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The practical use of the contamination technique in stress testing for risk measures Value at
Risk (VaR) and Conditional Value at Risk (CVaR) and for optimization problems with these
risk criteria is discussed. Whereas for CVaR its application is straightforward, the presence of
the simple chance constraint in the definition of VaR requires that various distributional and
structural properties are fulfilled, namely for the unperturbed problem. These requirements
rule out direct applications of the contamination technique in the case of discrete distribu-
tions, which includes the empirical VaR. On the other hand, in the case of a normal distribu-
tion and parametric VaR, one may exploit stability results valid for quadratic programs.
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1. Stress testing and contamination

Stress testing is a term used in financial practice without
any generally accepted definition. It appears in the
context of quantification of losses or risks that may
appear under special, mostly extremal circumstances
(Kupiec 2002). Such circumstances are described by cer-
tain scenarios which may come from historical experience
(a crisis observed in the past)—historical stress test, or
may be judged to be possible in the future given
changes of macroeconomic, socioeconomic or political
factors—prospective stress test, etc. The performance of
the obtained optimal decision is then evaluated along
these, possibly dynamic, scenarios or the model is solved
with an alternative input. Stress testing approaches differ
among institutions and also due to the nature of the tested
problem and the way in which the stress scenarios have
been selected. In this paper, we focus on the stress testing
of two risk measures, VaR and CVaR, giving the ‘test’ a
more precise meaning. This is made possible by the
exploitation of parametric sensitivity results and the
contamination technique.

The contamination approach was initiated in mathema-
tical statistics as one of the tools for the analysis of the
robustness of estimators with respect to deviations from
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the assumed probability distribution and/or its param-
eters. It goes back to von Mises and the concepts are
briefly described, for example, in Serfling (1980).
In stochastic programming, it was developed in a series
of papers; see, for example, Dupacova (1986, 1996) for
results applicable to two-stage stochastic linear programs.
For application of contamination bounds, it is important
that the stochastic program is reformulated as

min F(x, P):= /Q f(x, 0)P(dw), (1)

with X independent of P.

Via contamination, robustness analysis with respect to
changes in the probability distribution P is reduced to a
much simpler analysis with respect to scalar parameter A.
Assume that (1) is solved for probability distribution P.
Denote ¢(P) the optimal value and X*(P) the set of optimal
solutions. The possible changes in the probability distribu-
tion P are modeled using contaminated distributions P;,

P,:=(1-2)P+210, x1el0,1], (2)
with Q another fixed probability distribution. Limiting
the analysis to a selected direction Q — P only, the results
are directly applicable, but they are less general than
quantitative stability results with respect to arbitrary

(but small) changes in P, summarized, for example, in
Romisch (2003).
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2 J. Dupacova and J. Pollvka

The objective function in (1) is linear in P, hence
A )= [ fixi@)Pi(de) = (1 = D P) + AF(x.0)
Q

is linear in A. Suppose that stochastic program (1) has an
optimal solution for all considered distributions P,
0<A<1, of the form (2). Then the optimal value
function

@(}):= min F(x, 1)
xeX

is concave on [0, 1], which implies its continuity and the
existence of directional derivatives on (0, 1). Continuity at
the point A = 0 is a property related to the stability results
for the stochastic program in question. In general, one
needs a non-empty, bounded set of optimal solutions
X*(P) of the initial stochastic program (1). This assump-
tion, together with the stationarity of derivatives
dF(x,A)/dr = F(x, Q) — F(x, P), is used to derive the
form of the directional derivative,

#(0%) = min F(x.0) ~¢(0) 3

which enters the upper bound for the optimal value func-
tion @(A):

9(0) + 2¢/(07) = ¢(3) = (1 = 1)g(0) + 2(1),
»elo,1]; )

for details, see Dupacova (1986, 1996) and references
therein.

If x*(P) is the unique optimal solution of (1),
¢'(07) = F(x*(P), Q) — ¢(0), i.e. the local change in the
optimal value function caused by a small change in P in
direction QQ — P is the same as that of the objective function
at x*(P). If there are multiple optimal solutions, each of
them leads to an upper bound ¢/(0") < F(x(P), Q) — ¢(0),
x(P) € X*(P). Contamination bounds can then be
written as

(1 =2 @ (P)+ AF(x(P), Q) > ¢ (P;)
> (1 =2eP)+2rp(Q0), (5

valid for an arbitrary optimal solution x(P) € X*(P) and
for all & € [0, 1].

Contamination bounds (4) and (5) help to quantify the
change in the optimal value due to the considered pertur-
bations of (1). They exploit the optimal value ¢(Q) of the
problem solved under the alternative probability distribu-
tion Q and the expected performance F(x(P), Q) of the
optimal solution x(P) obtained for the original probabil-
ity distribution P in situations where Q applies. Note that
both of these values appear under the heading of stress
testing methods.

The contaminated probability distribution P, may also
be understood as a result of contaminating Q by P.
Provided that the set of optimal solutions x(Q) of the
problem min, .y F(x, Q) is non-empty and bounded, an
alternative upper bound may be constructed in a similar

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof

way. Together with the original upper bound from (5),
one may use a tighter upper bound

min { (1 = )@(P) + LF(x(P), 0), :¢(0)
+(1 = MAXQ). P)}. (©)

for p(1).

The contamination bounds are global, valid for all
A €[0,1]. They are suitable for post-optimality analysis,
out-of-sample analysis and stress testing in various
disparate situations. For example, the choice of a degen-
erated distribution Q = §,+, may correspond to an addi-
tional stress or out-of-sample scenario w* or to increasing
probability of an already considered scenario o".
Contamination bounds (4), (5) and (6) then provide
information concerning the influence of including an
additional scenario on the optimal results, etc. For
stability studies with respect to small changes in the
underlying probability distribution P, small values of
the contamination parameter A are typical. The choice
of A may reflect the degree of confidence in the expert’s
opinion, represented as the contaminating probability
distribution Q, or the wish to obtain equiprobable
scenarios, atoms of the contaminated distribution P,,
and so on.

Contamination bounds were applied, inter alia, in
Dupacova et al. (1998) for post-optimality analysis for
multi-period two-stage bond portfolio management pro-
blems with respect to additional scenarios. In the present
paper they will be exploited for the stress testing of var-
ious optimization problems related to risk measures
CVaR and VaR. There are results on the stability of
optimal solutions of contaminated stochastic programs
and also results for the case where the set X depends on
P. They are not ready for direct application, but possibi-
lities will be explained in the context of VaR.

Section 2 includes definitions of CVaR and VaR and
the basic formulae from Rockafellar and Uryasev (2001),
which open up the possibility of applying the contamina-
tion technique to the stress testing of these risk measures
with respect to changes in the probability distribution.
Section 3 is devoted to the stress testing of CVaR and
of its optimal value. The results are illustrated numeri-
cally. Finally, the problems encountered in the exploita-
tion of the contamination technique to CVaR-mean
return efficient solutions are explained.

Stress testing for VaR is substantially more
complicated. This can be attributed to the fact that VaR
is one of the optimal solutions of an auxiliary
optimization problem and that its definition involves a
probability constraint. Applicable contamination results
can then be obtained only under additional assumptions
concerning the probability distribution P. In section 4 we
present stress testing for parametric VaR with respect to
changes in the covariance matrix and with respect to
an additional scenario. The section is concluded by an
illustrative result dealing with contamination of the
non-parametric VaR.
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Stress testing for VaR and CVaR 3

2. Basic formulae

Let X C R" be a non-empty, closed set of feasible
decisions x, and w € @ C R" be a random vector with
probability measure P on  which does not depend on
x. Denote further

e g(x,w) the random loss defined on X x €,

o G(x,P;v):=P{w: g(x,w) < v} the distribution func-
tion of the loss associated with a fixed decision
x € X, and

e « € (0, 1) the selected confidence level.

Value at Risk (VaR) was introduced and recommended
as a generally applicable risk measure to quantify, moni-
tor and limit financial risks, to identify losses that occur
with an acceptably small probability. There exist several
slightly different formal definitions of VaR that coincide
for continuous probability distributions. Here, we shall
also deal with VaR for discrete distributions and
we shall use the definition from Rockafellar and
Uryasev (2001).

The Value at Risk at confidence level « is defined as

VaR,(z, P) = min{v € R: G(z, P;v) > o}, (7)
and the ‘upper’ Value at Risk is
VaR} (z, P) = inf{v € R: G(z, P;v) > a}.

Hence, a random loss greater than VaR, occurs with
probability equal to (or less than) 1 — « . This interpreta-
tion is well understood in financial practice.

However, VaR, does not quantify the loss, it is a
qualitative risk measure, and, in general, it lacks the
subadditivity property. (An exception is the elliptic dis-
tributions G (Embrechts er al. 2002), of which the
normal distribution is a special case.) Various specific
features and weak points of the recommended
VaR methodology are summarized and discussed, for
example, in Dempster (2002) and in chapter 10 of
Rachev Mittnik (2000). To solve these problems, new
risk measures have been introduced; see, for example,
Acerbi and Tasche (2002). We shall exploit the results
of Rockafellar and Uryasev (2001) to discuss one of
them, the Conditional Value at Risk, which may
be linked to integrated chance
constraints (Klein Haneweld 1986), to constraints
involving conditional expectations (Prékopa 1973) and
to the absolute Lorenz curve at point o (Ogryczak
and Ruszczunski 2002).

According to Rockafellar and Uryasev (2001), CVaR,,
the Conditional Value at Risk at confidence level «, is
defined as the mean of the w-tail distribution of g(x, w),
which, in turn, is defined as

Gy (x,P;v) =0, forv< VaR,(x,P),

G(x,P;v) —«

G, (x, P;v) = 1 ,
—

for v > VaR,(x,P). (8)
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We shall assume below that g(x, w) is a continuous func-
tion of x for all w € Q and Ep|g(x, w)| < 0o, Vx € X. For
v € R, define

®,(x,v,P):=v+ ﬁEP(g(x, w) — )" 9)

The fundamental minimization formula of Rockafellar
and Uryasev (2001) helps to evaluate CVaR for general
loss distributions and to analyse its stability, including
stress testing.

Theorem 2.1 (Rockafellar and Uryaev 2001): As a
function of v, D (x,v,P) is finite and convex (hence
continuous) with

min, ®,(x, v, P) = CVaR,(x, P), (10)

and

arg min,,(x,v,P) = [VaR,(x,P), VaR,; (x, )L, (11)

a non-empty compact interval (possibly one point only).

The auxiliary function ®,(x, v, P) is evidently linear in
P and convex in v. Moreover, if g(x,w) is a convex func-
tion of x, ®,(x, v, P) is convex jointly in (v, x). In addition,
CVaR,(x, P) is continuous with respect to o (Rockafellar
and Uryasev 2001).

If Pis a discrete probability distribution concentrated on
o', .., &% with probabilities p, > 0,s=1,...,S,and x a
fixed element of &, then the optimization problem (10)
has the form

mvin{v+1ia252175(g(xa w') — V)+}, (12)

and can be further rewritten as

There are various papers that discuss the properties of
VaR and CVaR and the relations between them; see,
for example, Dempster (2002) and Pflug (2001). We
shall focus on contamination-based stress testing for
these two risk measures.

3. Stress testing for CVaR

For a fixed vector x we now consider a stress test of
CVaR,(x, P), i.e. of the optimal value of (10). Let Q be
the stress probability distribution. We apply the contam-
ination technique and proceed as explained in
section 1. According to theorem 2.1, ®,(x,v, P) is the
corresponding objective function whose minimum equals
CVaR,(x, P). Evidently, the contaminated objective func-
tion

D, (x, v, A) =Dy (x, v, Py)

is linear in A and convex in v. Its optimal value
CVaR,(x, 1) := CVaR,(x, P,) is concave in A on [0, 1]
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4 J. Dupacova and J. Pollvka

and the set of optimal solutions (11) of the initial
problem (10) is bounded. Hence, the derivative of
CVaR,(x, 1), i.e. of the optimal value of the contaminated
problem (10), at A = 07" is

(%CVaRa(x, 0") = mvincba(x, v, Q) — CVaR,(x, P), (13)
with minimization carried over the set (11) of optimal
solutions of (10) formulated and solved for the probability
distribution P. An upper bound for the derivative is
obtained when minimization over (11) is replaced by the
evaluation of ®,(x,v, Q) at an arbitrary optimal solution
v¥(x, P) of (10), for example at v*(x, P) = VaR,(x, P).

The contamination bounds for CVaR,(x, 1) for a fixed

x follow from the concavity of CVaR,(x, 1) with respect
to A:

(1 — 2)CVaR,(x,0) + ACVaR,(x, 1)
< CVaR,(x, 1) < CVaR(x,0) + A d CVaR,(x,0")

da
= (1 —=2)CVaR,(x,0) + A min ®,(x, v, Q), (14)
v
for all 0 < A < 1. The combined upper bound (6) can be
constructed in a similar way.

3.1. Stress testing of the scenario-based form (12)
of CVaR

Consider first an application of the contamination
bounds to the stress testing of the scenario-based
form (12) of CVaR. Let P be a discrete probability
distribution concentrated on o', . .., «° with probabilities
P S=1,...,8, x a fixed element of X and Q a discrete
probability distribution carried by S stress or out-of-
sample scenarios o', s = S+ 1,...,S+ S, with probabil-
ities p,, s=S+1,...,S+S. Both CVaR,(x,P) and
CVaR,(x,0) can be obtained by solving the
corresponding linear programs (12). Denote by v*(x, P)
an optimal solution of (12) for fixed x € X and for
distribution P.

Bounds for CVaR, for the contaminated probability
distribution P, carried by the initial scenarios o,
s=1,...,8, with probabilities (1 —A)p,, s=1,...,S,
and by the stress scenarios o', s=S+1,...,S+S,
with probabilities Ap,, s=S+1,...,S+ S, have the
form

(1 — 2)CVaR,(x, P) + ACVaR(x, Q) < CVaR,(x, P;)
< (1 —A)CVaR,(x, P) + 1D, (x, v¥(x, P), Q)

= ®,(x,v"(x, P), P,), (15)
and are valid for all A € [0, 1]; compare with (13) and (14).

In the special case of a degenerate probability distribu-
tion Q carried only by one scenario ",
CVaR,(x, Q) = g(x,w") and

@06 (3, P),0) = v, P) 4 1 (g(0,07) — v, P

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof

The difference between the upper and lower bounds
in (14) is

)‘[q)vt(xs V*(X, P)a Q) - CvaRa(xv Q)]
— A[v*(x, P)+ ﬁ(g(x, o) = v (x, P))t — g(x, a)*):|.

In typical applications, the ‘stress test’ is reduced to
evaluating the performance of the already obtained
optimal solution along the new scenarios, i.e. the evalua-
tion of ®,(x,v*(x, P), Q), or obtaining the optimal value
such as CVaR,(x, Q) for Q carried by the stress scenarios.
Contamination bounds (15) exploit these criteria simulta-
neously to quantify the influence of the stress scenarios,
also taking into account the probability of their occur-
rence. As a result, they provide a genuine stress test.

3.2. Sensitivity properties of optimal solutions
To derive the sensitivity properties of the optimal solu-

tions of (10) for fixed x, assume that the optimal solution
of (10) is unique, v*(x, P); hence, it equals VaR,(x, P).

This also simplifies the form of the derivative
of CVaR,(x,A) in (13) to P,(x,VaR,(x,P),Q)—
CVaR,(x, P).

The general results concerning the properties of
optimal solutions for contaminated distributions (see,
for example, Dupacova (1986, 1987) and Shapiro
(1990)) require additional properties concerning the
smoothness of the objective function (9) in (10). To this
end we assume that the probability distribution function
G(x, P;v) is continuous, with a positive, continuous
density p(x, P;v) on a neighbourhood of the unique
optimal solution v*(x, P) = VaR(x, P) of (10).

For fixed x € X we denote n:=g(x, ), v:=v*(x, P) and
use definition (9) of ®,(x,v, P). Except for v =rn, the
derivative (d/dv)(n — v)" exists and

d +_ 1 n—v
w1 = 2(1+|n—v|>'

Thanks to the assumed properties of the distribution
function G(x, P;v), the expected value

d
EPa(U— W' =—Pn>v)=—1+G(x, P;v),

and

G(x,P;v)—1

d
—d,(x,v,P)=1+
|l -«

dv

The optimality condition (d/dv)®,(x, v, P) = 0 provides,
as expected,

VaR,(x, P) = v'(x, P) = G(x, P) \(a).

derivative  (d*/dv?)®,(x, v, P) =
positive on a neighbourhood

The second-order

[p(x, P;v)/(1 —a@)] is
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Stress testing for VaR and CVaR 5

of v*(x, P). Direct application of the implicit function
theorem to the system

9 v, P) = 0

dv
implies the existence and uniqueness of optimal
solution  v*(x,A):=v*(x,P;,) of the contaminated

problem (10) for A > 0 sufficiently small, and the form
of its derivative

o — G(x, 0V (x, P))
p(x, Pyv¥(x,P))
(16)

for A = 0T. Here, G(x, Q;v) denotes the distribution loss
function under probability distribution Q. Note that,
except for the existence of the expected values,
no further assumptions are required concerning Q.
Related results for absolutely continuous probability
distributions P and Q can be found, for example, in
Rau-Bredow (2004).

d . d
av (X, P)») - anRa(Xa Pk) -

3.3. Optimization problems with the CVaR,(x, P)
objective function

For the next step, let us briefly discuss optimization pro-
blems with the CVaR,(x, P) objective function, which
provide the optimal (with respect to the CVaR,(x, P)
criterion) solutions

minimize CVaR,(x, P) on a closed set # £ X C R".
Using (10), the problem is
(17)

min ®,(x,v, P), xe€X.
X,V

For X convex, independent of P, and for loss functions
g(e, w) convex for all w, ®,(x,v, P) is convex in (x,v)

g(e,w) = x'w, and X convex polyhedral, we obtain the
linear program

. 1
i e Yz
x'e'—v—y,<0, Vs, ,xe X}.

Let (vi(P), x&(P)) be an optimal solution of (17) and
denote by ¢(P) the optimal value. To obtain contamina-
tion bounds for the optimal value of (17) with P contami-
nated by stress probability distribution @, it is
sufficient to assume a compact set X, e.g X =
{xe R":Y ,x;=1,x;>0,Vi}. The bounds follow the
usual pattern (compare with (15)):

(I = Mec(P) + 2pc(Q) = ¢c(P;) = (1 = M)gc(P) (19)
+ AP (xc(P), ve(P), Q).

To apply them, one has to evaluate ®,(x¢(P), vi(P), Q)
and solve (17) with P replaced by the stress
distribution Q.

3.4. An illustrative example

The instruments used in the portfolio management pro-
blem (18) are the total return stock and the bond indices
given in table 1.

The portfolio limits were set in all cases to x; < 0.3,
hence,

X={xeR':) x;=10<x<03Vif.

Assume that the probability distribution P is the distribu-
tion of losses under ‘normal’ conditions, whereas prob-
ability distribution Q refers to the situation when adverse

and standard stability results apply. Moreover, if conditions prevail on the world market. Both P and Q are
P is the discrete probability distribution considered in distributions of monthly percentage losses to assets
section 3.1, g(e,w) a linear function of x, say i=1,...,12, which were converted into the home
Table 1. Portfolio assets (MSCI and JP Morgan indexes).

Asset Acronym Description

MSCI Gross Return index US, USD 1 Stock index

MSCI Gross Return index UK, USD 2 Stock index

MSCI Gross Return index Germany, USD 3 Stock index

MSCI Gross Return index Japan, USD 4 Stock index

US Government Bond index (1-3y mat), USD 5

US Government Bond index (7-10y mat), USD 6

UK Government Bond index (1-3y mat), GPB 7

UK Government Bond index (7-10y mat), GPB 8

Germany Government Bond index (1-5y mat), EUR 9

Germany Government Bond index (74 y mat), EUR 10

Japan Government Bond index (1-3y mat), JPY 11

Japan Government Bond index (7-10y mat), JPY 12

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof M-11 [Page No. 51 {TANDF FPPYROUF/ROUF A 197233.3d (ROUFY

380

385

390

395

400

ROUF A 197233



405

410

420

430
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currency (EUR) using the exchange rate mid. We do not
consider transaction costs.

The following approach, resembling an historical simu-
lation, was taken to construct discrete distributions P and
Q. For asset i=1 (US asset market returns) the percen-
tage returns (not losses) in the home currency were
computed. We took the empirical 25% quantile to be
the cut-off value for all returns of asset 1. The returns
below the cut-off value (and all corresponding returns
of other assets on the same date) are attributed to a
period of adverse conditions prevailing on the market
and hence this data set serves as the input for the approx-
imation of the distribution Q. The rest of the data sample
was used for fitting the distribution P.

The two discrete probability distributions P, Q approx-
imating the true continuous distribution of assets’ percen-
tage losses in the home currency were constructed using
the method of Heyland et al. (2003). We prescribed that
both discrete approximations P, Q were carried by 5184
equiprobable scenarios. The empirical means, variances,
covariances, skewnesses and kurtoses computed sepa-
rately from the two data samples enter the scenario fitting
procedure for P and Q.

After solving the two CVaR minimization problems
with @ = 0.99, contamination bounds (19) sharpened
according to (6),

(1 = V)@c(P) + oc(Q) < c(Py)
< min{(1 — A)gc(P) + APy (x(P), ve(P), ), Apc(Q)
+ (1 = V)P (xc(Q), ve(Q), P)}, (20)

were constructed. The results of contamination are
presented in figure 1 and table 2. The VaR values
ve(P),ve(Q) for distributions P, Q calculated for
the optimal portfolios x3(P), x¢-(Q) are obtained as a
by-product.

0.027

0.026 L4
0.025
0.024
0.023
S
$0.022
(6]
0.021
0.020
0.019
0.018
A
0.017
00 01 02 03 04 05 06 07 08 09 10

Figure 1. Contamination bounds for the CVaR optimization
problem without constraint on returns.

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof
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Some observations are given below.

e The two minimal CVaR values ¢-(P), p-(Q) (indi-
cated in the figure by a square and a triangle, respec-
tively) are not very different. This is the result of
optimally restructuring the portfolio in the adverse
market situation; see the changed composition of the
optimal portfolios. The CVaR value for probability
distribution Q and for the original optimal portfolio
x¢(P), i.e. without restructuring the portfolio (indi-
cated by the isolated point in the right upper corner
of the figure), is much higher.

o The value @ (x¢(P), ve(P), Q) is relatively large and
this determines the steep slope of the left upper
bound.

e The contamination bounds in this example are not
very tight (see figure 1). The maximal difference
between the upper and lower bounds occurs approxi-
mately at A = 0.1. For A = 0.5, i.e. for the distribu-
tion carried by the pooled sample of 10368
equiprobable scenarios, the minimal CVaR value
lies in [0.0175, 0.0195]. If this precision is sufficient,
one does not need to solve the problem with twice
the number of scenarios—atoms of the contaminated
probability distribution.

3.5. Stress testing for CVaR-mean return problems

Finally, consider stress testing for CVaR-mean return
problems, i.e. for bi-criteria problems in which one aims
simultaneously for a minimization of CVaR,(x, P) and a
maximization of the expected return criterion Epr(x, )
on X see, for example, Rockafellar and Uryasev (2000),
Andersson et al. (2001), Pflug (2001), Topaloglou et al.
(2002), and Kaut et al. (2003)

Table 2. Quantities used in contamination
bounds (20) and non-zero components of
optimal solutions x(P) and x3H(Q), @ = 0.99.

Quantity Value

@c(P) 0.01731
@c(Q) 0.01765
@, (xc(P), V' (P), Q) 0.06309
q)a(xz'(Q)a V*(Q)a P) 002135
X7(P) 0.12880
X5(P) 0.20030
x5(P) 0.30000
XTo(P) 0.26470
X71(P) 0.10620
ve(P) 0.01365
x5(0) 0.10000
x5(Q) 0.30000
x5(Q) 0.30000
X70(Q) 0.30000
ve(Q) 0.01588
CVaR(x¢(P), Q) 0.02607
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Stress testing for VaR and CVaR 7

To obtain an efficient solution, one minimizes on X the
parametrized objective function

CVaR,(x, P) — pEpr(x, w), @21
with parameter p > 0, or assigns a parametric bound on
one of the criteria and solves, for example,

min CVaR,(x, P) on the set X N {x: Epr(x,w) > r}.
(22)

The optimal solution and the corresponding values of
the two criteria, CVaRe; and the expected return, depend
on the chosen parameter values. To obtain the efficient
frontier, (21) and (22) may be solved by parametric pro-
gramming techniques with scalar parameters p or r,
respectively. For g(x,w) = x' w = —r(x, ), for polyhe-
dral set X and a discrete probability distribution P,
both (21) and (22) are then parametric linear programs
with one scalar parameter; see, for example, Ruszcynski
and Vanderbei (2003). By solving (22), the efficient fron-
tier is obtained directly. To obtain the efficient frontier in
the case of (21), values of Epr(x, w) and CVaR,(x, P) have
to be computed at the optimal solution of (21) obtained
for a specific value of p. Hence, (22) is favoured for the
straightforward possibility of interpreting the trade-off
between the two criteria, whereas (21) is suitable for
developing sensitivity and stability results, including
stress testing.

Contamination of the probability distribution P intro-
duces an additional parameter A into (21) and (22) and
the two problems, in general, lose the readily solvable
form of parametric linear programs: nonlinearity with
respect to p and A appears in the objective function
of (21) and both the objective function and the set of
feasible solutions of (22) depend on the parameters. It is
still possible to obtain directional derivatives of the opti-
mal value function for the corresponding contaminated
problem. However, the optimal value function is no
longer concave, hence the crucial property for the con-
struction of contamination bounds is lost. The same
applies also to problem formulations with several CVaR
constraints, each with a different confidence level «, called
‘risk-shaping’ (Rockafellar and Uryasev 2001).

Nevertheless, contamination bounds may be obtained
for the special form of the return function r(x, w) = —x' @
and for a certain class of probability distributions.
Rewrite problem (22) as

minimize CVaR,(x, P)
on the set

X(P,r)={xe€X:—xEpw=>r}. (23)
Let ¢(P) denote the optimal value and X} (P) the set of
optimal solutions and assume that X(P) is non-empty
and bounded.

Assume, in addition, that the expected values are equal,
Epw = Egw = @. (Such an assumption is not typical for
stress testing, but it is in agreement with scenario genera-
tion methods based on moment fitting (e.g. Hoyland et al.
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(2003) and Heyland and Wallace (2001)), and has also
been used in the stability studies of Kaut et al. (2003).)
Then the expected return constraint is —x'o> r, both for
the initial probability distribution P and the contaminat-
ing distribution Q, as well as for all P,, A €[0,1], and
it does not depend on A. The optimal value function
¢.(P;) = ¢.(1) is concave and the contamination bounds
have a form similar to (19) and (20). They are obtained
for (17) with the set of feasible decisions X replaced
by X(P,r)={x e X:—x'&d>r}. Moreover, there are
parametric programming techniques (e.g. Guddat et al.
(1985)) applicable to the contaminated problem (23), i.e.
the minimization of CVaR,(x,P,) on the set
X(P,r)={xe X:—x"@=>r}). They are discussed in
Dupacova (2006) and a qualitative conclusion can be
summarized as follows.

Under modest non-degeneracy assumptions, a small con-

tamination of P does not influence the composition of

CVaR-mean return efficient portfolios.

Note that, for Epw = Epw = o, problem (21) is also
simplified, and the objective function is /inear in the two
parameters p and A.

When the expected loss differs under P and Q, the
optimal value ¢c(P,) is a natural lower bound for
¢,(P3), hence by (19),

@ (P) =z (1 = Mpc(P) + 2pc(Q). 24)

To construct an upper bound for ¢.(P,) we add the addi-
tional constraint —xTEQa) >r to X(P,r). The set of
feasible solutions X(P,r) N X(Q,r) C X(P,,r) is polyhe-
dral and does not depend on A. If X(P,r) N X(Q,r) # ¥
we obtain a concave upper bound

U, (1) := min
XeX(P,r)NX(Q.r)

CV&R(X(X, PA) = (pr‘(PA)s
which may be bounded from above by the corresponding
upper contamination bound. The derivative at the point
A = 07 is of a familiar form—min ®,(x, v, Q) — U,(0) with
minimization carried over the set of optimal solutions
of (17) for X replaced by X(P,r) N X(Q,r); denote one
of them by x,(P), v.(P):

(1 =W UA0) + Do (X,(P), V,(P), Q) = U,(X) = ¢,(P;).
(25)

We have not tested bounds (24) and (25) numerically, but
we expect that they may be quite loose.

4. Stress testing for VaR

Up to the non-uniqueness of the definitions, VaR,(x, P) is
the same as the a-quantile of the loss distribution G(x, P;v).
One can also treat VaR,(x, P) as the optimal value of the
stochastic program (7) with one probabilistic constraint.
Such an approach enables us to exploit the existing
stability results for stochastic programs of that form
(Roémisch 2003), which are valid under special distribu-
tional and regularity assumptions.
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8 J. Dupacova and J. Pollvka

A normal distribution of losses is one of the manageable
cases and, initially, parametric VaR was developed to
quantify the risks associated with normally distributed
losses g(x, w), the distribution of which at a fixed point x
is fully determined by its expectation u(x) and
variance O'2(X)Z

absoluteVaR,(x) = u(x) 4+ o(x) - u,,
and relative VaR,(x) = o(x) - u,,

where u, is the a-quantile of the standard normal N(0, 1)
distribution.

For an arbitrary « > 0.5, minimization of the relative
VaR, reduces to minimization of the standard deviation
(volatility) of the portfolio losses, and minimization of the
absolute VaR,, is minimization of the weighted sum of the
standard deviation and the expectation.

4.1. Optimization problem with the relative VaR,(x, P)
objective function

Choose « > 0.5 and assume that losses are of the form
gxv,0)=x"o,

X is a non-empty, convex polyhedral set, 0 ¢ X, w is
normally distributed with mean vector u and a positive
definite variance matrix X.

The problem is to select portfolio composition x € X
such that VaR, is minimal, i.e. to minimize the convex
quadratic function x' £x on the set X. In this case, for
all values of @ > 0.5 there is the same, unique optimal solu-
tion x*(X), the composition of the portfolio, which
depends on the input variance matrix X that was obtained
by an estimation procedure and is subject to an estimation
error. The same optimal solution is arrived at by minimiza-
tion of CVaR,(x, P) (Rockafellar and Uryasev 2000).

Asymptotic statistics and a detailed analysis of optimal
solutions of parametric quadratic programs may help to
derive asymptotic results concerning the ‘estimated’ opti-
mal portfolio composition obtained for an asymptotically
normal estimate  of .

Here we follow a suggestion of Kupiec (2002) and
rewrite the variance matrix as ¥ = DCD with the diago-
nal matrix D of ‘volatilities’ (standard deviations of the
marginal distributions) and the correlation matrix C.
Changes in the covariances may then be modeled by
‘stressing’ the correlation matrix C by a positive semi-
definite stress correlation matrix C

Cy) = (1 —y)C+yC, (26)

with y € [0, 1] a parameter. This type of perturbation of
the initial quadratic program allows us to apply the
related stability results of Bank ez al. (1982) to the per-
turbed problem,
min x'DC(y)Dx, yel0,1]: (27)
xXe
e the optimal value ¢y (y) of (27) is concave and
continuous in y € [0, 1];

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof

e the optimal solution x*(y) is a continuous vector in
the range of y where C(y) is positive definite;
o the directional derivative of ¢{y)

@1 (0%) = x*T(0)DCDx*(0) — ¢1(0).

Contamination bounds constructed as suggested in
section 1,

(1 —)x*T(0)DCDx*(0)+ yx* T (1)DCDx* (1) < min x' DCDx
XxXe
<(1—9)x*T(0)DCDx*(0)+ yx*T (0)DCDx*(0),

quantify the effect of the considered change in the input
data.

4.2. Stress testing of the relative VaR with respect to an 630

additional scenario w*

In this case, the contaminating distribution Q is degener-
ate, Q = 8, Rewriting (16) for the case of a normally
distributed loss, we obtain

a— H{g(x,0") < VaR,(x, P)}
p(VaR,(x, P))

d
a VaRa(x’ P)n)')»:OJr =
(28)

In the above formula, x is fixed, ¢ denotes the density of
the normal distribution A (u(x), (x)) of g(x,w) and I is
the indicator function.

Assume, in addition, that g(x,w)= x'w. Using the
results of sections 4.1 and 3.2 for the normal distribution
P~ N(u,%) and degenerate distribution Q = §,-,, we
have the unique optimal portfolio x*(X) for P and both
VaR,(x, P,) and its derivative with respect to A are con-
tinuous for A > 0 sufficiently small. This can be used to
derive sensitivity properties of the minimal relative VaR
value,

640

645

¢(X):= min VaR(x, P,),
xeX

in the case of X # ¥, compact and for small A > 0, i.e.
when testing the influence of a rare stress scenario. Here,
VaR,(x, P,) is not linear in A. Still, using (28) and the
general formula for the derivative of the optimal value
of nonlinear objective functions from Danskin (1967),
we obtain

650

oh - :
¢(07) = 5 VaR,(x"(2). P)lsco:

_ o — I{g(X*(E)a (,()*) = VaRa(X*(E)’ P)}
B ¢(VaR,(x*(%), P)

Then, the minimal VaR, value for the stressed distribu- 055

tion P, is approximated by

min VaR,(x. P,) = VaR,(x"(2). P) + A¢(0")
Xe

for A > 0 sufficiently small.
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Stress testing for VaR and CVaR 9

This approach may easily be extended to sensitivity
analysis and stress testing of VaR with respect to an addi-
tional scenario for a broad class of probability measures
P for which the probability distribution of loss G(x, P;v)
fulfils the assumptions of section 3.2.

4.3. Non-parametric VaR

For general probability distributions the evaluation of
VaR, for a fixed portfolio x is mostly based on a non-
parametric approach that is distribution free and also
applicable for complicated financial instruments. One
exploits a finite number, S, of scenarios so that, for
each fixed x € X, the underlying probability distribution
P is replaced by a discrete distribution Pg carried by these
scenarios and the probability distribution of the loss
g(x, w) is discrete with jumps at g(x, ') Vs.
For a fixed x, let us order g(x, »’) as

W <g, (29)

with the probability of g/ equal to p > 0, Vs. Let Sq.pg DE
the unique index such that

Sa.Pg Sa.pg—
YoM zas Y (30)
s=1 s=1

Then VaR,(x, Pg) = glsl,

The consistency of sample quantiles is valid under mild
assumptions regarding the smoothness of the distribution
function G, and one may even prove their asymptotic
normality (Serflin 1980). For example, if there is a posi-
tive continuous density p(x, P;v) of G(x, P;v) on a neigh-
bourhood of VaR,(x, P) and Pg denotes an associated
empirical distribution, then VaR,(x, Pg) is asymptotically
normal,

1
VaR,(x, Pg) ~ N (VaRa(x’ P i O}( VaR)(x P)))'

Estimating VaR,(x, P) by the non-parametric VaR(x, Pg)
calls for a large number of scenarios, especially for « close
to 1; see Rachev and Mittnik (2000) for extensive numer-
ical results. Moreover, it is evident from (30) that, even
for fixed x, the inclusion of an additional scenario may
cause an abrupt change in VaR,.

Sensitivity results for VaR, similar to (38) are obtained
if the (unique) optimal solution of the CVaR, pro-
blem (10) is differentiable (recall section 3.2). Another
possibility is to derive them by a direct sensitivity analysis
of the simple chance-constrained stochastic program (7).
In both cases, additional assumptions concerning the
probability distribution P are required, such as its con-
tinuity properties listed in section 3.2. There is more free-
dom as to the choice of the contaminating distribution Q.
We refer to Dobias (2003) and Romisch for details.

2008 stvle 7510 [16.11.2006-3:52o0m1
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4.4. Stress testing of non-parametric VaR

The stress testing of non-parametric VaR computed for a
discrete probability distribution P carried by a finite num-
ber of scenarios o', s=1,...,S, is more involved. To
obtain an upper bound for VaR,(x, P;) for a fixed port-
folio x, one may use the contamination-based upper
bound for CVaR,(x, P;) in (15). Formula (30) in the
definition of the empirical VaR, implies that, for
a < Y= pl the value of VaR, is robust with respect
to small changes in probabilities p . This indicates the
possibility of covering the interval [0, 1] by a finite number
of non-overlapping intervals [0, 1], (A, A>], ..., (A 1] and
constructing bounds for VaR,(x, P,) separately for each
of them.

We shall illustrate the approach for the case of one
additional ‘stress’ scenario @* with

< <gbrlcgrof) < gl <-o < g 31
and with probabilities
A =nptM = pte =0 = pted = a)p!,

i.e. for degenerate probability distribution Q = Sy

Suppose that the stress scenario satisfies gl < gEY =1
It is easy to see that, in the case of Y\ pl > o, we
obtain VaR,(x,P,) = [s“”] = VaR,(x, P) for sufficiently
small A > 0. On the other hand, if Y} ¥ = @, then
VaR,(x, P;) = gl«r*1l for sufficiently small A > 0.

The o- quantrle gl=n of the contaminated distribution
fulfils

Sa,pP;, -1

Y- <o (32
s=1

Sa,Py.
Z(l —)p¥ > and
s=1

For A =0, these inequalities are identical to (30). They
remain valid with s, p, replaced by the original s, p for

and 1—L<k.

St

The first inequality provides an upper bound A; and the
second is fulfilled for all » > 0.

For A > Ay, VaR,(x, P)) = , and by solving (32)
for s, p, = 54 p + 1 with respect to A, we obtain an upper
bound A, of the interval on which VaR,(x, P;) = glsert1]
holds true. Note that A, = 0 if Y 0" p[‘v] =« and, in this
case, A, > 0.

Similarly for A > A; with i < s, —

L <l

o
T X

Sa P+1]

Sq.p>» W€ obtain an

upper bound A;; of the interval for which
VaR,(x, P,) = g¥*™1 This procedure stops when
i =1:=S5, — s,p. In this case, (32) is modified to

Sq, pHi—1

Y= +r 1=

valid for all A > 0; hence, VaR,(x, P;) = g(x,w") for
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10 J. Dupacova and J. Pollvka

To summarize: for contamination by one scenario as
in (31), setting

Ao =0,
A=1 —m, fori=1,...,8, — S4p
ri=1, fori> sy —S,p,
we obtain the following theorem.
Theorem 4.1  For  gherd < gl 3e (0, ai],
i=0,1,...,8, —S,p—1,

(a) VaR,(x,P,) = g1 < VaR(x, Q);
(b) if ZY”Pp‘] >a or if i>2 and Zf“ip =, then
VaRa(x P)L) - VaRu/pha(x P)L) < VaRa(x PA +1) lf

Z; 1P[S] =, then VaR,(x, Px ) = [sa #l and
VaR,(x, Py) = [SD(PJFI] for A € ()\'la)‘-Z]
(C) VaRa(x, P}L) = g(x,a) ) = VaRa(X, Q)’ for A > )\—[,

1= St — S()(,P'
This procedure can be extended to stress testing with
respect to another discrete probability distribution Q, car-

ried by , scenarios w’{,...,wgf with  probabilities
q“],...,q[s] and associated losses g(x,w]) <--- <

g(x, a);r). Now, we have to determine how the support
of P is related to the support of Q, i.e. that the following
ordering holds:

gl << gherl < g g )
- g[%T] < gV = 1]
< g(x, @) < g[Swfzﬂ] - g[sz/—l]
b, [s)

<glx,0y)<g 5 <---<g
The covering of the interval [0, 1] depends on probabilities
¢"!, namely on the difference in their partial cumulative
sums and «. For the obtained A; values, statements par-
allel to (a) and (b) of theorem 4.1 can be derived
(Polivka 2005).

4.5. Minimization of VaR,(x, P) with respect to x

Except for the case of the normal distribution considered
in sections 4.1 and 4.2, the minimization of VaR,(x, P)
with respect to x is, in general, a non-convex, even dis-
continuous problem, which may have several local
minima. It can be written as

min{v: Plw: g(x,w) <v}>a, x € X, ve R} (33)
Stability of the minimal VaR,(P) value v}(P) and of the
optimal solutions x}(P) with respect to P holds true only
under additional, restrictive assumptions (Rémisch 2003).
For g(x,w) jointly continuous in x,w and H(x,v):=
{w:g(x,w) < v}, a verifiable sufficient condition is
P(H(x}(P),vi/(P))) > a, which is fulfilled, for instance,
for (non degenerate) normal  distributions,  or
a< ZS_ P in (30) for the ordered sample of
g(x}(P), ") with discrete distribution Pg (Dobias 2003).

2008 stvle 7510 [16.11.2006-3:52o0m1 First Proof

To approximate VaR minimization problems, one may
apply the corresponding problems with CVaR criteria, as
suggested and tested numerically in Rockfellar and
Uryasev (2000): the vi(P) part of the optimal solution
of (18) is then the value of VaR,(x*(P), P) for the optimal
(or efficient) CVaR,(x, P) portfolio. Further suggestions
are to approximate VaR minimization problems by a
sequence of CVaR minimizations (Pflug 2001), to use a
smoothed VaR objective (Gaivoronski and Pflug 2004),
or to apply the worst-case VaR criterion for the family of
probability distributions with given first- and second-
order moments (El Ghaoui et al. 2003).

5. Conclusions

The application of the contamination technique to CVaR
evaluation and optimization is straightforward, and the
obtained results provide a genuine stress quantification.
Stress testing via contamination for CVaR-mean return
problems turns out to be more delicate.

The presence of the simple chance constraint in the
definition of VaR requires that, for VaR stress testing
via contamination, various distributional and structural
properties are fulfilled for the unperturbed problem.
These requirements rule out direct applications of the
contamination technique in the case of discrete distribu-
tions, which includes the empirical VaR. Nevertheless,
even in this case, it is possible to construct bounds for
VaR of the contaminated distribution. In the case of a
normal distribution and parametric VaR, one may exploit
stability results valid for quadratic programs to stress
testing of VaR minimization problems.

Using the contamination technique, we have derived
computable bounds which can be extended to stress test-
ing of other risk criteria and risk optimization problems.
The presented approaches provide a deeper insight into
the stress behaviour of VaR and CVaR than the common
numerical evaluations based solely on backtesting and
out-of-sample analysis.
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