Cviceni ¢. 4, od 6.5.2024:

Datovy soubor Cars2004.RData (k pfimému nacteni do R) obsahuje idaje o automobi-
lech dostupnych v roce 2004 na trhu v USA. V dalsim se budeme zabyvat problémem vy-
hodnoceni zdvislosti prodejni ceny (price.retail) na nasledujicich charakteristikdch jednot-
livych aut: spotfeba ve mésté (cons.city), spotieba na dalnici (cons.highway), objem motoru
(engine.size), konskd sila (horsepower), hmotnost (weight), obvod kola (wheel.base), délka
(length), sfika (width), pocet vélct (ncylinder). Ze souboru piedem vyradte vozy s hyb-
ridnim, respektive rota¢nim motorem (fhybrid roven "Yes", respektive ncylinder roven —1).
Vysledna data by méla obsahovat tidaje o n = 423 vozech.

Jako Y; oznacme prodejni cenu itého vozu v 1000 USD (tj. price.retail vydélené 1000),
jako X; = (X1, .. ,Xz-,p)T (p =9) vyse zminéné charakteristiky. Uvazujte nasledujici (hierar-
chicky) model:

X; ~ Np(p, ), i=1,...,n,
}/Z|X7,NN(60+X:1670-2)7 t=1,...,n,

(Y;, XZT)T nezavislé pro¢ = 1, ..., n. Primarnim parametrum tedy odpovidaji: 8y, 3 = (51, . ,Bp)T,
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Jako apriorni rozdéleni uvazte rozdéleni zalozené na nasledujicim rozkladu (apriorni nezavislost):

p(Bo, B, 0%, 1, ) = p(Bo) p(B) p(c?) p(p) p(X),

kde (ndhodny hyperparametr A je uveden explicitné v podmince):

Bo ~ N (80, 100%),

B | A~ NP(Ov A Ip)a
A~ G(1, 0.005).

Hcons.city ™~ N(lO, 102), Hcons.highway ™~ N(lO, 102)7 Hengine.size ™ N(S, 102),
Hhorsepower ™ N(2007 1 0002)7 Hueight ™~ N(l 5007 1 0002)7 Hwheel .base ™~ N(2507 1002)7

[1engen ~ N (500, 100%),  figigen ~ N(10, 100%),  fincy1indger ~ N (5, 10%),

=1~ W,(9, diag(0.001, . ..,0.001)).
Pro rezidudlni rozptyl (¢i jeho piimou transformaci) uvazte postupné dvé mozné apriorni volby:
(i) 072 ~ G(1, 0.005) (klasické gama rozdéleni pro inverzni rozptyl);
(ii) o ~U(0.1, 100) (rovnomérné rozdéleni pro smérodatnou odchylku).

Pro kazdou z apriornich voleb proved’te nasledujici kroky (pokud feseni nékterého z kroku
nezavisi na volbé apriorniho rozdéleni pro parametr o2, staci ho uvést jednou...).

1. Nakreslete (stac¢i rukou na papir) orientovany acyklicky graf (DAG) popisujici uvazovany
model véetné apriorniho rozdéleni.



2. Odvod'te (sta¢i rukou na papir) plné podminénou hustotu (staci tvar hustoty zndmy az
na multiplikativni konstantu) pro vektorovy parametr 3 (regresni koeficienty kromé ab-
solutniho ¢lenu), kterd by byla pouzita v ramci Gibbsova algoritmu, jestlize by vektor
regresnich koeficientii 3 byl generovan najednou v ramci jednoho z kroku Gibbsova al-
goritmu. Je potieba provadét dvé ruznd odvozeni pii ruznych apriornich rozdélenich pro
rezidudlni rozptyl o2?

Na zakladé odvozeného podiskutujte o roli parametru A v uvazovaném modelu.

3. Implementujte vyse uvedeny model v JAGSu a vygenerujte dva markovské fetézce (pro
kazdou z voleb apriorniho rozdélenf parametru o?), jejichz limitnim rozdélenim bude apo-
steriorni rozdéleni pro uvazovany model.

4. Nakreslete trajektorie (traceplots) pro parametry [y, B, o, p a dile pro parametr A
a pro devianci modelu (kreslete oba fetézce do jednoho obrazku dvéma ruznymi barvami).
Nakreslete odhady autokorelacnich funkei pro regresni koeficienty Sy a 3 (pro alespon
jeden z vygenerovanych Fetézct).

Posud'te, zda lze piedpokladat pouZitelnost markovského Fetézce pro aposteriorni infe-
renci.

5. Pro parametry gy, vSechny slozky vektoru 3, parametr o a parametr A spoctéte zakladni
charakteristiky aposteriorniho rozdéleni, 95% HPD vérohodnostni intervaly a nakreslete
odhady aposteriornich hustot. Ciselné hodnoty uved'te ve formé vhodné tabulky, ze které
bude mozné snadno porovnat vysledky pii dvou apriornich volbach pro parametr o2.
Taktéz aposteriorni hustoty kreslete tak, aby bylo mozné snadno porovnavat vysledky

ziskané pfi ruznych apriornich volbach.

Které charakteristiky auta ovliviiuji statisticky vyznamné prodejni cenu auta, po ocisténi
od mozného vlivu zbyvajicich charakteristik?

6. Pro slozky vektoru B uved'te klasické 95% intervaly spolehlivosti zaloZené na odhadu
normalniho linedrniho modelu metodou nejmensich ¢tvercu. Lisi se vyrazné Sitky nékte-
rych/vsech téchto intervalu od sitek HPD vérohodnostnich intervali? Jste schopni nalézt
vysvétleni moznych odlisnosti? Lisi se néjak téz zavéry tykajici se statistické vyznamnosti
vlivu jednotlivych charakteristik auta na prodejni cenu?

7. Spoctéte bayesovsky bodovy i intervalovy (95%) odhad korela¢niho koeficientu mezi spo-
tfebou ve mésté a na dalnici, resp. mezi obvodem kola a délkou auta. Nakreslete odhady
aposteriornich hustot pro oba tyto korela¢ni koeficienty. Aposteriorni hustoty opét kreslete
tak, aby bylo mozné snadno porovnavat vysledky ziskané pii ruznych apriornich volbéch.

8. Pomoci metody Monte Carlo nakreslete margindlni, tj. po vyintegrovani charakteristik
auta reprezentovanych nahodnym vektorem X, prediktivni hustotu prodejni ceny auta
(reprezentované ndhodnou veli¢inou Y'). Spoctéte téz souvisejici 95% HPD vérohodnostni
interval (v tomto kontextu se jednd o analogii predikéniho intervalu). Na zdkladé posou-
zeni prediktivni hustoty komentujte, zda uvazovany model netrpi néjakymi (zjevnymi)
nedostatky.

Deadline pro odevzdani vypracovaného tkolu (e-mailem na komarek [AT]karlin.mff...) je
pondéli 20.5. v 08:05 CEST.



Exercise #4, since 06/05/2024:

The data file Cars2004.RData (to be read directly in R) contains data on cars availa-
ble in the U.S. market in 2004. In the following, we will address the problem of evaluating
the dependence of the retail price (price.retail) on the following characteristics of indivi-
dual cars: city consumption (cons.city), highway consumption (cons. highway), engine size
(engine.size), horsepower (horsepower), weight (weight), wheel circumference (wheel.base),
length (length), width (width), number of cylinders (ncylinder). Before starting the analy-
zis, exclude cars with a hybrid or rotary engine from the dataset (fhybrid equals "Yes" or
ncylinder equals —1). The resulting data should contain data on n = 423 cars.

Let Y; be the retail price of the ith car in 1000 USD (that is, price.retail divided by

1000). Let X; = (Xi,l, . Xm,)—r (p = 9) be the above characteristics. Consider the following
(hierarchical) model:

XiNNp(u,Z), i:1,...,n,
Vi|X; ~N(Bo+X/B, 0%, i=1,...,n,

(Yi, XZT)—r independent for ¢ = 1,...,n. Hence the primary parameters: 8y, B = (Bl, e ,ﬁp)T,

2 T
o, = (/1’17“'7/1’]9) 72'
As a prior distribution, consider the distribution based on the following decomposition (prior
independence):

p(Bo, B. o°, m, =) = p(Bo) p(B) p(0”) p(k) p(X),

where (the random hyperparameter A is explicitely mentioned in the condition):

Bo ~ N (80, 100%),

BN~ N, (0, \711,),
A~ G(1, 0.005).

Hcons.city ™~ N(lO, 102), Hcons.highway ™~ N(lO, 102)7 Hengine.size "™ N(B, 102),
[horsepower ~ N'(200, 1000%),  pyeigne ~ N(1500, 1000%),  funee1.base ~ N (250, 100%),

[1engen ~ N(500, 100%),  figigen ~ N(10, 100%),  fincy1inder ~ N (5, 10%),

=1~ W,(9, diag(0.001,...,0.001)).

For the residual variance (or its direct transformation), consider consecutively two possible prior
choices:

(i) 072 ~ G(1, 0.005) (classical gamma distribution for the inverted variance);
(ii) o ~U(0.1, 100) (uniform distribution for the standard deviation).

For each of the the prior choices, perform the following steps (if the solution to any of the
steps does not depend on the choice of the prior distribution for the parameter o2, do that just
once...).

1. Draw (just by hand) a Directed Acyclic Graph (DAG) describing the model under consi-
deration.



2. Derive (just by hand on paper) the full conditional density (just the form of the density
known up to a multiplicative constant) for the vector 3 (regression coefficients except
the intercept term) that would be used in the Gibbs algorithm if the vector of regression
coefficients 3 were to be generated jointly within one step of the Gibbs algorithm. Is it
necessary to perform two different derivations with different prior distributions for the
residual variance of 02?7

Based on the derivation, discuss the role of the parameter A in the model under conside-
ration.

3. Implement the above model in JAGS and generate two Markov chains (for each of the
choices of the prior distribution of the parameter ¢?) whose limiting distribution is the
posterior distribution for the model under consideration.

4. Draw trajectories (traceplots) for the parameters 3y, 3, o, p and also for the parameter
A and for the deviance of the model (draw both chains in one plot with two different colors).
Draw estimates of the autocorrelation functions for the regression coefficients 8y and 8
(for at least one of the generated chains).

Assess whether it can be assume that generated chains are applicable for the posterior
inference.

5. For parameter Sy, all components of the vector 3, the parameter o, and the parameter A,
compute the basic characteristics of the posterior distribution, 95% HPD credible intervals,
and plot the estimates of the posterior densities. Report the numerical values in a form
of a suitable table from which the results for the two prior choices for the o2 parameter
can be easily compared. Also, draw the aposterior densities in such a way that the results
obtained at different prior choices can be easily compared.

Which car characteristics have a statistically significant effect on the retail price of a car,
after adjusting for the possible effect of the remaining characteristics?

6. For elements of the vector 3, provide classical 95% confidence intervals based on the least
squares estimation in the normal linear model. Do the widths of any/all of these intervals
differ significantly from the widths of the HPD confidence intervals? Are you able to
find explanations for the possible differences? Do the conclusions regarding the statistical
significance of the effect of individual car characteristics on the retail price also differ in
any way?

7. Calculate the Bayesian point as well as interval (95%) estimate of the correlation coefficient
between city and highway speeds, or between wheel circumference and car length. Plot
the estimates of the posterior densities for both of these correlation coefficients. Again,
plot the posterior densities in such a way that it is easy to compare the results obtained
with different prior choices.

8. Use the Monte Carlo method and plot the marginal, i.e., after integrating out the charac-
teristics of the car represented by the random vector X, predictive density of the retail
price of the car (represented by the random variable Y'). Also calculate the associated
95% HPD credible interval (in this context, it is an analogy of the prediction interval).
Based on the assessment of the predictive density, comment on whether the model under
consideration suffers from any (obvious) deficiencies (or not).

Deadline to deliver the report (e-mail to komarek [AT]karlin.mff...): Monday 20 May at
08:05 CEST.



