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Diferencovatelnost reálných funkćı Convex functions Tangent cone, normal cone and polar Literature

Diferencovatelnost reálných funkćı

Definition 1
Let D ⊂ R, D 6= ∅, f : D→ R and x ∈ int (D). We say,
f is differentiable at x (cz. diferencovatelná v bodě x) if there is
f ′ (x) ∈ R such that for all y ∈ D we have

f (y) = f (x) + f ′ (x) (y − x) + |y − x |R1 (y − x ; f , x) , (1)

where limh→0 R1 (h; f , x) = 0.

Equivalently, f is differentiable at x iff limh→0
f (x+h)−f (x)

h = f ′ (x) ∈ R.
If S ⊂ int (D), then we say f is differentiable at S (cz. diferencovatelná v
množině S), if it is differentiable at each point x ∈ S.
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Jeden argument

Lemma 2
If D ⊂ R, D 6= ∅ and f : D→ R is differentiable at x ∈ int (D) then f is
continuous at x.

Lemma 3
Let a, b ∈ R, a < b, f : [a, b]→ R be differentiable at (a, b),
right-continuous at a and left-continuous at b. Then,∫ b

a

f ′ (s) ds = f (b)− f (a) . (2)
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V́ıce argument̊u - 0

Definition 4
Let D ⊂ Rn, D 6= ∅, f : D→ R, x ∈ int (D) and h ∈ Rn. We say,
f is differentiable at x in direction h (cz. diferencovatelná v bodě x ve
směru h) if there is f ′ (x ; h) ∈ R such that for all t ∈ R, x + th ∈ D we
have

f (x + th) = f (x) + f ′ (x ; h) t + |t|R1 (t; f , x , h) , (3)

where lims→0 R1 (s; f , x , h) = 0.
Equivalently, f is differentiable at x in direction h iff

limt→0
f (x+th)−f (x)

t = f ′ (x ; h) ∈ R.
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V́ıce argument̊u - 1

Definition 5
Let D ⊂ Rn, D 6= ∅, f : D→ R, x ∈ int (D). For i ∈ {1, 2, . . . , n}, we say
f possesses a partial derivative at x w.r.t. xi (cz. parciálńı derivace v
bodě x vzhledem k xi ) if f is differentiable at x in direction ei :n and we set

∂f

∂xi
(x) = f ′ (x ; ei :n) .

If f possesses a partial derivative at x w.r.t. xi for all i ∈ {1, 2, . . . , n} we
say f possesses a gradient at x (cz. gradient v bodě x) and we denote

∇x f (x) =

(
∂f

∂xi
(x)

)n

i=1

.
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V́ıce argument̊u - 2

Definition 6
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). We say,
f is differentiable at x (or, possesses total differential at x , Fréchet
differentiable at x) (cz. diferencovatelná v bodě x) if f possesses a
gradient ∇x f (x) ∈ Rn and for all y ∈ D we have

f (y) = f (x) + 〈∇x f (x) , y − x 〉+ ‖y − x‖R1 (y − x ; f , x) , (4)

where limh→0 R1 (h; f , x) = 0.
If S ⊂ int (D), then we say f is differentiable at S (cz. diferencovatelná v
množině S), if it is differentiable at each point x ∈ S.

Petr Lachout

Diferencovatelnost reálných funkćı
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V́ıce argument̊u - 3

Definition 7
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D).
We say, f is continuously differentiable at x (cz. spojitě diferencovatelná
v bodě x), if there is δ > 0 such that U (x , δ) ⊂ D, f is differentiable at
U (x , δ) and gradient ∇x f is continuous at x .
We say, f is continuously differentiable at a neighborhood of x (cz.
spojitě diferencovatelná v okoĺı bodu x), if there is δ > 0 such that
U (x , δ) ⊂ D, f is differentiable at U (x , δ) and gradient ∇x f is
continuous at U (x , δ).
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V́ıce argument̊u - 4

Gradient is necessary for expansion (4).

Lemma 8
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). Let f fulfills an
expansion for all y ∈ D

f (y) = f (x) + 〈 ξ, y − x 〉+ ‖y − x‖R1 (y − x ; f , x) , (5)

where ξ ∈ Rn and limh→0 R1 (h; f , x) = 0.
Then f is differentiable at x, ξ = ∇x f (x) and f ′ (x ; h) = 〈∇x f (x) , h 〉
for all directions h ∈ Rn.

Petr Lachout

Diferencovatelnost reálných funkćı
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V́ıce argument̊u - 4hint

Důkaz: Using (5) for a direction h ∈ Rn and t ∈ R small enough, we
have

f (x + th) = f (x) + 〈 ξ, th 〉+ ‖th‖R1 (th; f , x) ,

where limh→0 R1 (h; f , x) = 0 .
Consider derivative ratio and let t → 0:

lim
t→0

f (x + th)− f (x)

t
= 〈 ξ, h 〉+ ‖h‖ lim

t→0

|t|
t

R1 (th; f , x) = 〈 ξ, h 〉 .

Setting h = ei :n, we receive ξi = ∂f
∂xi

(x).
We have verified ξ is the gradient of f at x , f is differentiable at x and
directional derivatives possess announced form.

Q.E.D.
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V́ıce argument̊u - 5

Lemma 9
If D ⊂ Rn, D 6= ∅ and f : D→ R is differentiable at x ∈ int (D) then f is
continuous at x.

Důkaz: Continuity of f at x follows immediately (4).

Q.E.D.
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V́ıce argument̊u - 6

Lemma 10
Let D ⊂ Rn, D 6= ∅ and f : D→ R. Consider x ∈ D and h ∈ Rn

such that x + th ∈ D for all 0 ≤ t ≤ 1. Define function
ϕ : [0, 1]→ R : t ∈ [0, 1]→ f (x + th).

(i) If 0 < t < 1, x + th ∈ int (D) and f is differentiable at x + th then
ϕ is differentiable at t and ϕ′(t) = 〈∇x f (x + th) , h 〉.

(ii) If x + th ∈ int (D) and f is differentiable at x + th for all 0 < t < 1,
ϕ is continuous at 0 from right and ϕ is continuous at 1 from left
then

f (x + h)− f (x) = ϕ(1)− ϕ(0) =

∫ 1

0

〈∇x f (x + th) , h 〉 dt.
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Vektorové funkce - 0

Start with a curve.

Definition 11
Let D ⊂ R, D 6= ∅, f : D→ Rm and t ∈ int (D). Express the function as

a vector of functions f = (f1, f2, . . . , fm)>. We say,

I f is differentiable at x if fj is differentiable at x for each
j ∈ {1, 2, . . . ,m}. We denote the derivative by

f ′ (t) = (f ′1 (t) , f ′2 (t) , . . . , f ′m (t))
>

.

I If S ⊂ int (D), f is differentiable at S if fj is differentiable at S for
each j ∈ {1, 2, . . . ,m}.

Petr Lachout

Diferencovatelnost reálných funkćı
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Vektorové funkce - 1

And now a general case. We start with a notion of multidimensional
scalar product.

Definition 12
Let n,m ∈ N, x ∈ Rn and A ∈ Rn×m. We define denotation

lA, xm = (〈A·,1, x 〉 , 〈A·,2, x 〉 , . . . , 〈A·,m, x 〉)> .

Using matrix notation, we can write lA, xm = A>x .
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Vektorové funkce - 2

Definition 13
Let D ⊂ Rn, D 6= ∅, n ≥ 2, f : D→ Rm and x ∈ int (D). Express the

function as a vector of functions f = (f1, f2, . . . , fm)>. We say,

I f possesses a gradient at x if fj possesses a gradient at x for each
j ∈ {1, 2, . . . ,m}. We denote
∇x f (x) = (∇x f1 (x) ,∇x f2 (x) , . . . ,∇x fm (x)).

I f is differentiable at x if fj is differentiable at x for each
j ∈ {1, 2, . . . ,m}.

I If S ⊂ int (D), f is differentiable at S if fj is differentiable at S for
each j ∈ {1, 2, . . . ,m}.
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Vektorové funkce - 3

Lemma 14
Let D ⊂ Rn, D 6= ∅, f : D→ Rm and x ∈ int (D). Then, f is
differentiable at x if and only if f possesses a gradient ∇x f (x) ∈ Rn×m

and for all y ∈ D we have

f (y) = f (x) + l∇x f (x) , y − x m + ‖y − x‖R1 (y − x ; f , x) , (6)

where R1 (·; f , x) : Rn → Rm and limh→0 R1 (h; f , x) = 0.
The expression is more simple for n = 1. Let D ⊂ R, D 6= ∅, f : D→ Rm

and t ∈ int (D). Then, f is differentiable at t if and only if f possesses a
derivative f ′ (t) ∈ Rm and for all s ∈ D we have

f (s) = f (t) + (s − t)f ′ (t) + |s − t|R1 (s − t; f , t) , (7)

where R1 (·; f , x) : R→ Rm and limh→0 R1 (h; f , x) = 0.

Důkaz: It is a straightforward rewriting of definition.

Q.E.D.
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Řet́ızkové pravidlo - 0

Differentiability directly implies chain rule (cz. řet́ızkové pravidlo).

Lemma 15
Let I ⊂ R, int (I ) 6= ∅, D ⊂ Rn, int (D) 6= ∅, g : I → D,
f : D→ R and t ∈ int (I ) such that g(t) ∈ int (D). If f is differentiable
at g(t) and g is differentiable at t, then f ◦ g is differentiable at t and

(f ◦ g)′ (t) =
n∑

i=1

∂f

∂xi
(g (t)) g ′i (t) = 〈∇x f (g (t)) , g ′ (t) 〉 . (8)
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Druhá derivace - 0

Also, notion of second derivative must be explained.

Definition 16
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). We say, f possesses
second partial derivatives at x (cz. má druhé parciálńı derivace v x), if f
possesses a gradient on a neighborhood of x and all partial derivatives of

gradient at x exists; i.e. ∂
∂xj

(
∂f
∂xi

)
(x) exists for all indexes

i , j ∈ {1, 2, . . . , n}.
Then, we denote ∂2f

∂xi∂xj
(x) = ∂

∂xj

(
∂f
∂xi

)
(x) for all i , j ∈ {1, 2, . . . , n}.

Matrix of second partial derivatives is denoted

∇2
x,x f (x) =

(
∂2f

∂xi∂xj
(x)
)n,n
i=1,j=1

and called Hessian matrix.
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Druhá derivace - 1

Definition 17
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). We say,
f is twice differentiable at x (cz. dvakrát diferencovatelná v x), if there is
a gradient ∇x f (x) ∈ Rn and a symmetric matrix Hf (x) ∈ Rn×n

such that for all y ∈ D we have

f (y) = f (x) + 〈∇x f (x) , y − x 〉+
1

2
〈 y − x ,Hf (x) (y − x) 〉 (9)

+ ‖y − x‖2 R2 (y − x ; f , x) ,

where limh→0 R2 (h; f , x) = 0 .
If S ⊂ int (D), then we say f is twice differentiable at S (cz. dvakrát
diferencovatelná v množině S), if it is twice differentiable at each x ∈ S.
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Druhá derivace - 2

Matrix Hf (x) can differ from Hessian matrix. The reasons are

I ∇x f does not exist in any neighborhood of x ,

I ∇x f exists in a neighborhood of x and ∇2
x,x f (x) does not exist.

I ∇x f exists in a neighborhood of x , ∇2
x,x f (x) exist, but, asymmetric.

Let us note the difference from Hessian is not mentioned in [1].
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Druhá derivace - 3

Lemma 18
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). If f is twice
differentiable at x then matrix Hf (x) is uniquely determined.

Důkaz: Since Hf (x) is symmetric, its uniqueness follows an observation
on quadratic forms from linear algebra.

Q.E.D.
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Druhá derivace - 4

Lemma 19
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). If f is differentiable at a
neighborhood of x and ∇x f is differentiable at x, then, ∇2

x,x f (x) exists
and f is twice differentiable at x with

Hf (x) =
1

2
∇2

x,x f (x) +
1

2

(
∇2

x,x f (x)
)>
.

If, moreover, Hessian matrix is symmetric, i.e. ∂2f
∂xi∂xj

(x) = ∂2f
∂xj∂xi

(x) for

all i , j ∈ {1, 2, . . . , n}, then

Hf (x) = ∇2
x,x f (x) .
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Druhá derivace - 4hint

Důkaz: According to our assumptions, there is δ > 0 such that
U (x , δ) ⊂ D and for all y ∈ U (x , δ), h ∈ Rn, ‖h‖ < δ − ‖y − x‖ we have

f (y + h)− f (y) = 〈∇x f (y) , h 〉+ ‖h‖R1 (h; f , y) ,

∇x f (y)−∇x f (x) = l
(
∇2

x,x f (x)
)>
, y − x m + ‖y − x‖R1 (y − x ;∇x f , x) .

According to Lemma 10

f (x + h)− f (x)− 〈∇x f (x) , h 〉 =

∫ 1

0

〈∇x f (x + th)−∇x f (x) , h 〉 dt.

Plugging in expansion of gradient, we are receiving the statement.

Q.E.D.
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Druhá derivace - 5

Lemma 20
Let D ⊂ Rn, D 6= ∅, f : D→ R, x ∈ int (D) and h ∈ Rn.

(i) If f is twice differentiable at x, then

lim
t→0

f (x + th)− f (x)− t 〈∇x f (x) , h 〉
t2

=
1

2
〈 h,Hf (x) h 〉 .

(ii) Let us denote Dh = {t ∈ R : x + th ∈ D}. If f is differentiable at a
neighborhood of x and ∇x f is differentiable at x, then, ∇2

x,x f (x)
exists and function ϕ : Dh → R : t ∈ Dh → f (x + th) possesses
derivatives

ϕ′(t) = 〈∇x f (x + th) , h 〉 for all t small enough,

ϕ′′(0) =
〈

h,∇2
x,x f (x) h

〉
.
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Matematická analýza - 0

Existence and continuity of gradient, resp. of Hessian, are sufficient
conditions for differentiability in the sense of Definitions 6 and 17.

Lemma 21
Let I ⊂ R, int (I ) 6= ∅, D ⊂ Rn, D 6= ∅, g : I → D, f : D→ R and
t ∈ int (I ) such that g(t) ∈ int (D). If gradient of f exists on a
neighborhood of g(t) and is continuous at g(t) and g is differentiable at
t, then f ◦ g is differentiable at t with

(f ◦ g)′ (t) =
n∑

i=1

∂f

∂xi
(g (t)) g ′i (t) = 〈∇x f (g (t)) , g ′ (t) 〉 .
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Diferencovatelnost reálných funkćı Convex functions Tangent cone, normal cone and polar Literature

Matematická analýza - 1

Using Lemma 21, we derive differentiability of a function.

Lemma 22
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). If gradient of f exists on
a neighborhood of x and is continuous at x, then f is differentiable at x
with

f (x + h) = f (x) + 〈∇x f (x) , h 〉+ ‖h‖R1 (h; f , x) ,

|R1 (h; f , x) | ≤ max {‖∇x f (x + uh)−∇x f (x)‖ : 0 ≤ u ≤ 1}

if h is sufficiently small.
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Matematická analýza - 2

Lemma 23
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). Then,
f is continuously differentiable at a neighborhood of x if and only if there
is δ > 0 such that ∇x f exists at U (x , δ) and is continuous at U (x , δ).

Důkaz: A consequence of Lemma 22.

Q.E.D.
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Matematická analýza - 3

Lemma 24
Let D ⊂ Rn, D 6= ∅, f : D→ R and x ∈ int (D). If ∇x f , ∇2

x,x f exist on a

neighborhood of x and ∇2
x,x f is continuous at x, then Hessian ∇2

x,x f (x)
is a symmetric matrix and f is twice differentiable at x with

f (x + h) = f (x) + 〈∇x f (x) , h 〉+
1

2

〈
h,∇2

x,x f (x) h
〉

+

+
1

2
‖h‖2 R2 (h; f , x) ,

|R2 (h; f , x) | ≤ max
{∥∥∇2

x,x f (x + uh)−∇2
x,x f (x)

∥∥ : 0 ≤ u ≤ 1
}

if h sufficiently small. Moreover, Hf (x) = ∇2
x,x f (x).
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Konvexńı funkce - 0

Convexity of a function can be verified by means of functions of one
variable.

Theorem 25
Let D ⊂ Rn, D 6= ∅ be a convex set and f : D→ R. Then, function f is
convex if and only if functions ϕx,s : Dx,s → R are convex for all x ∈ D
and all s ∈ Rn, where ϕx,s (t) = f (x + ts) and
Dx,s = {t : x + ts ∈ D, t ∈ R}. (Let us recall set Dx,s is always an
interval.)
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Konvexńı funkce - 2

Theorem 26
Let D ⊂ Rn, D 6= ∅ be a convex open set and f : D→ R be
differentiable at D. Then,

f is convex ⇔ t ∈ Dx,s 7→ 〈∇x f (x + ts) , s 〉 is
nondecreasing on Dx,s for all x ∈ D, s ∈ Rn.

(10)
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Konvexńı funkce - 3

Theorem 27
Let D ⊂ Rn, D 6= ∅ be a convex open set and f : D→ R. If f is
differentiable at D and ∇x f is differentiable at D, then, ∇2

x,x f exists on
D, f is twice differentiable at D with

Hf (x) =
1

2
∇2

x,x f (x) +
1

2

(
∇2

x,x f (x)
)>

and

f is convex ⇔ Hf (x) is positively semidefinite for all
x ∈ D.

(11)
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Diferencovatelnost reálných funkćı Convex functions Tangent cone, normal cone and polar Literature

Konvexńı funkce - 4

Definition 28
Let D ⊂ Rn, D 6= ∅ be a set and f : D→ R be a function. We say, f
possesses at x ∈ D subgradient a ∈ Rn (cz. subgradient), if we have

f (y)− f (x) ≥ 〈 a, y − x 〉 for all y ∈ D. (12)

Set of all subgradients at x will be called subdiferential of f at x (cz.
subdiferenciál) and will be denoted by ∂f (x).
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Konvexńı funkce - 5

Subgradient and subdiferencial are helpful tools for describing local
minima of a convex function.

Lemma 29
Let G ⊂ Rn be a nonempty open convex set, f : G → R be a convex
function and y ∈ G. Hence, the following is equivalent:

1. f is differentiable at y and ∂f (y) = {∇x f (y)}.
2. ∂f (y) is an one-point set.

3. f possesses a gradient at y .
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Konvexńı funkce - 6

Results on separation of convex bodies have consequences for convex
function.

Theorem 30
Let D ⊂ Rn be a nonempty convex set and f : D→ R be a convex
function. Then, ∂f (x) 6= ∅ for each x ∈ rint (D).

Equivalent description of a convex function using non-emptiness of
subdiferentials is in power if function definition region is an open set.

Theorem 31
Let D ⊂ Rn be an open convex set and f : D→ R. Then, f is a convex
function if and only if ∂f (x) 6= ∅ for each x ∈ D.
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Konvexńı funkce - 7

For a continuous function, the characterization is also in power.

Theorem 32
Let D ⊂ Rn be a convex set and f : D→ R be a continuous function.
Then, f is a convex function if and only if ∂f (x) 6= ∅ for each
x ∈ rint (D).
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Kužele - 0

Definition 33
Let K ⊂ Rn be a cone. We define polar of K (cz. polára K )

K o = {v ∈ Rn : ∀ x ∈ K we have 〈 v , x 〉 ≤ 0} . (13)

and bipolar of K (cz. bipolára K )

K oo = K oo = {w ∈ Rn : ∀ v ∈ K o we have 〈w , v 〉 ≤ 0} . (14)
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Kužele - 1

Basic properties of polar.

Lemma 34
If K ⊂ Rn is cone, then K o is a closed convex cone and
K oo = clo (conv (K )).
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Kužele - 2

Definition 35
Let M ⊂ Rn, x̃ ∈ clo (M). We define Tangent Cone to M at x̃ (or, Cone
of Tangents) (cz. tečný kužel k množině M v bodě x̃) by

TM (x̃) =

{
s ∈ Rn :

∃ xk ∈ M, λk > 0 k ∈ N
s.t. xk → x̃ , λk (xk − x̃)→ s.

}
. (15)
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Kužele - 3

Lemma 36
If M ⊂ Rn, x̃ ∈ clo (M), then TM (x̃) is a closed cone.

Lemma 37
If M ⊂ Rn is a convex set and x̃ ∈ clo (M), then TM (x̃) is a closed
convex cone.

Lemma 38
Let M ⊂ Rn, x ∈ clo (M) and S ⊂ Rn, x ∈ int (S). Then,
TM∩S (x) = Tclo(M)∩clo(S) (x) = TM (x) = Tclo(M) (x).
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Kužele - 4

Definition 39
Let S ⊂ Rn, x̃ ∈ clo (S). We say, that s ∈ Rn is
a Regular Normal to S at x̃ (or, Normal to S at x̃ in the Regular Sense),
(cz. regulárńı normála k množině S v x̃) if

∀ x ∈ S we have 〈 s, x − x̃ 〉 ≤ ‖x − x̃‖R (x − x̃ ; s, x̃) , (16)

where R (x − x̃ ; s, x̃)→ 0 provided x → x̃ and x ∈ S.
Regular Normal cone to S at x̃ (or, Cone of Regular Normals to S at x̃)
(cz. regulárńı normálový kužel)

N̂S (x̃) is a set of all regular normals to S at x̃ .
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Kužele - 5

Definition 40
Let S ⊂ Rn, x̃ ∈ clo (S). We say, that s ∈ Rn is a Normal to S at x̃ (or,
Normal to S at x̃ in the General Sense; Normal Vector to S at x̃), (cz.

normála k množině S v x̃) if there are sequences xk ∈ S, sk ∈ N̂S (xk) for
k ∈ N such that xk → x̃ , sk → s.
Normal cone to S at x̃ (or, Cone of Normals to S at x̃), (cz. Normálový
kužel k množině S v bodě x̃)
NS (x̃) is the set of all normals to S at x̃ .
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Diferencovatelnost reálných funkćı Convex functions Tangent cone, normal cone and polar Literature

Kužele - 6

Perceive defined objects are really cones and normal cone always contains
regular normal cone.

Lemma 41
If S ⊂ Rn and x̃ ∈ clo (S), then N̂S (x̃), NS (x̃) are cones and

N̂S (x̃) ⊂ NS (x̃).

Lemma 42
Let M ⊂ Rn, x ∈ clo (M) and S ⊂ Rn, x ∈ int (S). Then,

N̂M∩S (x) = N̂clo(M)∩clo(S) (x) = N̂M (x) = N̂clo(M) (x) and
NM∩S (x) = Nclo(M)∩clo(S) (x) = NM (x) = Nclo(M) (x).
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Kužele - 7

Theorem 43
If S ⊂ Rn and x̃ ∈ clo (S), then TS (x̃) o = N̂S (x̃), N̂S (x̃) o ⊃ TS (x̃).
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Kužele - 8

Polar of a normal cone has also certain importance.

Definition 44
For S ⊂ Rn and x̃ ∈ clo (S) we define Regular Tangent cone to S at x̃
(or, Cone of Regular Tangent Vectors of S at x̃ ) (cz. regulárńı tečný
kužel k množině S v bodě x̃ ) by

T̂S (x̃) =

s ∈ Rn :

for each xk ∈ S, k ∈ N, xk → x̃ ,
for each λk > 0, k ∈ N, λk ↗ +∞,
there is ξk ∈ S, k ∈ N,
such that ξk → x̃ , λk (ξk − xk)→ s.

 . (17)
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Kužele - 9

At first, consider basic properties of a regular tangent cone.

Theorem 45
If S ⊂ Rn and x̃ ∈ clo (S), then T̂S (x̃) is a closed convex cone.

Lemma 46
Let M ⊂ Rn, x ∈ clo (M) and S ⊂ Rn, x ∈ int (S). Then,

T̂M∩S (x) = T̂clo(M)∩clo(S) (x) = T̂M (x) = T̂clo(M) (x).

Theorem 47
If S ⊂ Rn and x̃ ∈ clo (S), then T̂S (x̃) ⊂ TS (x̃).
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Kužele - lokálńı uzav̌renost

Definition 48
Let S ⊂ Rn, x̃ ∈ clo (S). We say, that set S is locally closed at x̃ (cz.
lokálně uzav̌rená v x̃), if there is δ > 0 such that V (x̃ , δ) ∩ S is a closed
set.
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Kužele - 10

Theorem 49
Let S ⊂ Rn and x̃ ∈ clo (S). If S is locally closed at x̃ , then

T̂S (x̃) =

{
s ∈ Rn :

For each xk ∈ S, k ∈ N, xk → x̃ ,
there are sk ∈ TS (xk), k ∈ N
such that sk → s.

}
(18)
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Kužele - 11

Theorem 50
Let S ⊂ Rn a x̃ ∈ clo (S). If S is locally closed at x̃ , then

T̂S (x̃) = NS (x̃) o , T̂S (x̃) o ⊃ NS (x̃).
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Diferencovatelnost reálných funkćı Convex functions Tangent cone, normal cone and polar Literature

Kužele - 12

Definition 51
Let S ⊂ Rn, x̃ ∈ S. We say, S is regular at x̃ in the Sense of Clarke, (cz.
regulárńı ve smyslu Clarka), if S is locally closed at x̃ and

NS (x̃) = N̂S (x̃).
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Kužele - 13

Lemma 52
Let S ⊂ Rn be convex, x̃ ∈ S. Then,

TS (x̃) = clo ({s ∈ Rn : ∃λ > 0 such that x̃ + λs ∈ S}) ,
int (TS (x̃)) = {s ∈ Rn : ∃λ > 0 such that x̃ + λs ∈ int (S)} ,
NS (x̃) = N̂S (x̃) = {s ∈ Rn : ∀ x ∈ S we have 〈 s, x − x̃ 〉 ≤ 0} .

Therefore, convex set S is regular at x̃ in sense of Clarke if and only if S
is locally closed at x̃ .
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