 = / / p(6, 1)m(8)dbdo,

and a joint density (w.r.to the Lebesgue measure)
q1( ) ) = p(97 )71'(9), 07 ¢ € 0.

/ P(v, T)=(v)dvy can be viewed as a joint probability distribution
on (© x ©, T ® T) with a joint probability measure of sets T, S € T
Q8. T) = [ P(w. Tym(w)de = | [ ptew. 0)n(xs)aocy.

and a joint density (w.r.to the Lebesgue measure)

G2(, 0) = p(y, 8)n (), P, 0 € O.
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Homogeneous Markov chains

Reversibility
Reversibility with respect to the distribution 7

Forany T, SeT
Qi(T,S) = (S, 7).

= Equality of the probability measures.

> The joint distribution of states at times m and m + 1 is the same
as the joint distribution of states at times m+ 1 and m.
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Homogeneous Markov chains
Reversibility

Detailed balance condition (detailni podminka rovnovahy)
for a transition density:

p(6, ¥) (0)

p(, 0) m(v) for almost all 8, ¢ € ©.

It (clearly) implies reversibility:

/ /p )7 (0)dypdo = //p(z/), 1)dOdqp forany T, SeT.
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Homogeneous Markov chains

Reversibility implies stationarity
Take S = © in the definition of reversibility, forany T € T

/ P(6, ©)r(6)d0 — / P(w, T)r(1)de
T C]

/T ~(0)d0 = /e P(yp, T)m()dep

m(T) = «P(T).
detailed balance condition reversibility =~ "™ stationarity
with respect to the distribution =

17 5. MCMC methods 2. Markov chains with a general state space



Homogeneous Markov chains

m-step transition probability kernel
For@ c ©and T € T, denote P°(0, T) := 6o(T) (Dirac at ).

Definition 5.5 m-step transition probability kernel.

The m-step transition probability kernel (pfechodové jadro m-tého fadu) of the
homogeneous Markov chain with the transition kernel P is given inductively as

P™@, T) :/@P(q,b, T) P™=1(0, +)dv, meN, 0cO, TeT.

Chapman-Kolmogorov equality
Forany n<m

P, T)= /e P™= (4, T)P"(0, v)dep.
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Homogeneous Markov chains
Limitting distribution

Definition 5.6 Limitting distribution.

The probability distribution 7 on (©, T') is called the limitting distribution (/im-
itni rozdéleni) of the Markov chain {8'™ : m = 0, 1, ...} generated by the
transition kernel P if

lim P™(0, T)=n(T) foralmostall® € ©andforall T € T.

m—o0o

Note. If 7 is the limitting distribution then for arbitrary initial distribution f, and
forany Te T

P(O'™ e T) / P™(6, T)f(0)d0 » == / Nh(8)de = =(T).
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Homogeneous Markov chains

Limitting distribution must be stationary

If  is the limitting distribution of the homogeneous Markov chain then it is
also the stationary distribution of this chain.

We have forany T € 7 and for almost all 6 € ©

m— oo m— oo

o(T)= lim P™@, T)= lim /eP(qj;, T)P™=1(0, v)dep

/P¢, )dy = =P(T).
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Homogeneous Markov chains

TO REMEBER
detailed balance condition "™ reversibility ™ stationarity
with respect to the distribution =
7is limitting "™ 7 is stationary )
There is no guarantee that the limitting distribution exists. J
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Principy MCMC

Pfipomenuti, ¢im se zabyvame

e f(0) je néjaké pravdépodobnostni rozdéleni.

e Pro méfitelné funkce £(0) potfebujeme aproximovat integraly typu

/@ H(0) £(6)d6 = Er4)1(6).

o Jeli Sy = {6W,...., 6™} nahodny vybér z rozdéleni (@), potom (za
jistych predpokladu)

1 ZM o= -
e m=1

m Monte Carlo integrace
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Principy MCMC

e Necht {6™ : m = 0,...} je homogenni markovsky fetézec se sta-
cionarnim rozdélenim £(0).

o Vime: reversibilita vzhledem k f(0) implikuje stacionaritu vzhledem k f(8).

e Stali tedy zvolit prechodové jadro markovského fetézce tak, aby pre-
chodova hustota p(0, 1) splfiovala detailni podminku rovnovahy vzhle-
dem k £(8).

e Staci tedy volit pfechodovou hustotu tak, aby splfiovala

p(@, ) f(0) = p(¢, ) f(xp)  pros.v. 8, ¢ € ©

a mame potrebny markovsky fetézec.
> Toto neni nikterak obtizné, jak bude zahy ukazano.
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Principy MCMC

e Predpokladejme, Ze se nam navic podafi zajistit, ze existuje limitni

rozdéleni uvazovaného markovského fetézce.

o Vime: limitni rozdéleni (existuje-li) = stacionarni rozdéleni f(6).

e Od jistého okamziku (feknéme B + 1) Ize tedy
Sy = {0(B+1)7 e 0(B+M)}
povazovat za nahodné veliciny s rozdélenim f(d@).

o Zagatku fetézce {6, ..., 08 se ¥ika burn-in period.

e Nejde o nadhodny vybér, nebot 681 ... 6B*M nejsou nezavislé!
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Principy MCMC

e Nicméng, jestlize [, [t(8)|f(6)d0 < o a jestlize déle plati jisté pfedpok-
lady, potom (ergodicka véta):

M
PO 5 b
b= r > (0 ™) P /@ 1(6) £(6)d0 pro M — .

m=1
e ty je tedy konzistentnim odhadem pro Jo 1(6) (6)d6 = E()(0).
e P¥i splnéni onéch jistych pfedpokladu Ize téz odhadnout

Vi = vary(e) (fu)

a ohodnotit tak pfesnost odhadu Eg) ()
(pFesnost aproximace integralu [ () f(0)do).
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Principy MCMC

Ergodicka véta

e Predpoklady pro platnost ergodické véty pro markovské fetézce s obec-
nou mnozinou stavl jsou zobecnénimi predpokladl ergodické véty pro
markovské fetézce s diskrétni mnozinou stav(.

e Potieba zobecnit (a rozsifit) nasledujici pojmy:
o nerozlozitelnost (irreducibility),

o neperiodicita (aperiodicity),

o trvaly (recurrent) a pozitivné trvaly (positive recurrent) markovsky fetézec.
b NMTP539: Metody Markov Chain Monte Carlo.
e Zajistit spInéni téchto predpokladu v praktickych aplikacich téZ neni tézké.

e Co je tedy obtizné?
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Principy MCMC

Nejvetsi obtize

Nejvétsi obtiz pri praktické aplikaci MCMC
e Zjistit, od kterého okamziku jiz Ize (s pfiméfené malou chybou) povazovat
rozdéleni stavll vygenerovaného markovského fetézce za limitni
= stacionarni f(0).
o Jak velké ma byt B (délka burn-in period)?
o Jedna se o konvergenci pravdépodobnostnich mér a nelze ji tedy posoudit

jednoduchym ¢islem jako tfeba v pfipadé numerického optimalizaéniho algo-
ritmu!
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Principy MCMC

Nejvétsi obtize

Druha nejvétsi obtiz pti praktické aplikaci MCMC
e Piipomerime, ze 881 .. 9B*M nejsou obecné nezavislé a tudiz (i pfi
predpokladu konvergence k limitnimu rozdéleni) neni nutné pravda

var t(@

e Stavy markovského fetézce jsou typicky kladné (auto)korelovany a tudiz

varf(g) (t(O)) '

Vv = Valgg) GM) > W

e Je-li markovsky fetézec zkonstruovan tak, Ze vykazuje vysokou autoko-
relaci mezi jednotlivymi stavy, mize byt vy nepouZitelné vysoké i pfi
pomérné vysoké hodnoté M.
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Principy MCMC

Nejvétsi obtize

e Snaha konstruovat markovsky fetézec tak, aby autokorelace byla co ne-
o Nulové autokorelace = co do presnosti se markovsky fetézec chova stejné jako

nahodny vybér, kde vy = I:—/,var,(e) (1(9)).

e Konstrukce markovského fetézce s nizkou autokorelovanosti snadna
neni a obtiznost této snahy zavisi na konkrétni aplikaci.
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Section 5.4
Gibbs algorithm
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Gibbsuv algoritmus

e Geman, S. and Geman, D. (1984). Stochastic relaxation, Gibbs distribu-
tions and the Bayes restoration of image. IEEE Transactions on Pattern
Analysis and Machine Intelligence, 6, 721-741.

o Aplikace v oblasti restaurovani digitalnich obrazku.
e Gelfand, A. E. and Smith, A. F. M. (1990). Sampling-based approaches to

calculating marginal densities. Journal of the American Statistical Associ-
ation, 85(410), 398—409.

o Aplikace v bayesovske statistice.
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Gibbsuv algoritmus
Predpoklady

Predpoklady:
e0=[1,0,0=(0,...60)"

o Cilové (stacionarni) rozdéleni ma hustotu (@) vzhledem k soucinové mife
M ® -+ ® A, pfiCemz ) je o-koneCnd miras \i(©;) >0 (i=1,...,k).
ZDE: Lebesgueova mira na (R9, BY).

e ©={6:1(0) >0}.

e Jsme schopni (snadno) generovat z plné podminénych (full conditional)
rozdéleni

F(0:10_1) =£(6i]61,...,0i1,0i11,...,04).
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Gibbsuv algoritmus

Algoritmus
Algoritmus:
T T
1. Zvol potatecni stav 6@ = (60 ... 6 )T poloz m=o0.
2. (i) generuj eﬁm” z podminéného rozdéleni

f(o1]65", ...,60M).

(i) generuj 9(2”’“) z podminéného rozdeéleni

f(6216"", 65", ... ™).

(iii) generuj 0%’"*1) z podminéného rozdéleni

f(os|6'" ) 00" ol ... 6i™).

(k) generuj e<km+” z podminéného rozdéleni

f(ox]0" ", 0.

Zvétsi m o jedniCku a jdi na 2. krok algoritmu.
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Gibbsuv algoritmus

Pfechodova hustota

Pfechodova hustota

k
p(07 w):Hf(¢i|’lp17'"awi—ﬁei-‘r‘]a"'vok)'

i=1

e Odpovida pfechodovému jadru

PO, T) = /T p(6, )dep.
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Gibbsuv algoritmus

Stacionarni rozdéleni

Theorem 5.1

Rozdéleni (@) je stacionarnim rozdélenim markovského Fetézce gen-
erovaného Gibbsovym algoritmem.

e Pokud bude existovat limitni rozdéleni, musi se jednat o rozdéleni sta-
cionarni a tedy cilove f(6).

36 5. MCMC methods 4. Gibbs algorithm



Gibbsuv algoritmus

Existence limitniho rozdéleni, ergodicita

e Ergodicitu (existenci limitniho rozdéleni) Ize dokazat napriklad pfi splnéni
predpoklad, které byly uvedeny na zacatku povidani o Gibbsoveé algoritmu,
to jest

oo=I[,0,06=(0],...60)".

o Cilové (stacionarni) rozdéleni mé& hustotu f(6) vzhledem k soucinové mife A1 ®
-+ ® Ak, priéemz \; je o-kone¢na miras X\i(©;) >0 (i=1,...,k).

o ©={6:f6) >0}

e Pro standardni statistické aplikace je toto obvykle spinéno.

e P¥i rutinnim pouziti Gibbsova algoritmu nicméné zlstava nemalym prob-
lémem zjistit, zda pouzitd koneCna realizace markovského fetézce

jiz dostate¢né dobfe odpovida limitnimu = stacionarnimu = cilovému
rozdéleni.

e Pii nevhodném pouziti Gibbsova algoritmu (viz dale) nemusi ani velmi
dlouhd realizace markovského fetézce dostate¢né dobfe aproximovat lim-
itni rozdéleni!
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Gibbsuv algoritmus
Reversibilita

e Lze ukazat, Ze markovsky fetézec generovany Gibbsovym algoritmem ne-

spliuje detailni podminku rovnovahy, tj. fetézec neni reversibilni vzhle-
dem k rozdéleni f.

e Reversibility Ize dosahnout nékolika zplsoby:
o Generujeme stfidavé odpfedu a odzadu.
o Poradi vybirame nahodné.

o V kazdém podkroku Gibbsova algoritmu generujeme i-ty podvektor
s pravdépodobnosti p; (0 < p;i < 1,2;‘:1 pi=1).

o Casta volba je p; = 1/k (rovnomérné rozdéleni).

o Random scan GibbsUv algoritmus.
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Gibbsuv algoritmus

Autokorelace

e V principu Ize generovat ze vSech jednorozmérnych podminénych
rozdéleni.

o V pfipadeé, ze slozky 0 jsou v cilovém rozdéleni f(8) vyznamné korelovany, vede
generovani z jednorozmérnych podminénych rozdéleni k markovskému fetézci
s velkou autokorelaci.

o Idedlni situace je stav, kdy podvektory 6y, ..., 8 jsou v cilovém rozdéleni f(0)
€0 mozna nejméné korelovany.
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Gibbsuv algoritmus

PIné podminéna rozdéleni

e Pii odvozovani plné podminénych rozdéleni je vhodné si uvédomit
a vyuzivat zékladni fakt a to

£(6:]10-7) x £(6),

pficemz « nyni znamena, ze vSe, co neobsahuje 0, je konstantou.

e V piipadé hierarchického modelu, kde je f(8) zadano jako soulin pos-
tupné podminénych rozdéleni, pak f(6; | 6_;) zavisi pouze na téch pod-
minénych rozdélenich ze specifikace f(0), kde jde v uvaZzované hierar-
chické strukture:

o 0 “potomky” 6;,
o o sourozence 0, (nejsou-li v f(8) nezavisli),

o 0 “rodice” ;.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Linearni model

Y =XB+e, X:pevnamatice nx k,
g NNn(o, Uzln).

e Parametry: 8 = (87, T)T, kde T =072 >0.
e Vérohodnost: Y ~ N,(X8, 771,).
e Neinformativni apriorni rozdéleni:

p(B) o<1,  BeRK

1
p(r)oc;, 7> 0.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Vérohodnost

e Oznatme: b= (X'X) 'XTy,
SSe = ||y — Xb|°.
e Vérohodnost:

L(®) =p(y[B, 7)
= (27)"2 72 exp [—;{Sse +(B- b)TXTX(ﬁ - b) }}

— (2n) t et ep{-Z(y—%8) (y-%8)}.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Aposteriorni rozdéleni

e Bylo odvozeno:

p(B, T|y)=pB|1, y) x p(T|y),

kde p(rW)wQ(n;k, 8286),

P8I, y) ~ Ni(b, 77 (X7X) ).

o Dale bylo odvozeno: p(3|y) ~ MVTkJ,_k(b, nsf’j( (XTX)*).

e Pomoci Gibbsova algoritmu sestrojime markovsky fetézec, ktery bude mit
rozdéleni p(3, 7| y) jako stacionarni i limitni.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

PIné podminéna rozdéleni

e Oznatme W = XX s prvky w;; (i,j =1,...,k).

P8I ) = p(BI 7, ¥) ~ Ni(b, 7' (x7x) 1),

PG| +++) = P(Bi | Bin 7 ¥) ~ N (b= 30 25— by), (rwip) ™),
i
.
pr] ) = plrl 8, y) ~ 5. V=R R0,
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Priklad: Vazeni lehkych objektu

Blokovy Gibbsuv algoritmus: Generované hodnoty (B=100, M=1 000)

Hmotnost A Hmotnost B

110 120

B
100
B2

110 115 120 125 130 135 140

r T T T T 1 r T T T T 1
200 400 600 800 1000 200 400 600 800 1000

°
°

Iterations Iterations

Inverzni rozptyl

0,010 0.014

0.006

0.002

°

200 400 600 800 1000

Iterations.
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Priklad: Vazeni lehkych objektu

Single site Gibbsuv algoritmus: Generované hodnoty (B=100, M=1 000)

Hmotnost A Hmotnost B
S <
] g
g 3
o
8
< g
- o
g
g
s
g o
g
R E
s g
8
q
8 ]
r T T T T 1 r T T T T 1
) 200 400 600 800 1000 0 200 400 600 800 1000
Iterations Iterations.

Inverzni rozptyl

0,010 0.014

0.006

0.002

°

200 400 600 800 1000

Iterations.
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Priklad: Vazeni lehkych objektU

Gibbsuv algoritmus: Generované hodnoty 3 (iterace 101 — 110)

B2

135

130

125

120

115

110

Blokovy Gibbs

B2

T
95

By

T T 1
105 110 115

135

130

125

120

115

110

Single site Gibbs

[ T T T T
80 85 90 95 100

By

105 110 115
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Priklad: Vazeni lehkych objektu

Gibbsuv algoritmus: Generované hodnoty 3 (iterace 101 — 300)

Blokovy Gibbs Single site Gibbs

B2

By By
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Priklad: Vazeni lehkych objektu

Blokovy Gibbslv algoritmus: Odhady autokorelacnich funkci (B=100, M=1000)

Hmotnost A Hmotnost B
< <
© 0
E E

2 AR R R T N I T I..-.-I.I..,-.-.II........-.-.

Autocorrelation
0

Autocorrelation
0.0

e e
° °
T T T T T T 1 T T T T T T 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Lag Lag

Inverzni rozptyl

Autocorrelation
o.
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Priklad: Vazeni lehkych objektu

Single site Gibbsuv algoritmus: Odhady autokorelacnich funkci (B=100, M=1 000)

Hmotnost A Hmotnost B
w 0
E S
g g
k| s
g s P TR RN veees g s | A e R T T
g g
2 2
S S
T T
° <
' T T T T T T 1 ' T T T T T T 1
4 5 10 15 20 2 30 4 5 10 15 20 2 30
Lag Lag
Inverzni rozptyl
=
3
g
£ I
g2 o
£ 2 e e el tenaaloe,
]
2
3
?
=
oo T T T T T 1
0 5 10 15 20 25 30
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Priklad: Vazeni lehkych objektU

Blokovy Gibbsuv algoritmus: Odhady aposteriornich hustot (B=100, M=1000)

Hmotnost A Hmotnost B

Aposteriomn hustota

000 002 004 006 008 010

80 90 100 110 120 100 110 120 130 140 150

150 200

Aposteriorni hustota
100
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Priklad: Vazeni lehkych objektU

Single site Gibbsuv algoritmus: Odhady aposteriornich hustot (B=100, M=1000)

Hmotnost A Hmotnost B

Aposteriomn hustota

000 002 004 006 008 010

100 110 120 130 140 150

150 200

Aposteriorni hustota
100
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Priklad: Vazeni lehkych objektU

Aposteriorni inference pro 8 (B=100, M=1000)

Blokovy Gibbsuv algoritmus

B B2
Aposter. stredni hodnota 98,8947 124,4211
MCMC odhad 98,9084 124,4561
MC chyba (naivni) 0,1744 0,1323
MC chyba 0,1662 0,1398
Aposter. median 98,8947 124,4211
MCMC odhad 98,7209 124,4226

95% ET veér. interval
MCMC odhad

87,9641; 109,8253
86,9793; 110,2375

116,2231; 132,6190
116,2702; 133,5293

95% HPD veér. interval
MCMC odhad

87,9641; 109,8253

(
(
(
(88,8421; 110,7950

- = - =

116,2231; 132,6190

(
(
(
(114,8493; 132,0199

)
)
)
)
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Priklad: Vazeni lehkych objektU

Aposteriorni inference pro 8 (B=100, M=1000)

Single site Gibbsuv algoritmus

B B2
Aposter. stredni hodnota 98,8947 124,4211
MCMC odhad 98,8051 124,4914
MC chyba (naivni) 0,1729 0,1302
MC chyba 0,2535 0,2015
Aposter. median 98,8947 124,4211
MCMC odhad 98,9217 124,3193
95% ET veér. interval (87,9641; 109,8253) (116,2231; 132,6190)
MCMC odhad (87,4650; 109,2495) (116,3649; 133,4410)
95% HPD veér. interval (87,9641; 109,8253) (116,2231; 132,6190)
MCMC odhad (87,8757; 109,4290) (117,1579; 133,9186)
54 5. MCMC methods 4. Gibbs algorithm




Section 5.5
Metropolis-Hastings algorithm
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Metropolistv-Hastingsuv algoritmus

e Metropolis, N., Rosenbluth, A. W., Rosenbluth, M. N., and Teller, A. H.
(1958). Equations of state calculations by fast computing machines. Jour-
nal of Chemical Physics, 21, 1087-1091.

o Aplikace ve statistické fyzice.
e Hastings, W. K. (1970). Monte Carlo sampling methods using Markov
chains and their applications. Biometrika, 57(1), 97—109.

o Zobecnéni algoritmu.
o UvaZeni téz Cisté statistickych problému.
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Metropolistv-Hastingsuv algoritmus

Predpoklady:
e Parametricky prostor ©

e Cilové (stacionarni) rozdéleni ma hustotu f(@) vzhledem k o-konecné
mite A s A(©) > 0.

ZDE: Lebesgueova mira na (R9, BY), resp. na (©, B(0©)).

e ©={60:1(0) >0}
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Metropolistv-Hastingsuv algoritmus

Algoritmus:
1. Zvol pocateéni stav 6©), poloz m = 0.

2. Generuj navrh ¢ z rozdéleni q(6'™, dv) s hustotou g(6'™, v) (vzhle-
dem k o-kone€né mite \).

Spocti pravdépodobnost pfijeti navrhu (proposal acceptance probabil-
ity)

i { () a(s, 6)
(6™ 4p) = £(07™) g(0™ 4
1

,1}pmﬂ¢mMWWXW>0,

jinak.

)
4. Generuj U ~U(0, 1)

0'™ jestlize U > a(8'™, o).
5. Zvétsi m o jedniCku a jdi na 2. krok algoritmu.
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Metropolistv-Hastingsuv algoritmus
Poznamky
Poznamky:
e Pro aplikaci MH algoritmu neni potfeba znat normujici konstantu cilové
hustoty f(8).
o ldealni pro pouziti v bayesovské statistice.

e Navrhova hustota (8, ) mlze byt libovolna.

o Nevhodna volba q(0, ¥) vSak vede k vysoké autokorelaci a s tim spojené
neefektivité.

o P¥ili§ “ambiciézni” q(0, ) vede k malym pravdépodobnostem pfijeti navrhu
a fetézec pak dlouho setrvavé v jednom stavu
b \ysoka autokorelace.

o P¥ili§ “opatrné” q(6, ) vede sice k vysokym pravdépodobnostem pfijeti
navrhu, ale fetézec se pfesouva jenom velice pomalu

b \ysoka autokorelace.

e Optimalni proporce pfijatych navrhli (acceptance rate) zavisi na konkrétni
situaci.
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Metropolistv-Hastingsuv algoritmus

Poznamky

e Symetricka navrhova hustota, tj. q(0, ) = q(v, 8) V60, ¢ € ©
b \etropolistiv algoritmus.

e Hlavni ¢ast pravdépodobnosti prijeti

wr(om gy — @) al, 6)
O ™) a0 )

obvykle pocitame v logaritmickém méfitku, tj.
log{a* (0™, )} = log{f(s6)} + log{q(s, 6'™)}
— log{f(6™)} — log{q(6'™, %)}

m vyhneme se mnoha numerickym obtiZzim pfi pogitani s Gisly, jez mohou
byt blizka nule.
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Metropolistv-Hastingsuv algoritmus

Navrhové rozdéleni

Mozné volby navrhovych rozdéleni (proposal distribution)

e Nezavisly vybér (independent sampler)

q0, ¥) = q(y) VOeO.

o Qo : néjaka hustota vzhledem k o-kone€né mife X s nosi¢em na ©.

o Navrhova hustota nezavisi na sou¢asném stavu.

).

o Idedlni stav: go(1)) = f(¢)
b generujeme pfimo nahodny vybér z cilového rozdéleni £(8).
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Metropolistv-Hastingsuv algoritmus

Navrhové rozdéleni
Mozné volby navrhovych rozdéleni (proposal distribution)

e Nahodna prochazka (random walk)

90, v) =qo(» —0) VO cO.

o Qo : néjaka hustota vzhledem k o-kone€né mife X s nosi¢em na ©.
o Navrh: v = 0 + Z, kde Z ma hustotu qo.

o Casta volba: gy = (vicerozmérné) normalni, respektive t-rozdéleni s nulovou
stfedni hodnotou a obvykle diagonalni varianéni/méfitkovou matici.

> Potreba vhodné zvolit rozptyly.

o Je-li go symetricka (tj. go(2) = go(—2)), potom q(0, ) = q(¥, 8) a pfi poditani
pravdépodobnosti pfijeti nemusime vlbec pocitat hodnoty hustoty qo (resp.
navrhové hustoty q).
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Metropolistv-Hastingsuv algoritmus
Stacionarni rozdéleni

Theorem 5.2

Rozdéleni (@) je stacionarnim rozdélenim markovského fretézce gen-
erovaného Metropolisovym-Hastingsovym algoritmem.

Proof. Viz pfednaska NMTP539 Metody Markov Chain Monte Carlo.
4

e Pokud bude existovat limitni rozdéleni, musi se jednat o rozdéleni sta-
cionarni a tedy cilové ().
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Metropolistv-Hastingsuv algoritmus

Existence limitniho rozdéleni, ergodicita

e Pro dukaz ergodicity (existence limitniho rozdéleni) je potfeba uginit néko-
lik predpokladd o navrhové hustoté q.

e Ergodicita je napf, zajiSténa v pfipade, kdy

q(0, ¥) = (v - 0), Q(2) = qo(—2)

(symetricka nahodna prochazka)

a q(z) > 0 pro vdechna R? (napf. vicerozmérné normalni nebo t-
rozdéleni).

e Podrobnosti viz pfednaska NMTP539.
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Hybridni algoritmy

Nékteré dal$i metody pro generovani z plné podminénych rozdéleni

e Adaptive rejection sampling (ARS)

o Gilks, W. R. and Wild, P. (1992). Adaptive rejection sampling for Gibbs sampling.
Applied Statistics, 41, 337—348.

o Potfeba, aby hustota, z které chceme generovat byla log-konkavni.
b Pomeérné &asty pripad, viz rozdéleni z exponencialni tfidy rozdéleni.
e Adaptive rejection Metropolis sampling (ARMS)

o Gilks, W. R., Best, N. G., and Tan, K. K. C. (1995). Adaptive rejection Metropolis
sampling within Gibbs sampling. Applied Statistics, 44, 455—472.

o Zobecnéni ARS metody na situace, kdy hustota, z které generujeme neni log-
konkavni.
e Slice sampling

o Neal, R. M. (2003). Slice sampling (with Discussion). The Annals of Statistics,
31, 705-767.

o Efektivni v pfipadé, Ze hustota, z které generujeme je unimodalni.

65 5. MCMC methods 5. Metropolis-Hastings algorithm



Priklad: Linearni model s neinformativnim apriornim rozdélenim

Linearni model

Y =XB+e, X:pevnamatice nx k,
g NNn(o, Uzln).

e Parametry: 8 = (87, T)T, kde T =072 >0.
e Vérohodnost: Y ~ N,(X8, 771,).
e Neinformativni apriorni rozdéleni:

p(B) o<1,  BeRK

1
p(r)oc;, 7> 0.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Vérohodnost

e Oznatme: b= (X'X) 'XTy,
SSe = ||y — xb|f°.
e Vérohodnost:

L(®) =p(y[B, 7)
= (27)"2 72 exp [—;{Sse +(B- b)TXTX(ﬁ - b) }}

= @n)~frf exp{ S|y - x8]°}.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Aposteriorni rozdéleni

e Bylo odvozeno:

p(B, T|y)=pB|1, y) x p(T|y),

kde p(rW)wQ(n;k, 3289)’

P87, y) ~ Ni(b, 7 (x7x) 7).

e Dale bylo odvozeno: p(3|y) ~ MVTk n « (b, nS_Sek (XTX)q)

e Pomoci algoritmu Metropolis within Gibbs algoritmu sestrojime markovsky
fetézec, ktery bude mit rozdéleni p(3, 7| y) jako stacionarni i limitni.
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

PIné podminéna rozdéleni

p(3| ) =p(BIm, ¥) ~ Nic(b, 7 (XT%) "),

2
ptr ) =pir1 8,y ~ o 5 00,
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Priklad: Linearni model s neinformativnim apriornim rozdélenim

Metropolis within Gibbs algoritmus

e Regresni parametry 8 budeme generovat pomoci symetrické nahodné
prochazky s navrhovou hustotou

q(B4, B2) = Q(B2 — B4),

kde qo ~ Nk(o, ]D)prop), Dprop - diag(dﬁpmp, ceey ds,prop)'

oV kroku m + 1 algoritmu navrhneme @3,,, vygenerované z rozdéleni
Ni(B™, Dprop).

e Hlavni ¢ast pravdépodobnosti prijeteti navrhu je

PBorop| ) ABprops B™)  PBorop| -+ +)
(8™, B, ) = prop prop _ P\Pprop
o prp) p(B™ |- )a(B™, Bpgp)  PB™ 1)

A(m)

= 00| =T { (B~ b) K K(Bppb) — (87~ ) %7 x(57b) } .
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Priklad: Vazeni lehkych objektu

Metropolis within Gibbs algoritmus

e Budou Ctyfi ukazky vygenerované pfi pouziti riznych varianCnich matic
v navrhové normaini hustotée.

1. ]D)prop = diag“? 1)

" proporce pfijatych navrhi 0,87.
2. ]D)prop - dlag(527 52)

iy proporce prijatych navrh( 0,47.
3. Dprop = diag(102, 102)

" proporce pfijatych navrhi 0,22,

b proporce prijatych navrha 0,04.
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Priklad: Vazeni lehkych objektU

Metropolis within Gibbs algoritmus: Generované hodnoty 51 (B=100, M=1 000)
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g g
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Priklad: Vazeni lehkych objektu

Metropolis within Gibbs algoritmus: Generované hodnoty 5, (B=100, M=1 000)

Sm. odch. =1 Sm. odch. =5
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110 115 120 125 130 135 140

& &
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°
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Priklad: Vazeni lehkych objektu

Metropolis within Gibbs algoritmus: Generované hodnoty 3 (iterace 101 — 1 100)
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Priklad: Vazeni lehkych objektu

Metropolis within Gibbs algoritmus: Odhady autokorela¢nich funkci pro 81 (B=100,

M=1000)
Sm. odch. =1
;
‘_“ T T T T T T 1
0 5 10 15 20 25 30
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Sm. odch. = 10
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Priklad: Vazeni lehkych objektu

Metropolis within Gibbs algoritmus: Odhady autokorela¢nich funkci pro 8. (B=100,

M=1000)
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Priklad: Vazeni lehkych objektU

Metropolis within Gibbs algoritmus: Odhady aposteriornich hustot pro 51 (B=100,
M=1000)
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Priklad: Vazeni lehkych objektU

Metropolis within Gibbs algoritmus: Odhady aposteriornich hustot pro 3. (B=100,
M=1000)

Smer. odch. = 1 Smer. odch. =5
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Section 6.1
Hierarchical prior

6. Hierarchical models 1. Hierarchical prior



Apriorni rozdéleni

e Volba apriorniho rozdéleni muize znaCnym zplsobem ovlivnit formu
rozdéleni aposteriorniho.

e Nebezpedi zneuziti bayesovské statistiky.

e Vétsina “bayesovskych” aplikaci z poslednich cca 25 let
o neni motivovana snahou vyuzivat jakoukoliv apriorni informaci,

o hlavni motivace: navrzeny model nelze (ani numericky) odhadnout
frekventisticky (typicky pomoci maximalni vérohodnosti), nicméné Ize
ho odhadnout pomoci simulaci (MCMC, . ..) bayesovsky,

o neexistuje zadna skute¢na apriorni informace.
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Apriorni rozdéleni

e Pouze mélokdy je apriorni informace dostateCné bohaté na to, abychom
mohli zvolené apriorni rozdéleni povazovat za pfesné a bez jakékoliv
chyby definované.

e Potfeba vhodnym zplsobem vyjadfit nejistotu pfi volbé apriorniho
rozdéleni.

m Bayesovsky model s hierarchicky specifikovanym apriornim rozdélenim
o rozklad apriorniho rozdéleni do neékolika Urovni podminénych
rozdéleni,

o nejistota na libovolné drovni je vyjadfena apriornim rozdélenim v dalsi
arovni.
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Bayesovsky model s hierarchicky specifikovanym apriornim
rozdélenim

Definition 6.1 Bayesovsky model s hierarchicky specifikovanym apri-
ornim rozdélenim.

Bayesovsky model s hierarchicky specifikovanym apriornim rozdélenim je
statisticky model s vérohodnosti L(v) = p(y | ) a apriornim rozdélenim p(t)),
kde p(1) je rozlozeno na podminéna rozdéleni

po(’l/) I C1)7 p1(C1 |C2)7 B pm71(Cm—1 | Cm)

a marginalni rozdéleni p,(¢,,) tak, ze

p(y) =

/ Po( [ ¢)P1(C11Ca) -+ Pt (Comt | Con) P(Co) Ay -+ A,

Zy XX Zm

Parametry obsazené v ¢; se nazyvaji hyperparametry i-té trovné (1 < i < m)

)
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Priklad: Linearni model

Model

Y =XB+e, X:pevnamaticenx k,
g NNn(o, Uzln).

e Parametry: ¢y = (81, 7) ,kde r =02 >0
e Vérohodnost: L(zp) = p(y | ¢) = Na(XB, 771,)

e Konjugované apriorni rozdéleni:

p(B, )= p(817) x p(r)
P(B| ) = Ni(Bo, 7~ ' Zo)
(T) = g(CO) dO)

o 3y, Xo, Co, o : pevné (hyper)parametry.
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Priklad: Linearni model

e Volba parametrd gama apriorniho rozdéleni pro 7 (resp. samotna
volba gama rozdéleni) mize mit vyznamny vliv na vysledné aposteriorni
rozdéleni.

e Nepovazujme ¢y a/nebo dy za pevné konstanty, ale umoznéme nahodnost
pfi jejich vybéru.
" hierarchicky model
o napriklad:
p(7 | ab) = G(co, )
p(db) = G(go: ho)

o Cp : pevny (hyper)parametr
o dp : nahodny hyperparametr 1. Grovné
o go, ho : pevné (hyper)parametry (2. Grovné)
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Section 6.2
Hierarchical likelihood

6. Hierarchical models 2. Hierarchical likelihood



Hierarchicky specifikovana vérohodnost

e Hierarchicka specifikace (téz v nebayesovském kontextu) je Casto
pfirozenym zpusobem jak zkonstruovat realisticky pravdépodobnostni
model pro popis realné situace.

e Oblasti vyuziti, které jste uz potkali
o Data ziskana stratifikovanym vybérem ¢&i jinak shlukovana (grouped
data).

o Longitudinalni (biostatistika), resp. panelova (ekonometrie) data.
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Priklad: NTP TER84073 pokus na mysich

e Data z National Toxicology Program

e 94 téhotnym mysSim byla podana v pfedem uréenych momentech uréena
mnozstvi etylenglykolu (EG).

e V 17. dnu téhotenstvi byly mySi usmrceny a nasledné byla zaznamenana
hmotnost zarodka.

e Pravdépodobnostni reprezentace dat:
Y;j = hmotnost j-tého zarodku i-t¢ mysi, i=1,... N, j=1,....n
e Primarni cil:
Odhad a inference pro . = EY; ;
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Priklad: NTP TER84073 pokus na mysich
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Priklad: NTP TER84073 pokus na mysich
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Priklad: NTP TER84073 pokus na mysich

e Mozny pravdépodobnostni model:

\/I',j ~ N(M? 02)'

e Je ospravedinitelné predpokladat, ze Yi 1,..., Yn,n, jSOU Nezévislé?
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Priklad: NTP TER84073 pokus na mysich

Yijlbi ~ N(bi, 0?),
bj ~ N (u1, d?).

e Pro kazdé i jiz Ize predpokladat (podminénou) nezavislost
Yialbi,.... Yin|bi

Lze téZ predpokladat nezavislost by, ..., by.

e b; : sttedni hmotnost zarodku i-t¢ mysi.

o? : rozptyl hmotnosti zarodku u jednotlivé mysi
b vnitroskupinova variabilita.

u - sttedni hmotnost zarodku v celé populaci

EY;; =E{E(Y;;|b)} =Eb = p
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Priklad: NTP TER84073 pokus na mysich

o Realisti¢téjsi pravdépodobnostni model:

\/iaj | b/ ~ N(biv 02)7
b ~ N (u, d?).

e Modelujeme téz jistym zplsobem korelaci mezi zarodky jedné mysi:

COV(\/I',]" Yi,k) = .= d2a
var(Y;)) = --- = 0% + d%
d2
IS cor(Yij, Yik) = o2+ g2

m v nitroskupinova korelace (intraclass correlation)

14 6. Hierarchical models 2. Hierarchical likelihood



s

DelSi dalSi povidani
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Hierarchické modely

Obecna poznamka

e Téz v jinych modelech Ize ¢asto rozlisit tfi typy parametrd
smyslu):
o skryta data

b daldim budeme obvykle znagit &

(v bayesovském

o “Cisté” parametry = parametry téz ve frekventistickém pojeti

v dalsim budeme obvykle znadit v
o nahodné hyperparametry
b daldim budeme obvykle znagit ¢

e Parametry pro bayesovsky model jsou potom 6 = (sT, P

T CT)T_
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Hierarchické modely

Obecna poznamka, pokracovani
e Sdruzené apriorni rozdéleni je zadano rozkladem

p(8) = p(&, ¥, ¢) = p& ) p(¢ <) p(C)

o p(&] 1) : strukturalni ¢ast apriorniho rozdéleni

b plyne z uvazovaného pravdépdobnostniho modelu pouzitého pro popis
situace

o p(¢|¢)p(¢) : “skute€né” apriorni rozdéleni
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“ANOVA” hierarchicky model

Konkrétni apriorni rozdéleni (jedna z moznosti)

e Napi. konjugované apriorni rozdéleni s dodate¢nymi hyperparametry,
abychom se ochranili od nadmérného ovlivnéni aposteriorniho rozdéleni
rozdélenim apriornim:

p(7, 1, g, bo, db)
= p(rlq) p(qlbo) p(bo) p(r|do)  p(dh)
N—_—— N—_—— N—— N—— N——

N(po, k3 ' g~ ") G(a0, bo) G(po, r0) G(co, do) G(go, ho)

e by, dp : ndhodné hyperparametry, tj. ¢ = (bo, do)T
® (o, Ko, bo, o, o, do, Go, ho : pevné hyperparametry

e Graficky Ize zpfehlednit pomoci DAGu (directed acyclic graph)
o Kole€ka: nahodné uzly
o Ctverecky: nenahodné uzly

o Vyjadreni (podminénych) (ne)zavislosti
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“ANOVA” hierarchicky model

Apriorni rozdéleni (jedna z moznosti)

p(7, 1, q, bo, do)
= p(plq) p(glbo) p(bo) p(r]cb)  p(cb)
—— —_—_—— e e

N(uo, ky g ") 9(a0, bo) G(po, fo) G(co, db) G(Qo, ho)

Nenahodné (pevné) (hyper)parametry:
® (i, kO

® Adp, Po, o
® Cp, gOa hO
" Jak je volit?
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“ANOVA” hierarchicky model

Volba nenahodnych (hyper)parametr(

e Neni-li k dispozici zadna rozumnd apriorni informace, je snaha volit
nenahodné (hyper)parametry tak, aby vysledné apriorni rozdéleni bylo co
nejméné informativni (weakly informative).

o p(¥|y) o< Lr(¢) p(eh),

o p(1p) predstavuje “nova” pozorovani ve vérohodnosti.

e Snaha volit apriorni rozdéleni tak, aby vliv téchto “novych” umélych po-
zorovani na vérohodnost byl co mozna nejmensi.

o Snaha, aby co mozna nejvice platilo p(y) o« 1 (viz téz prvni Cast
semestru).

o Staci, aby platilo relativné k Lr(v)).

m Konkrétni volba pevnych hyperparametrd je &asto (Gaste¢nd) mo-
tivovana pozorovanymi daty.
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“ANOVA” hierarchicky model

(Castetnd) datové motivovana volba pevnych hyperparametrd
e /i : apriorni stfedni hodnota pro EY;; = Eb; = 1
o Ry

e Ko : ovliviuje apriorni inverzni rozptyl (pfesnost) pro
o kg blizké 0

e 4y, Co, Po, Jo : “stupné volnosti” gama rozdéleni
o obvykle mezi0 a 1

e Iy, hg : “rate” parametr gama rozdéleni v posledni hierarchické Urovni
o obvykle se voli blizké 0
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“ANOVA” hierarchicky model

Aposteriorni rozdéleni

e p(0|y) odvodime standardnim zplsobem
" Jak?

e V tomto konkrétnim pripadé Ize pfi volbé konjugovaného systému jeste
vSe odvodit analyticky.

e Pro mnohé jiné volby apriornich rozdéleni jiz analyticky odvodit nelze
(problém spocitat integral ve jmenovateli Bayesovy véty).

e Inference pomoci aposteriorniho rozdéleni obvykle zalozena na podi-
tacové simulaci (Monte Carlo metody).
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Section 7.1

Linear mixed model

7. (Generalized) linear mixed models 1. Linear mixed model



Normal linear mixed model

Normal linear mixed model (almost as in the NMST422 course)

Y =Xi8+Zib; + ¢;, i=1,....N

b; ' No(p, D)
EI' NNH,‘(07 zI)

e by,...,by,e1,...,eny mutually independent
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Normal linear mixed model

Normal linear mixed model, hierarchically specified

Y,‘|b,’~./\/'ni(X/,8+Z,‘b/, }:,-), i=1,...,N
bi " No(k, D)
o [V e Yn mutually independent
b, by
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Priklad 1: NTP TER84073 pokus na mysich

Normalni linearni smiseny model
e Pravdépodobnostni reprezentace dat:
Y;; = hmotnost j-tého zarodku i-té mysSi,i=1,... ., N, j=1,....n;

e Normalni LMM:

Yij| bi ~ N(bi, 0?)
Yi|bi ~ Np(bil, X))

b Ny, o)

e V obecném znaceni

Xjneni, Zi=|:|, Ei=0%l,, D=d?
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Priklad 2: Vliv davky Berenilu na I1éCbu trypanosomosis

e Experiment majici za Ukol vyhodnotit vliv davky 1éku Berenil na Uspésnost
léCby trypanosomosis u krav

e Uspésnost létby je méfena pomoci pfirtistku PCV (packed cell volume) po
ur€ité dobé podavani léku

e Zajima nas, zda existuje rozdil v Uspésnosti 1é¢by nizkou &i vysokou davkou
Berenilu

e Experiment probéhl na kravach ze 3 stad (z riznych farem)

e Kazdé stado bylo rozdéleno ndhodné na dvé (priblizné stejné) &asti,
priCemz kravy z jedné Casti stada byly oSetfovany nizkou davkou Berenilu,
kravy z druhé Casti stada byly oSetfovany vysokou davkou Berenilu

e Pravdépodobnostni reprezentace dat:

Y;j = PCV pfirGstek u j-té kravy i-tého stdda
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Priklad 2: Vliv davky Berenilu na I1éCbu trypanosomosis
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Priklad 2: Vliv davky Berenilu na l1éCbu trypanosomosis

PCV.diff

T T T T T 1
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Priklad 2: Vliv davky Berenilu na I1éCbu trypanosomosis

Linearni smiSeny model
1. Davka ma stejny UcCinek ve v§ech stadech.
Y,"j = b + ]I[dévka,-,,- = VySOké]B + €ij

2. Davka nema nutné stejny GcCinek ve vSech stadech.
Y,'J = bi,1 + ]I[dévka,-),- = vysoké] b,’72 + €ij
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Pfiklad 3: Vyvoj hladiny bilirubinu u pacientt s PBC

Longitudinalni studie

Studie, ktera probéhla v letech 1974-1984 na Mayo Clinic
312 pacientl s PBC (primary biliary cirrhosis)

158 pacienttl [éCeno D-penicillaminem

154 pacientll Ié¢eno pouze standardni 1é¢bou

Jednim z cilu studie je srovnat skupiny (D-penicillamin vs. kontrolni)
vzhledem k vyvoiji hladiny bilirubinu (jeden z ukazatel(l vaznosti PBC)

Pacienti chodili v zadanych (ne zcela pravidelnych) intervalech na
vySetfeni, kde byla zjistovana (mimo jiného) hladina bilirubinu

Median doby sledovani byl 6,3 roku (IQR 3,7 — 8,9 roku)

Pravdépodobnostni reprezentace dat:

Y:; = logaritmus hladiny bilirubinu /-tého pacienta v ¢ase t;;

7. (Generalized) linear mixed models 1. Linear mixed model
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Pfiklad 3: Vyvoj hladiny bilirubinu u pacientt s PBC

Mozny linearni smiSeny model
e Mozny model pro jednoho pacienta: pfimka v Case
1. Stejny stfedni vyvoj log-bilirubinu v obou skupinach:
Yij = bi1 + bigtij + €ij

2. RuUzna sttedni smérnice v jednotlivych skupinach:
Yij = b1 + biptij + BI[léCba; = D-penicillamin] t;; + ¢ ;

11 7. (Generalized) linear mixed models 1. Linear mixed model



Linear mixed model, bayesian specification

Hierarchically specified model for data

Y,‘|b,’~./\/'ni(X/,8+Z,‘b/, }:,-), i=1,...,N
bi " No(k, D)
o [V e Yn mutually independent
b, by

12 7. (Generalized) linear mixed models 1. Linear mixed model



Linear mixed model, bayesian specification

“Ciste” parametry (parametry ve frekventistickém smyslu)
e (3 : pevné efekty

o (populaéni) vliv regresorli zahrnutych v matici X na odezvu

o n=Eb; (i=1,...,N): stfedni hodnoty nahodnych efektd

o (populaéni) vliv regresort zahrnutych v matici Z na odezvu

o X, =var(Y;| b)) (i=1,...,N): “vnitroskupinovd” varianéni matice
o Gasto se predpoklada X; = oI,
¥ Hodminéna nezavislost

o pomoci jiné struktury pro matici X; lze modelovat i jiné struktury zavislosti
(AR(d), ...)
e D=varb; (i=1,...,N): “meziskupinovd” varianéni matice

o obvykle se nepredpoklada Zadna specialni struktura D a pouze se poZaduije,
aby D > 0 (pozitivné definitni matice)

13 7. (Generalized) linear mixed models 1. Linear mixed model



Linear mixed model, bayesian specification

e Frekventistické parametry: ¢ = (3", u7, par(Z1,...,Zn), par(]D))T

asto pouze o2
e Frekventisticka vérohodnost:

N
Le(p) =p(y |¢) = =[] eyvi| XiB + Zip, Vi),
i=1

kde V; = Z,‘DZ,T + X

e P¥i odhadu metodou maximalni vérohodnosti potfeba maximalizovat Lg(v))
pfi omezenich X; > 0 (pro vSechnai=1,...,N)aD >0

o “R bali¢ky 1me4, nlme

o SAS procedura MIXED

14 7. (Generalized) linear mixed models 1. Linear mixed model



Linear mixed model, bayesian specification

Skryta data a vérohodnost bayesovského modelu

e DalSi nahodné slozky modelu:
= vektory nahodnych efektll by, ..., by

b Dalgi “parametry” pfi bayesovském pfistupu
= skryta data

e Skrytadata: ¢ = (b, ..., b})'

e Vérohodnost bayesovského modelu:

N
L ) =py|& ¢) = =]] ey XiB+Zib;, X))
i=1
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Section 7.2

Generalized linear mixed model
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Priklad: NTP TER84073 pokus na mysich

e Data z National Toxicology Program.

e 94 téhotnym mysSim byla podana v pfedem uréenych momentech uréena
mnozstvi etylenglykolu (EG).

e V 17. dnu téhotenstvi byly mys$i usmrceny a nasledné byl zaznamenan
pocet zarodkl (n;, i = 1,...,94) a indikace, zda se u jednotlivych zarodk
vyskytovala vyvojové vada.

e Pravdépodobnostni reprezentace dat:

Y 0, jestlize j-ty zarodek i-té mySi bez vyvojové vady,
"1 1, jestlize j-ty zarodek i-té mySi s vyvojovou vadou.

e Primarni cil:
Odhad a inference pror =EY;; = P(Y;; = 1).

17 7. (Generalized) linear mixed models 2. Generalized linear mixed model



Priklad: NTP TER84073 pokus na mysich

Pozorované proporce zarodku s vyvojovymi vadami
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Priklad: NTP TER84073 pokus na mysich

Mozny model (j =1,...,nprokazdéi=1,...,N)
o Yi|m~ A(mj).

d e . .
e 7 " z néjakého rozdéleni.

" Reprezentuje fakt, ze kazda my$ ma jiné (genetické apod.) dispozice
k tomu, aby se u jejich zarodkl vyvinuly vyvojové vady.

e Mysi zahrnuté do studie jsou ndhodnym vybérem z populace mysi a proto
je rozumné pfedpokladat, ze téz m; (i = 1,..., N) jsou ndhodné.

e Abychom se nemuseli starat o omezeni 0 < w; < 1 (i = 1,...,N), bude

uziteCné pouzit vhodnou reparametrizaci, napr.
o ebi o )
1 +ebi’ 1—m

bi = logit(r;) = |og<

T

> ii.d. . . v ,
a v modelu uvazovat b; <" z néjakého rozdéleni.

m | ogisticka regrese s nahodnymi efekty.
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Priklad: NTP TER84073 pokus na mysich

Logisticka regrese s normalné rozdélenymi nahodnymi efekty

Mozny model (j =1,...,njprokazdéi=1,...,N)

Loz v . bi
e Y| b nezavislé s rozdélenim A(m;), kde m; = 3.

e b i.i.d. s rozdélenim N'(u, d?).

Parametry (klasické)
T
o Y= (,u, d2) .

Vérohodnost (frekventisticka)

N N n;
Le(y) =p(y|v) =[] pyi1¥) =] /R L1 pWis| bi, v) p(bi | ) dbi
i=1 =175 j=1
N i - n;
=11 / w2 (4 = ) (b |, 0Py
=1 /R

N ebf Z/’11 Yij 2
:H/R m@(bi“% d®)db;.
i=1
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Section 7.3
Prior distribution
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Normalni (zobecnény) linearni smiSeny model

Apriorni rozdéleni
e VyuZijeme rozklad, ktery sleduje hierarchickou strukturu modelu
p(§, ) = p(&[4) p(¥)
e Prvni Céast
p(&|¥) =p(b1, ..., bn|B, p, Z1,..., XN, D) =

p(by, ..., by|p, D)= =[] ¢(bi| 1. D)

i=1

2

e Druha ¢ast p(v)
o “standardni” apriorni rozdéleni pro “Cisté” parametry

o obvykle se pfi jeho specifikaci zavadéji na principu obecnych hiearchickych
model( dal$i ndhodné hyperparametry ¢
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Normalni (zobecnény) linearni smiSeny model

Apriorni rozdéleni

e Parametry bayesovského modelu 8 = (¢7, %', CT)T
o&=(bl,....by)"

o 11[’ = (IBTa ,-I’T7 par(z17' M zN)7 par(]D)))T
o ( : pfipadné dalsi hyperparametry

e Rozklad apriorniho rozdéleni:

p(8) = p(&, ¥, ¢) = p& ) p(¢ <) p(<)

N

~{ITe(bil . D)} P 1) P(O)

i=1
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Normalni (zobecnény) linearni smiSeny model

Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni

e Potieba zvolit p()), které Casto specifikujeme hierarchicky pomoci dalSich

hyperparametrd jako

/ P | €) p(¢) e,
to jest p(+, ¢) = p(¥| <) p(C)

L 17[) = (ﬁ—r, “T’ par(zh . '7zN)7 par(D))T

e V daldim se budeme zabyvat pouze situaci, kdy X; = o2 I, tj.

par(X4,...,Xy) = o?

e Oznacéime dale

) — (,@T, n', T paf(Q))T

24 7. (Generalized) linear mixed models

3. Prior distribution



Normalni (zobecnény) linearni smiSeny model

Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni

e Obvykle se predpoklada apriorni nezavislost pro jednotlivé sady
“pfibuznych” parametrd, napf.

p(B; w7, Q) = p(B) p(k) P(7) P(Q),
respektive

p(B, w7, Q|¢)=p(B¢M) p(r|¢®) p(r1¢P) p(@[¢W),

T T T T
kde ¢ = (¢, ¢® 7, ¢®@ W )T

25 7. (Generalized) linear mixed models 3. Prior distribution



Normalni (zobecnény) linearni smiSeny model

Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni
3, p maji interpretaci stfednich hodnot

e Smysluplné apriorni rozdéleni:

e Jiné smysluplné apriorni rozdéleni:

p(B) ~ N(Bo, Zp)
p(p) ~ N (o, ),

o By, X5, po, 4 : pevné/nahodné hyperparametry
o Casta smysluplna volba:
o B, = 0 (kromé abs. ¢lenu modelu)
o py = 0 (kromé abs. ¢lenu modelu)
o Z{f, 3! : diagonalni matice s velkymi (co je velké?) Cisly na diagonéle
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Normalni (zobecnény) linearni smiSeny model
Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni

T je inverzni rozptyl odchylek jednotlivych pozorovani i-tého subjektu od
stfedni Urovné (zavislé na regresorech) tohoto subjektu
e Smysluplné apriorni rozdéleni:

p(T) ~ g(C-,-, dr)

o ¢, d; : pevné/nahodné hyperparametry
o mimo jiné zajistuje, ze P(t > 0| Y) =1
o Casta smysluplna volba hyperparametrd:
o c; : apriorni “stupné volnosti”, tj. ¢, € (0, 1] vede k slabé informativnimu
rozdéleni ..

o pro pripomenuti: Er = Cad varr = —
pro prip : =4 Bz

b . “pfesnost” apriorniho gama rozdéleni

o d- blizké 0 mize vést k slabé informativnimu rozdéleni
> d; se Casto voli jako ndhodné s dalSim (jiz pevné zvolenym) gama
rozdélenim jako apriornim
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Normalni (zobecnény) linearni smiSeny model

Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni

Q je inverzni varian¢ni matice “Grovni” jednotlivych subjektl

e Potfeba vicerozmérné apriorni rozdéleni, které s pravdépodobnosti 1
vygeneruje pozitivné definitni matici

b \Nishartovo rozdéleni

28 7. (Generalized) linear mixed models 3. Prior distribution



Wishartovo rozdéleni

Q ~ Wp(v, =), jestlize

Q=> 22z,
i=1

kde Zy,....Z, "¢ Ny(0, Z)
e = je pozitivné definitni méfitkova matice
e v > p — 1 jsou stupné volnosti
e Zfejmé plati: P(Q > 0) =1
e Jedna se o vicerozmérné rozsifeni x2 rozdéleni
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Wishartovo rozdéleni

Q ~ Wp(v, =) mé hustotu

p iy )
p(Q)_{ZVZP’]Tp(p“_)Hr<V+21 I)} =%

QI exp{f% (='0Q)},  Qpozitivné definitni

e v > p—1:“stupné volnosti” Ize uvazovat i neceloCiselné
b zobecnéni klasického Wishartova rozdéleni

e EQ=v=

o Wi(r, 1) =6(%,

o Wi(v, E)zg(

np M=
| S—
I
=
TN

1
v 2

~—

(SIS
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Normalni (zobecnény) linearni smiSeny model

Mozné volby pro nestrukturalni ¢ast apriorniho rozdéleni

Q je inverzni variancni matice “Urovni” jednotlivych subjektd
e Smysluplné apriorni rozdéleni:

p(Q) ~W(va, Zq)

o Zq, vq : pevné/nahodné hyperparametry

o Casta smysluplna volba hyperparametru:

(o]

o

o

vq : apriorni “stupné volnosti”, tj. v- € (p — 1, p] vede k slabé informativnimu
rozdéleni

Zq se obvykle voli jako diagonaini matice, napf. Zq = diag(vg},-- - Yg.p)
inverze méfitkové matice (") je “presnosti” Wishartova rozdéleni

b diagonalni hodnoty =~ (t]. a1, - - - Ya,p) blizké 0 mohou vést k slabé
informativnimu apriornimu rozdéleni

aposteriorniho rozdélent
> 7a.1,--.,7a,p S proto €asto voli jako nahodné, apriorné vzajemné
nezavislé, s dalsimi (jiz pevné zvolenymi) gama rozdélenimi jako apriornimi

31
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Normalni (zobecnény) linearni smiSeny model

Shrnuti

o “Cisté” parametry: v = (8", n", 7, par((@))T
e Skrytadata: ¢ = (b), ..., bY)"

e Vérohodnost bayesovského modelu:

N
LE @) =py|& ) ==]] ey XiB+ Zib;, 77" 1y)
i=1

e Dekompozice apriorniho rozdéleni:

N

p(&, ) = p(&|¥) p(w) = [ | #(bil 1, @) p(B) p(1s) p(7) P(Q)

i=1
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Section 7.4
Posterior distribution
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4. Posterior distribution



Normalni (zobecnény) linearni smiSeny model

Aposteriorni rozdéleni

e Nejsou-li zadné nahodné hyperparametry:

P&, | y) o< L(&, ) p(& | ) p(v)

e Jsou-li nékteré hyperparametry (oznac¢ené jako ¢) nahodné:

p(&, ¥, ¢ly) x L(&, ) p& ) p(¢ | <) p(C)
p(, ¥ |y) /L(a ) p& ) p(¢ <) p(¢)dC
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Normalni (zobecnény) linearni smiSeny model

Aposteriorni rozdéleni “Cistych” parametr(

“X

e Marginalni aposteriorni rozdéleni “Cistych” parametra:

p(¥|y) /L(E, Y)pE[P) p(y | ) p(C)d(E; €)

e Diky hierarchické strukture téz plati

P 1Y) x Le(w) plap).
nebot  p(yh) = /'p(w | O)P(¢)dC

Lr() = / L(E, ) p(€ | )€

a plati Fubiniova véta

35 7. (Generalized) linear mixed models 4. Posterior distribution



Inference zalozena na aposteriornim rozdéleni

e Sdruzené aposteriorni rozdélenipro 8 = (¢ ', ¢', CT)T vyjadiime snadno
az na multiplikativni konstantu

e Primarné nas vSak zajimaji hlavné marginalni aposteriorni rozdéleni pro
sady parametrd nebo dokonce jednotlivé parametry
o p(Bly), P(Bi|y). P(r|y), (T 1Y), ..
o z nich odvozujeme aposteriorni stfedni hodnotu, vérohodnostni mnoziny atp.
e Pfi vypoCtu marginalnich aposteriornich rozdéleni se jiz nelze vyhnout
integrovani

o analyticky proveditelné pro jednodussi modely s apriornimi rozdélenimi
vykazujicimi alespon néjaky stupen konjugovanosti

alespon néjaky stupen konjugovanosti

o analyticky ¢asto neproveditelné
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Inference zalozena na aposteriornim rozdéleni

e Casto nas zajima té aposteriorni rozdéleni pro néjakou méfitelnou funkci
— transformaci plivodnich parametrud

e Priklad: -
o Yij|bi~N(bi, 02), b " N, @), i=1,... N, j=1,....n
o Bylo: cor(Yij, Yik) = d?/(c® + d?) =i o
w7 p(u, o2, d? | y) potieba pomoci véty o transformaci a integrovanim odvodit
p(ely)
o Vzpomerite si na svoje Uspéchy na tomto poli (obvykle v pomérné jednoduchych
situacich) ze 3. ro¢niku. ..

e Odvozeni p(t(0)|y) z p(6|y) (které jiz samo o sobé obvykle zndme az na
multiplikativni konstantu) je ¢asto analyticky neproveditelné
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Inference zalozena na aposteriornim rozdéleni

e VSe vySe feCené je dlivodem toho, ze bayesovska statistika byla az cca do
zacatku 90. let 20. stoleti relativné malo prakticky vyuzivana, a pokud ano,
tak jenom v souvislosti s pomérné jednoduchymi modely

e Reseni problému s nemoznosti odvozovat potfebné vyrazy analyticky:
m aposteriorni inference zaloZzena na simulaci
o k jejimu efektivnimu pouZiti potfeba pfimérené vykonné pocitadlo

o do cca zaCatku 90. let 20. stoleti jenom omezené dostupné/nedostupné
(nejenom v CSSR)
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RozSifovani dat (data augmentation)

e V bayesovské statistice potfebujeme typicky generovat z aposteriorniho
rozdéleni s hustotou

obs( ) p(6)
f@ obs )p(@)d)\(e)

vzhledem k o-kone¢né mite \ kde
o Lops(0) = p(y|0) : vérohodnost (pozorovanych dat)

p(oly) =

o< Lobs(0) p(0)

op(8): apriorni rozdéleni
e Pro pouziti MCMC metod obvykle:
o neni potfeba znat normujici konstantu / Lobs(0) p(0)dA(6);
©

o je v8ak vhodné a vyhodné, aby vyraz L.xs(6) p(8) byl snadno spocitatelny pro
libovolné 0 € ©.

e Casto se v8ak stava, ze zejména L,ps(6) neni jednoduchého tvaru.

o nejcastéjsi komplikace: pfi vyjadiovani Lyps(0) je nutné integrovat.
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Pfiklad 1: Linearni smiSeny model

Model (proi=1,...,N)
o Y| b; nezavislé s rozdélenim N, (X;3 + Z;b;, o2l
e b;ii.d. srozdélenim Ny(u, D)

Parametry
o 0= (8", 1T, 02 vec(D)) "

Vérohodnost (pozorovanych dat)
N N
Lore(6) = ply 10) = [[ps10) = T] | p(y: 161, 0) p(br|0)al
i=1 i=1

N
~1I / oV: |58 + Ziby, 0?1y o(by | . D)dlb;
Ra

i=1
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Priklad 2: Logisticka regrese s normalné rozdélenymi nahodnymi
efekty

Model (j =1,...,nprokazdéi=1,...,N)
e Yi;|bj nezavislé s rozdélenim A(n;), kde ; =

e b i.i.d. s rozdélenim N (y, d?).

_efi
14ebi

Parametry
° 0= (pu, dz)T.

Vérohodnost (pozorovanych dat)

Lovs(6) = Py | 6) = pr,w H/pr,,m, p(bi| 6) b

= H /R w4 = ) (b . 0o,

/1y//

_H/ (5 ey bl &)
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Priklad 3: Vysledky prijimacich zkouSek

e V roce 1999 poréadala jista (pravnicka) fakulta jedné éeské VS (nebylo to
v Plzni) 11 fadnych a jeden nahradni termin (termin ¢. 12) pfijimacek.

e Nékdo si pov§imnul, Ze u 12. nahradniho terminu byla proporce pfijatych
studentdl mnohem vy$Si nez u vSech pfedchozich termind.

o Chytfi studenti se hromadné omlouvali z fadného terminu pfiji-
macek a prisli az na ten nahradni?

o Vyrazneé vice stimulujici ovzdusi v u¢ebnach béhem 12. terminu?
o Zazrak?

e Ukazalo, Ze zadani otazek pro 12. termin pfijimacek zahadné uniklo
(z uzamceného trezoru) a bylo (v urCitych kruzich) ke koupi jiz pred
konanim tohoto terminu.

e Cela udalost byla dle tehdejsiho rektora dané VS i dékana dot&ené fakulty
dilem gangsterské mafie stojici mimo fakultu.
Viz http://www.cibulka.com/nnoviny/nn2000/nn1900/obsah/05.htm.
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Priklad 3: Vysledky prijimacich zkouSek

Terminy ¢. 1-11

Historie Jazyk Logika
wn
E.
o o o
S - S -
o =}
«© @
o 4 o A
o IS]
o
—
S}
©
S A
] o o} ol
S I} S
] % %
3 3 ]
I I I
<
o 4
o 0
o 4
S}
o
o 4
o
=3 (=]
o J o 4
o =] >
T T 1T 1T 1T T 1 r T T 1 | S N N
10 15 20 25 30 35 40 45 0 5 10 15 15 20 25 30 35 40
Body Body Body
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Priklad 3: Vysledky prijimacich zkouSek

Termin €. 12

Historie Jazyk Logika
n
Ei
g . © S .
S )
8 - 8 -
o o
o
S 4
o
g - g -
o o (=]
g g g
7 @ 7
2 2 E
I I I
ER 3
o [Te) o
8
o
g 8
S S
8 8 8
o o o
T T T T T T T 1 T T T 1
10 15 20 25 30 35 40 45 0 5 10 15 15 20 25 30 35 40
Body Body Body
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Priklad 3: Vysledky prijimacich zkouSek

Mozny model pro vysledky terminu €. 12

Mozny model (proi=1,...,N)
o Yi=(Yi1, Vi, Y,-)s)T : bodové zisky itého studenta u jednotlivych ¢asti
zkousky.

e Studenti pochazeji ze dvou populaci:
1. bézni studenti (proporce wy);

2. studenti napojeni na gangsterskou mafii (proporce wo, wy + wo = 1).

e Budeme predpokladat, Ze (sdruzené) rozdéleni bodovych ziskl je v kazdé

populaci normalni se stfedni hodnotou 4, resp. p, a variancni matici x4,
resp. .

= Rozdéleni Y;: smés normalnich rozdéleni s hustotou

p(yi10) = wio(y;lpy, Z1) + woo(¥;| o, X2)

8 8. Bayesian data augmentation 1. Introduction



Priklad 3: Vysledky prijimacich zkouSek

Mozny model pro vysledky terminu €. 12

e Potfeba odhadnout:
o vahy (proporce) wq, ws,

o stfedni hodnoty ¢, p,,

o varianéni matice X4, X,.
" g — (W17 Wa, “T? iu'2T VeC(Z']), vec(Zg))T

Vérohodnost (pozorovanych dat)

Lobs(6) = p(y |6) = pr,|0 H{way,luk,ik)}
k=1

9 8. Bayesian data augmentation 1. Introduction
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Principles
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RozSifovani dat (data augmentation)

e Vidéli jsme, ze pozorovana veérohodnost L,,s(6) = p(y|0) (ktera tvori
zaklad aposteriorni hustoty p(8|y) « Lops(0) p(6)) neni vzdy snadno
vyjadfritelna jako soucin “péknych” funkci.

e Nékdy neni Lops(0) dokonce ani analyticky vyjadfitelna:

o logisticka regrese s nahodnymi efekty,
o zobecnéné linearni smisené modely (GLMM).

e Nicméné Casto se “vérohodnost” vyrazné zjednodusi, jestlize budeme
uvazovat vice parametru:
o oznaéme je v;
o “vérohodnost” je pak Laugm(v, 8) = p(¥ | v, 0);

o Laygm(?), 8) budeme nazyvat rozSifena vérohodnost

(augmented likelihood).
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RozSifovani dat (data augmentation)
Principy

e Paramery 1 maji Casto vyznam nepozorovatelnych (resp. pouze nepiimo
pozorovatelnych) dat.

o odsud termin rozsifovani dat (data augmentation);

o termin pochazi z ¢lanku Tanner, M. A. and Wong, W. H. (1987). The calculation
of posterior distributions by data augmentation. Journal of the American Statis-
tical Association, 82(398), 528—550.

e y : pozorovand/pozorovatelnd data (observed data).
e (¥, ¥) : Uplnd/roz§ifena data (complete data).

12 8. Bayesian data augmentation 2. Principles



RozSifovani dat (data augmentation)
Principy

e Primarné nas zajima p(6|y) < p(y|6) p(0),
N——

Lobs(o)
kde p(y | 8) = Lops(0) plyne z pfedpokliadaného (ne nutné hierarchického)
modelu.

e Reknéme, e pro vhodné v se se sdruzenou hustotou

p(, 01y) o< p(y|v, 0)p(, 0) = p(y |, 8) p(y]0)p(0)
N—_———
Laugm(wv 0)
mnohem |épe pracuje.

o Laugm(?), 8): model (vérohodnost) pro pozorovana data, jestlize na doplnéna
data pohlizime jako na dal§i parametry modelu.

o p(+ | 6): model (vérohodnost) pro dopinénd data.

13 8. Bayesian data augmentation 2. Principles



RozSifovani dat (data augmentation)

Principy

e Reknéme, Ze zajistime, aby platilo
p(e1y) = [ ptw. 61y)dA®)

tj., aby p(@|y) bylo marginalni hustotou rozdéleni 8 | Y = y odpovidajici
sdruzenému rozdéleni (¢, )| Y = y.
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RozSifovani dat (data augmentation)

Principy

e Provadime-li posteriorni inferenci na zakladé simulace, vygenerujeme
nahodny vybér/markovsky fetézec

S orm = { (@M, 00),.., (™, 6™)}

s limitnim rozdélenim majicim hustotu p(v, 6 |y).

e Jestlize p(0|y) je marginalni hustotou odpovidajici sdruzené hustoté
p(¢, 01y), potom

je nahodny vybér/markovsky fetézec s limitnim rozdélenim majicim hus-
totu p(0 |y).

15 8. Bayesian data augmentation 2. Principles



RozSifovani dat (data augmentation)

Principy
o Mame:  p(8ly) o Lobs(8)p(6),

p(, 01y) o< Lagm(v, 0) p(4 | 0) p(6).

o Lops(0) plyne z pfedpokladaného modelu pro pozorovana data.
o Laugm(?p, 0) p(v | 8) plyne z uvazovaného rozsifovani dat.

o Laygm(p, 6): model (vérohodnost) pro pozorovana data, jestlize na do-
plnénda data pohlizime jako na dal$i parametry modelu.

o p(v|0): model (vérohodnost) pro doplnéné data.

e Rozsifovani je potfeba udélat tak, aby p(@|y) bylo marginalni hustotou
odpovidajici sdruzené hustoté p(vy, 0| y).

e Rozsifovani je tedy potfeba udélat tak, aby

Lobs(6) o / Laugm(th. 0) p(t) | 0)dA(4)).
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RozSifovani dat (data augmentation)
Principy

e Ktomu, aby p(€]y) bylo marginélni hustotou odpovidajici sdruzené hus-
toté p(v, 0| y) staci, aby platilo

Lobs( ) _V|9)

/p Yy, 0)p(y | 0)d\(v /Laugm P, 0) p(p | 0)dN(vp).

e Vyraz

p(y | %, 0)p(t | 0) = Laugm(eb, 0) p(¢ | 6)

je roven p(y, 1| 0) a Ize ho tedy interpretovat jako vérohodnost, jestlize
bychom pozorovali Gplna data.

® Lcomp/(e) = Laugm("Z% 9) p("vb ‘ 0)
= vérohodnost Uplnych dat.
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RozSifovani dat (data augmentation)

Principy

e Ktomu, aby p(0 | y) bylo marginalni hustotou odpovidajici sdruzené hus-
toté p(v, 0 |y) tedy staci specifikovat (rozsiteny) model zahrnujici nepo-
zorovana data ) tak, aby si odpovidaly jednotlivé vérohodnosti.

™ Pfirozené zajisténo v pfipadé hierarchickych modelt, kde rozsifena data
1 maji typicky pfesné danou roli v popisu pravdépodobnostniho mecha-
nizmu, o kterém predpokladame, Ze generuje pozorovanda data y.

Specifikace hierarchického modelu:
1. Laugm(%, 8) = p(y | v, 0): 1. hierarchick& uroven

(model pro pozorovana data za podminky nepozorovanych dat).
2. p(¢|6): 2. hierarchicka uroven (model pro nepozorovana data).
3. Lops(0) (marginalni model pro pozorovana data)

“dopocitava” se jako Lops(0) = /Laugm(w, 0) p(v | 0)dA().
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RozSifovani dat (data augmentation)

Shrnuti terminologie
Data, parametry
e Yy : pozorovana data;

e 0 : (frekventistické) parametry
o inference o nich je nasim primarnim cilem;

e 1) : nepozorovana (pouze nepfimo pozorovana) data, dodatecné parametry.

Vérohodnosti
o Lops(0) = p(y | 0) : vérohodnost pozorovanych dat;

o Laugm(v, 0) = p(y |, 0) : rozSifené vérohodnost pozorov. dat;
e p(v | 6): vérohodnost doplnénych dat;
° Lcompl(e) = P(lb, y | 0) = Laugm(¢7 9) p(¢ ‘ 0) :

vérohodnost Uplnych dat.

e Jednotlivé vérohodnosti potfeba specifikovat tak, aby
Los(68) = [ Laug(th, 6) P )dA®).

19 8. Bayesian data augmentation
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Pfiklad 1: Linearni smiSeny model

Model (proi=1,...,N)
e Y;|b; nezavislé s rozdélenim N, (X;3 + Z;b;, °ly,),

e b;i.id. s rozdélenim Ny(p, D).

Parametry

e 6= (3", u", 02 vec(D)) "

Nepfimo pozorovatelna (doplnéna) data
o= (b/,... by,
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Pfiklad 1: Linearni smiSeny model

Vérohodnost pozorovanych dat

N
Lm@=HAMMWW%m¥WﬂMMMM
j—1 7/ RY

= Aq...éq{ﬁ@(Yi|X/ﬂ+Z/b/, o'2|n,)} {f!np(b,y, ]D))} dby - --

Rozsifena vérohodnost

N

Laugm(d’a 0) = H‘P(y/‘ | XiB + Zib;, Uzlni)'

i=1

Vérohodnost doplnénych dat

N
p(w16) = [[ ¢ (bi| . D).
i=1

dby.
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Priklad 2: Logisticka regrese s normalné rozdélenymi nahodnymi
efekty

Model (j=1,...,n;prokazdéi=1,...,N)
e Y| b nezavislé s rozdélenim A(7;), kde m; =

e b i.i.d. s rozdélenim N (y, d?).

_ev
14ebi?
Parametry

e 0= (u, dZ)T.

Nepfimo pozorovatelna (doplnéna) data
o= (b,...,by) .
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Priklad 2: Logisticka regrese s normalné rozdélenymi nahodnymi
efekty

Vérohodnost pozorovanych dat

bl / 1}’1/
obs H/ 1T eb' . bl |/~L7 )dbi

1y,, N
/ /{ +;b, } {Hw(bflu, dz)} dby - - - dby.
i=1

Rozsifena vérohodnost

N /1y’/

Laugm 17[)3 H + eb’ n;*

i=1
Vérohodnost doplnénych dat

N
p(p|68) =[] e(bi| 1. ).

i=1
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Pfiklad 3: Normalni smésovy model (K > 1 skupin)

Model (i=1,...,N)
e Y,i.id. se smésovym rozdélenim s hustotou

K
p(y;10) = Z Wi (¥ | i, Zk)

k=1

Parametry
00 =W, puy, ..., b, 21, ..., Xk
W:(W17 RN WK)T,O<Wk<1,ZL(:1 wg =1

Nepfimo pozorovatelna (doplnéna) data
° ?77?
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Pfiklad 3: Normalni smésovy model

Vérohodnost pozorovanych dat

Laws(®) = TT{ 3 o0 e 0w

Rozsifena vérohodnost

augm w, 0) H ‘p(}/l | IJ'Z, )

Vérohodnost dopinénych dat

N N K
ot 1)~ T[we = T[T i

i=1 k=1
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Pfiklad 3: Normalni smésovy model

e TéZ nyni plati, ze

obs /Laugm d’a 1/’ ‘ O)d)‘( )

e ) je nyni soucinova &itaci mirana {1,.. ., K}N a tedy

/ Lagm(th, 0)p(t | 0)dA())

_ zK: ZNXK;{INI o(Vil 1, zz,)}{ﬁw}

i=1
Zi

K

- ﬂ{zw(ymz,, Z. . )

i=1 zi=1
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RozSifovani dat (data augmentation)

Poznamky
e Ani rozSifovani dat neni Uplné bez komplikaci

e ZvétSujeme (Casto pomérné vyrazné) dimenzi parametrického prostoru.

o Generujeme-li z aposteriorniho rozdéleni pomoci MCMC, miize byt pomérné
obtizné sestrojit markovsky fetézec s nizkou autokorelaci a rychle konverguijici
k limitnimu rozdéleni.

e Pii pouziti rozSifovani dat pracujeme primarné s aposteriornim
rozdélenim

p(t, 01Y) o< Laugm(vp, 0) p(2p | 6) p(0).

o Téz zde Ize apriorni rozdéleni p(0) specifikovat hierarchicky za pomoci ndhod-
nych hyperparametrt ¢ s apriorni hustotou p(¢).
o Fakticky potom pracujeme s aposteriornim rozdélenim

p(, 0, C|y) o< Laugm(tp, 0) p(zp | 0) p(6 | <) p(<)-
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RozSifovani dat (data augmentation)
Dalsi oblasti vyuziti

e Modely pro cenzorovana data:

o nejenom neinformativni, ale téz informativni cenzorovani.

e A mnohéjiné...

30 8. Bayesian data augmentation 4. Notes
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Bayesian model

Bayesian model
Data: Y,

Likelihood: p(y|0)=L(0), 6O CRP
Prior distribution:  p(8).

2 9. Bayesian model selection 1. Bayes factor



Integrated (marginal) likelihood

Definition 9.1 Integrated (marginal) likelihood.

Marginal density of Y following from the joint distribution of (Y, 0) is called the
integrated (marginal) likelihood, i.e.,

o) = [ ply. 0300 = [ pty|0) plo)do.
L(0)

Remarks
e Marginal likelihood is a likelihood of the model where the values of the
unknown parameters are averaged over their prior distribution.

e It is also the denominator from the Bayes theorem.
e Also reported as model evidence.

3 9. Bayesian model selection 1. Bayes factor



Model selection

e Interest in selecting a model from a set of candidate models My, ..., M.

e Model My, k=1,...,r:
Likelihood: pr(Y | 6x) = L(BK), 6k € Ok C RPx,
Prior distribution: Pr(6k),
Integrated likelihood:  pk(y) = / Pr(Y | 0k) pk(Ok)dO.
©

e Integrated likelihood pk(y) can also be intepreted as distribution of data
under validity of model My:

px(y) =p(yIMy), k=1,....r.

9. Bayesian model selection 1. Bayes factor



Model selection

e Let P(My),...,P(M,) be the prior probabilities of models My, ..., M:

r
0<PM) <1, k=1,....r Y P(My)=1.
k=1

o For example (but not necessarily): P(My) = 17 k=1,...,r.

e Model selection in Bayesian context can be based on posterior probabili-
ties of models My, ..., M;:

Py | My) P(My)
St (Y [ M) P(M)’
o Choose model with the maximal posterior probability.

P(Mk|y) = =1,...,r.

e “Small” complication: Integrated likelihood px(y) = p(y |Mx) must be
calculated for each model which requires calculation of (usually compli-
cated/intractable) integral.
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Bayes factor

Definition 9.2 Bayes factor.

Bayes factor of the two models My and M; is defined as the odds of the two
integrated likelihoods, i.e.,
~py M) pe(y)

BF(Me M) =Dy Iy = o)

Remarks
e Bayes factor measures the evidence for model My versus model M;.
e Posterior odds of model My versus model M;:

P(Mcly) _ p(y|Mg)P(Mk) P(Mx)
= = = BF(Mk, M)) ==~
PVTY) — pyIMyPy) o e M) By
N—_——
prior odds(My, M;)
e With the uniform prior distribution for the competing models:

posterior odds(Mk, M;) = BF(Mk, M;).
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Bayes factor

Jeffreys’ scale of evidence for Bayes factor

Bayes factor(M, M;) Interpretation
BF(Mk, M;) < 1 Negative support for M
1 < BF(Mg, M) <3 Barely worth mentioning evidence for My

3 < BF (Mg, Mj) <10 Substantial evidence for My
10 < BF(Mg, M;) <30  Strong evidence for My

30 < BF(Mg, M;) < 100 Very strong evidence for M
100 < BF(Mk, M) Decisive evidence for Mg

7 9. Bayesian model selection 1. Bayes factor



Bayes factor

Problems with Bayes factor

e The integrated likelihoods p«(y) which enter the Bayes factor are, in fact,
the means (expected values) of the likelihood (under model M) with re-
spect to the prior distribution (under model My).

e p«(y) is not well defined when the prior distribution px(6x) is improper.

e Bayes factor is numerically unstable when proper but diffuse (weakly in-
formative) prior distributions used.

e There exist numerous approaches that were suggested in the literature to
overcome above problems.

8 9. Bayesian model selection 1. Bayes factor



Bayes factor

Further reading
e Robert E. Kass, Adrian E. Raftery (1995). Bayes factors. Journal of the
American Statistical Association. 90(430), 773-795.

e Tomohiro Ando (2010). Bayesian Model Selection and Statistical Model-
ing. Boca Raton: Chapman & Hall/CRC. ISBN 978-1-4398-3614-9.
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Bayesian model

Bayesian model
Data: Y,

Likelihood: p(y|0)=L(0), 6O CRP
Prior distribution:  p(8).

11 9. Bayesian model selection 2. Posterior predictive distribution



Posterior predictive distribution

e Let Y o, be the random vector generated according to the same proba-
bilistic mechanism as the data random vector Y.

e In a Bayesian setting, it will always be assumed that Y and Y e, are
(conditionally) independent given 6.

e Yo = new (replicated) data.

Definition 9.3 Posterior predictive distribution.

Posterior distribution of the random vector Y pew, i.€., P(¥rew | V), is called the
posterior predictive distribution.

We have
W e | V) = /e PV o 0] ¥)d6 = /e DY e | 6. Y)P(8] )00

— [ 2Wnou 16)P(6] y)ce.
O N—rn—
Lnew(e)
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Posterior predictive distribution versus integrated likelihood

Integrated likelihood
p(y) = [ Lo)p(0)d0
= Distribution of data when the unknown parameters are averaged

over their prior distribution.

m Evidence of the model before unknown parameters being esti-
mated.

Posterior predictive distribution
PV |¥) = [ Loeu(0) p(6] y) 0

= Distribution of (new) data when the unknown parameters are aver-
aged over their posterior distribution.

m Evidence of the model after using the data Y for inference on un-
known 6.
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Kullback-Leibler distance and deviance of the model

Scetch of a theory will follow now which explains why the
likelihood (or some of its derivatives) of the model can be
considered as evidence of that model.
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Kullback-Leibler distance

Definition 9.4 Kullback-Leibler distance.

Let Q; and Q. be two distributions with densities g; and g (with respect to
some o-finite measure). The Kullback-Leibler distance (divergence) of Q- from

Q) is defined as
ny - Jawelggle |

e We have: KL(Qz, Q1) = Eq, log{q1(Y)} — Eq, log{g(Y)}.
e Can also be shown: KL(Q, Q) >0
KL(Q., Q) = 0.

KL(QQ, Q1) =Eq, lo {
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Kullback-Leibler distance

In context of statistical modelling
e Let Q (with a density q) be the true (unknown) distribution of data Y.

e L(0) = p(-|0): likelihood (model) for data (which possibly depends on
a parameter vector 0).

Then

KL(L(B), Q) = Eqlog{q(Y)} —Eqlog{p(Y|6)}.

const for all models

e Up to an additive constant, the term —Eqlog{p(Y |8)} is the Kullback-
Leibler distance of the used model from the truth.
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Deviance of a model

Definition 9.5 Deviance of a model.

For given model with the likelihood L(0) = p(y | ), a quantity

D(6; y) = —2 log{p(y|8)} = —2 log{L(6) }

is called the deviance of the model.

Remarks
e If Q is the true (unknown) distribution of data Y, we have

2KL(L(6), Q) =Eq{D(6; Y)} + const.

e Factor 2 in the definition of the deviance is used to get direct link to the
statistic of the likelihood-ratio test.

® Deviance: suitable measure of the model quality (small deviance = better
model).
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Deviance of a model

Typically
Data: Y=(v{,....v)),

Model (likelihood): L(8) = p(y|8) = Hp, yi16) =[] L),
i=1

Y., ..., Y, (conditionally) independent glven 6.

Deviance

D(6; y) = -2 Iog{pr(y,- | 0)} = -2 log{pi(y;10)}
i=1

i=1

- Zn: [_2 log{ pi(y; | 9)}} :

Di(6; y))
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Measures of predictive ability of the model

Our aim will now be to specify some criteria to evalu-
ate/measure the ability of the model to make accurate pre-
dictions of new (replicated) data.

Those criteria can then be used for model selection.
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Predictive validation

Statistical model .
(Observed) data: Y=(Y{,....Y)) .
(New, not yet observed) data:  Ynew = (Y pon1+---» Yo

new n) :

Y and Y ., generated by the same probabilistic mechanism.

n
Model (likelihood):  L(0) = p(-|0) = [ [ pi(-16).
Yi,.... Y0 Ynew, ., Ynewn (conditionally) independent given 6,

p(y|6) = Hp, (yi10).

P(Y new [0, ¥) = P(V new | 0) = Hpi(ynew./ 1 6).

i=1
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Predictive validation

Bayesian inference
Prior distribution: p(0)

b |ntegrated likelihood: p(y) = / p(y|0)p(6)deo
©

Evidence of the model before unknown parameters being esti-
mated.

Inference on unknown 6 based on the posterior distribution:
_ ply0)p(6)
p(y)
b Posterior predictive distribution: p(¥ e, | ¥) = / P(Vrew | 0)p(0|y)do
©

Evidence of the model after the observed data Y = y used to
infer on unknown parameters 6.

p(@1y)
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Posterior predictive deviance
Posterior predictive distribution:

DY o | V) = /@ PV e | 0)0(0] y) A6 = /e [ToVsan 100000 1) 0.

Definition 9.6 Posterior predictive deviance.

Quantity

bpred = IEp(0 ly) D(e; .Vnew) = /@ [_2 |0g{p(}’new ‘ 0)}} p(0|y)de
D(O: ¥ new)

will be called the posterior predictive deviance.

b Suitable measure of prediction error (loss of prediction) when predict-
ing Ynew = ¥ qew USINg a (Bayesian) model estimated usingdata Y = y.
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Posterior predictive deviance

Posterior predictive deviance
We have

n
bpred = IE:p(¢9 | y)D(e; ynew) = IEp(@ |y) {Z Di(e; ynew,i)}
i=1

= Z IE,'.7(0 ly) Di(o; ynew,i) = Z/@ [_2 IOg{pi(ynew,i | 0)}} p(0]y)de.
i—1 — i—1

Dpred,i D,‘(O, ynew,/')

e To calculate 5p,ed in practice (to be able to use it for model selection), we
need the value of “new” data Y pew.
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Posterior predictive deviance and cross-validation

Posterior predictive deviance

n n
5,ored = prred,i = ZEp(G | y)Di(Oa ynew,i)'

i=1 i=1

= Values of new data Y jen = ¥, Needed.
- Measure of the loss of prediction.

e Use cross-validation to estimate a value of each Dpjeq,j, i = 1,..., 1

—= —cv
Dpreci ~ Doyegi = Epio 1y DI, ¥,) = /e D0, y,)p(8 |y ) d6.
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Cross-validated posterior predictive deviance

Definition 9.7 Cross-validated posterior predictive deviance.

Quantity

predfz]E 01y_ )D(O yi)

i=1

cV
pred,i

D
= ,Zn;/e [—2 Iog{p/(y;|9)}} p(@|y_;)dé

Di(0, y;)

will be called the cross-validated posterior predictive deviance.

- \With MCMC based Bayesian inference, (relatively) easily estimable
if we have time to run the MCMC n-times (always with one obser-
vation left out).
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Posterior expected deviance

Definition 9.8 Posterior expected deviance.

Quantity

D= Epa1y D(0: y)= [ [-2102{py0)}] p(6]y)d0

D(6; y)
will be called the posterior expected deviance.

We have

n
D =Epe|y)D(0; y) = 9|y)ZDi(9§ v
i—1

*Z]E @1y Di(6; y;) = Z/ 2'°g{P:y,|9}} (6]y)do

D’ (0 yl)
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Cross-validation and posterior expected deviance

Posterior expected deviance

n n
D= Z D; = Z]Ep(g | y)D,-(O, y,)
i=1 i=1

= Only the observed data Y = y needed.
- With MCMC based Bayesian inference, (relatively) easily es-
timable.

mp Underestimates the cross-validated posterior predictive de-
viance which is

n
pred - Z Dpred: ZEp(B | yf,.)Di(ey yi)'

i=1
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Cross-validation and posterior expected deviance

Theorem 9.1

Foralli=1,...,n

—_cv _
Dpred,/' —D;

%
o

Reminder

—CV
Dprea,i = Epoy_)Di(0, ¥i) = —2Ep@ |y ) log pi(y;l0),

5,- = Ep(@ | y)D,‘(o, y,) =-2 IE/:)(G ly) IOg pi(yi | 0)
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Cross-validation and posterior expected deviance

KLy = KL(p(0|y). p(O]y-)

= [Pty eel (;yy))}do

- p(y_;16)p(8) p(y)
= [ pe1y-) '°g{ p(y10)p(0) py_) } a0

= [, pe1y-) '°g{ B9 HT) } %

= /e p(81y_;) log{pi(y;|0)}do + log{ P(Y)' }

pﬂ()i'y),-) }

]
= 5 Epo1y_) Di(6, y;) + 'Og{

2P sy )
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Cross-validation and posterior expected deviance

KLz :=KL(p(0]y ). p(0|Y))

= [ pe1y) '°g{p(e||yy))}d"

/P9|.V Ic)g{/ﬁ)(yl 6) p(6) f(y ,)}d0

(y_;10)p(8) p(y)
P:(.V,| )p(y ’)
- [ pe1y) Ig{()}do
) i = 1oe] PY)
_ /@ p(6y) log{pi(y;|6)} do 'g{p(y,-)}

1
=~ 5 Epo1y) Di0. yi) — Iog{ ,O(y)' }

-0 o oy
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Cross-validation and posterior expected deviance

That is,
—CcV —
Dpreqi — Di =2 (KL1 + KL2) > 0.
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Expected optimism

Definition 9.9 Expected optimism.

Quantity

—_CcV —
Popt,i = IE:(Dpred.,i —D;

Y_,-), i=1,....n
will be called the expected optimism when the loss of prediction of the ith
observation is evaluated by D; (ith contribution to the posterior expected

deviance) rather than by b;%d,i (th cross-validated posterior predictive de-
viance).

y
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Penalized expected deviance

Definition 9.10 Penalized expected deviance (PED).

Quantity

n n n
PED = ZE,- + Zpopt,i: Z (5:' + Popt,i)
i—1 =1 Y

=" PED
D Popt

will be called the penalized expected deviance (PED).

Quantity
n
popt - Z popt,i
i=1

will be called the overall optimism, quantity
PEDi:bi‘i‘popt’j, /':17...,n7

will be called contribution of the ith observation to the penalized expected de-
viance.

y
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Penalized expected deviance and cross-validated posterior
predictive deviance

Theorem 9.2 Penalized expected deviance and cross-validated pos-
terior predictive deviance.

The following holds foreachi=1,...,n

E(PED;|Y_)) = E(ﬁg,‘;d},

Y,,).

b \With respect to cross-validation
n
PED = ) ~PED,

i=1
is equivalent to

pred - Z D pred i
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Penalized expected deviance and cross-validated posterior
predictive deviance

Proof.

E(PED;| Y_,) E{D,- +E(D5k; D,

Y.) ’ Y,}

Popt,i

E(D)|¥-)+ E(Dprea,

Y,,).

Y,,-) . ]E(E,-

)

—CV
= IE(Dpred,i
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Practical use of PED

e The last complication when using the PED for model comparison: calcu-
lation of the expected optimisms:

—CV —
Popt,i = IE(Dpred,i —Di

Y,,-), i=1,....n

e With MCMC based Bayesian inference, all expected optimisms pop.i, i =
1,...,n, can be estimated using two parallel Markov chains (with p(0 | y)
as their limit distribution).
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Deviance information criterion

e For some classes of models, e.g., when p;(y;|0),i=1,...,n, belongs to
exponential family, the overall optimism can be estimated as

n
Popt = Zpopt,i ~pp=D-— D<0(y)? .V)a
i=1
where 8(y) = Epo|y)0 (posterior mean of 6).

e Terminology: D(@(y); y): plug-in deviance;
Pp: effective number of parameters
(measure of model complexity).

e “Small” inconvenience: the value of both the plug-in deviance and the
effective number of parameters depends on the parameterization of the
model.

e PED with pp used in place of pgp:
' Deviance information criterion (DIC).
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Deviance information criterion

Deviance information criterion (DIC)

e DIC = approximation to 55,‘20, which was defined to evaluate the loss of
prediction.

e Model with lower DIC is better.

e DIC is nowadays somehow overused/misused (even in situations when it
is not justifiable)!
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Deviance based model comparison

Further reading

e David J. Spiegelhalter, Nicola G. Best, Bradley P. Carlin, Angelika Van
Der Linde (2002). Bayesian measures of model complexity and fit (with
Discussion). Journal of the Royal Statistical Society, Series B, 64(4), 583—
639.

e Martyn Plummer (2008). Penalized loss functions for Bayesian model
comparison. Biostatistics, 9(3), 523-539.

e David J. Spiegelhalter, Nicola G. Best, Bradley P. Carlin, Angelika Van Der
Linde (2014). The deviance information criterion: 12 years on. Journal of
the Royal Statistical Society, Series B, 76(3), 485—493.
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