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Introduction

We will go through some parts of On Numbers and Games (Conway,
1976)

Our order will be different from the order in the book
We start by defining games and learn to make arithmetics on them

Then we define surreal numbers as a special kind of games

Field of surreal numbers turns out to be similar in structure to reals,
but much richer
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Definition of game

@ Game is played between 2 players - Left and Right
Players are alternately taking turns, player without valid move loses
Every game must terminate after finite number of moves

o
o
@ Every position is fully described by valid moves for Left and Right
@ We can identify a game with its starting position

o

Formally, game is an ordered pair of sets of games (written as
{L | R}) - L are options for Left player, R for Right

> {l}=0
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Definition of game
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Players are alternately taking turns, player without valid move loses
Every game must terminate after finite number of moves

Every position is fully described by valid moves for Left and Right
We can identify a game with its starting position

Formally, game is an ordered pair of sets of games (written as
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Definition of game

Game is played between 2 players - Left and Right

Players are alternately taking turns, player without valid move loses
Every game must terminate after finite number of moves

Every position is fully described by valid moves for Left and Right
We can identify a game with its starting position

Formally, game is an ordered pair of sets of games (written as
{L | R}) - L are options for Left player, R for Right

{| } =0 - second player wins

{0] } =1- Left wins

{] 0} = —1 - Right wins

{0 | 0} = = - first player wins
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Definition of game

Game is played between 2 players - Left and Right

Players are alternately taking turns, player without valid move loses
Every game must terminate after finite number of moves

Every position is fully described by valid moves for Left and Right

We can identify a game with its starting position

Formally, game is an ordered pair of sets of games (written as
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Definition of game

@ Game is played between 2 players - Left and Right
Players are alternately taking turns, player without valid move loses

Every game must terminate after finite number of moves

o
o
@ Every position is fully described by valid moves for Left and Right
@ We can identify a game with its starting position

o

Formally, game is an ordered pair of sets of games (written as
{L | R}) - L are options for Left player, R for Right

{| } =0 - second player wins

{0] } =1- Left wins

{] 0} = —1 - Right wins

{0 | 0} = = - first player wins

{0,1 | }, {x | #}, {0,% | —1}, ...

vV VvV VvV VY VY

o If a={X | Y} is a game, we write a; for X and ag for Y
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To avoid cyclic definition, we can do this:

Definition (Game)
For each ordinal o we define M,, as follows:
e M,={{L| R}: L,RQU5<QM5}

We say that x is a game, if x € M, for some a. We call the smallest such
« the birthday of x.
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Definition of game

To avoid cyclic definition, we can do this:

Definition (Game)
For each ordinal o we define M,, as follows:
e M,={{L| R}: L,RgUﬁ<aMﬁ}

We say that x is a game, if x € M, for some a. We call the smallest such
« the birthday of x.

o Mo={{|}}={0}
o My={{|}.{0]},{[0},{0[0}}={0,1,—1,%}
o [Ms| =256

@ The class of all games is a proper class.
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Definition of game

To avoid cyclic definition, we can do this:

Definition (Game)
For each ordinal o we define M,, as follows:
e M,={{L| R}: L,RQUB<QM5}

We say that x is a game, if x € M, for some a. We call the smallest such
« the birthday of x.

o Mo={{]}}={0}

o My={{[},{0]},{[0},{0]0}} ={0,1,-1,%}

e |M;| =256

@ The class of all games is a proper class.

e If x is a game and y € x; U xg, then birthday(y) < birthday(x).
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Definition of game

There is no infinite sequence of games {g;} such that gi+1 € (gi)L U (gi)r
for each i € N. If there was, their birthdays would form an infinite
decreasing sequence of ordinals.
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Definition of game

There is no infinite sequence of games {g;} such that gj11 € (gi)L U (gi)r
for each i € N. If there was, their birthdays would form an infinite
decreasing sequence of ordinals.
Lemma (Induction)
Let ¢ be a property such that for each game x:

o (Vy € xp Uxg: d(y)) — o(x)
Then for each game x, ¢(x) holds.

Lemma (Induction 2)
Let ¢ be a property such that for each x, y:
o (VX' ex Uxg:o(x,y)) AWy €yLUyr:d(x,y')) = ¢(x,y)
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Definition of game

There is no infinite sequence of games {g;} such that gj11 € (gi)L U (gi)r
for each i € N. If there was, their birthdays would form an infinite
decreasing sequence of ordinals.
Lemma (Induction)
Let ¢ be a property such that for each game x:

o (Vy € xp Uxg: d(y)) — o(x)
Then for each game x, ¢(x) holds.

Lemma (Induction 2)
Let ¢ be a property such that for each x, y:

o (VX' €xLUxr: o(x',y)) A(Vy' € yLUyr : d(x,y)) = ¢(x,y)
Then for each x and y, ¢(x,y) holds.

Similar lemma holds for ¢(x,y, z), etc.
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Consequences:

@ Every game terminates after finite number of moves.
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Definition of game

Consequences:
@ Every game terminates after finite number of moves.

@ For given game and given starting player, exactly one player has a
winning strategy.
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Arithmetics on games

Definition
Let a be a game. We say that a > 0, if, given Right starts, Left has a
winning strategy. Alternatively, a > 0 iff Vb € agr dc € by : ¢ > 0.
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Arithmetics on games

Definition
Let a be a game. We say that a > 0, if, given Right starts, Left has a
winning strategy. Alternatively, a > 0 iff Vb € agr dc € by : ¢ > 0.
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Arithmetics on games

Definition
Let a be a game. We say that a > 0, if, given Right starts, Left has a
winning strategy. Alternatively, a > 0 iff Vb € agr dc € by : ¢ > 0.

a+ b - each move can be done in either a or b.
Definition

Let a, b be games. By a4+ b we mean a game
{(ar +b)U(a+by) | (ar +b)U(a+ br)}

—a - same game, but with roles switched.

Let a be a game. By —a we mean a game {—ar | —a;}

Definition J
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We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
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We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b * a

Martin Melicher Surreal numbers March 28, 2021 10 /27



Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b * a
@ a< bstands fora? band b> a

Martin Melicher Surreal numbers March 28, 2021 10 /27



Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b * a
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@ a=bstandsfora> b and b> a
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o —-0=—{1}={l}=0
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o —-0=—{1}={l}=0
o —~()=—{0|} ={] -0} ={|0} =-1
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—{}={]}=0
o —()=-{0|}={| -0} ={[|0} =-1
e —x =—{0]0}
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{|}={]} =0
o —()=—-{0]}={] -0 ={]0} =-1
o —x=—{0]0} ={-0| —0}
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{|}={]} =0
o —()=—-{0[}={[-0p={]|0} =-1
e —x=—-{0]0} ={-0| —0} ={0]0}
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{]}={l}=0
o ~()=—{0]}={] —0} ={]0} =1
o —x=-{0]0} ={-0] —0} ={0]0} ==
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{|}={]}=0

o —()=—-{0]}={] -0 ={]0} =-1
e —x=—{0]0} ={-0] —0} ={0| 0} ==
e 0+0
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{|}={]}=0

o —()=—-{0]}={] -0 ={]0} =-1
e —x=—{0]0} ={-0] —0} ={0| 0} ==
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Arithmetics on games

We define a— bas a+ (—b) and a > b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—{|}={]}=0

o —()=—{0]}={] -0} ={[0} =-1
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—-{|}={]|}=0

o —(I)=—{0]}={] -0} ={[0} =-1
e —x=—{0]0} ={-0] -0} ={0]|0} =«
e 0+0={[}+{|}={]}=0

e 0+x={|}+{0|0} ={0+0]0+0}
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We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—-{|}={]|}=0
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—-{|}={]|}=0

o —()=—-{0]}={]| -0} ={[0} =-1

e —x=—{0]0} ={-0] -0} ={0]|0} =«
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—-{|}={]|}=0

o —()=—-{0]}={]| -0} ={[0} =-1

e —x=—{0]0} ={-0] -0} ={0]|0} =«

o 0+0={|}+{|}={[}=0

e 0+x={|}+4{0]0} ={0+0]|]0+0} ={0|0} =«
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e 0=—-{|}={]|}=0

o —()=-{0|}={| -0} ={[|0} =-1

o —x=—{0]0} ={-0[ -0} ={0[0} ==

o 0+0={|}+{[}={]}=0

e 0+x={|}+4{0]0} ={0+0]|]0+0} ={0|0} =«
o x+x={0]0}+{0 [0}
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e -0=-{[}={]}=0

o —()=—{0]} ={] -0} ={[0} =-1

e —x=—{0]0} ={-0] -0} ={0]|0} =«

o 0+0={|}+{l}={]}=0

0 0+x+={|}+{0]0} ={0+0]0+4+0} ={0]0} =«
0 x+x={0|0}+{0]0} ={0+%%+0]|0+x*%x+0}
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

o 0=—{|}={l}=0

o —()=—-{0]}={]| -0} ={[0} =-1

e —x=—{0]0} ={-0] -0} ={0]|0} =«

o 0+0={|}+{|}={[}=0

0 0+x+={|}+{0]0} ={0+0]0+4+0} ={0]0} =«

0 #x++={0]0}+{0]0} = {0+ %+0]|0+xx+0} = {x«}
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Arithmetics on games

We define a— b as a+ (—b) and a> b as a— b > 0. Furthermore:
@ a> bstandsfora>band b # a
@ a< bstands fora? band b> a
@ a=bstandsfora> b and b> a
@ al|| bstands for a 2 band b # a

We use a = b, if a and b are exactly the same (a; = b; and ag = bg).
Examples:

e -0=-{[}={]}=0

o —()=—{0]} ={] -0} ={[0} =-1

e —x=—{0]0} ={-0] -0} ={0]|0} =«

o 0+0={|}+{l}={]}=0

0 0+x+={|}+{0]0} ={0+0]0+4+0} ={0]0} =«

0 x+x={0|0}+{0]0} ={0+%%x+0[0+x*%x+0} ={x[x} =0
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Arithmetics on games

Lemma

Let a, b, c be games. Then:
Q at+t0=a
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Arithmetics on games

Lemma
Let a, b, c be games. Then:
Qa+0=a

Q@ at+tb=b+a
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Arithmetics on games

Lemma
Let a, b, c be games. Then:
Q a2a+0=a

Q@ atb=b+a

Q@ (a+b)+c=a+(b+c)
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Arithmetics on games

Lemma

Let a, b, c be games. Then:
Q at+0=a

Q@ atb=b+a

Q@ (a+b)+c=a+(b+c)
Q (-a)=a
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Arithmetics on games

Lemma

Let a, b, c be games. Then:
Q at+0=a

Q@ atb=b+a

Q@ (a+b)+c=a+(b+c)
Q (-a)=a

@ (a+b)=-a-—»
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Arithmetics on games

Lemma

Let a, b, c be games. Then:
Q at+0=a

Q@ atb=b+a

Q@ (a+b)+c=a+(b+c)
Q (-a)=a

@ (a+b)=-a-—»

Before, we defined a > b as a — b > 0. Now we know, that
a—0=a+ 0= 3, so the definition of > is consistent.
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Arithmetics on games

Proof

We prove all of them by induction.
Q@ a+0
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Martin Melicher Surreal numbers March 28, 2021 14 /27
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Proof

We prove all of them by induction.
Q@ at+0={a |ar}+{|} ={ar+0]ar+0}
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Proof

We prove all of them by induction.
Q@ a+0={a |ar}+{|} ={ar+0]ar+0} ={a|ar}
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Arithmetics on games

Proof

We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
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Arithmetics on games

Proof

We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+br) | (ar+ b)U(a+ br)}

v
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(b.+a)| (b+arg)U(bg+a)}
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(b.+a)| (b+ag)U(bgr+a)} =b+a.

)
)

© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
ht.

the left and analogously on the right

v
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(b.+a)| (b+ag)U(bgr+a)} =b+a.

)
)

© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
ht.

the left and analogously on the right
0 —(-29)

v
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(b.+a)| (b+ag)U(bgr+a)} =b+a.

)
)

© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
ht.

the left and analogously on the right
Q (-a)=—{-ar | —a}

v

Martin Melicher Surreal numbers March 28, 2021

14 /27



Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.

QO —(-a)=—{-ar| —a} ={-(-a) | —(=ar)}
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.

Q (-a)=—{-ar| —a} ={-(-a) | —(-ar)} ={a | ar}
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.

Q@ (-a)=—{-ar| —a} ={-(-a) | —(-ar)} ={a | ar} =2
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.
QO (-a)=—{-ar| —a} ={-(-a)| —(-ar)} ={a | ar} =a
Q@ —(a+b)
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.
QO (-a)=—{-ar| —a} ={-(-a)| —(-ar)} ={a | ar} =a
Q@ —(a+b)
=—{(ac+b)U(a+b) | (ar+b)U(a+ br)}
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Arithmetics on games

Proof

We prove all of them by induction.

Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ at+b

={(a.+ b)U(a+b) | (ar+ b)U(a+ bgr)}
={(b+a)U(bL+a)| (b+ag)U(br+a)} =b+a.

© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.

Q@ (-a)=—{-ar| —a} ={-(-a) | —(-ar)} ={a | ar} =2

@ —(a+b)

—{(ac +b)U(a+be) | (ar+ b)U(a+ br)}
—(ag+b)U—(a+bgr) | —(ar+b)U—(a+ b))}
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Arithmetics on games

Proof

We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.
QO (-a)=—{-ar| —a} ={-(-a)| —(-ar)} ={a | ar} =a
Q@ —(a+b)
{(ar+b)U(a+by) | (ar+b)U(a+ br)}
(ar+b)U—(a+br) | —(ar+b)U—(a+ b))}
—ag —b)U(-a—bR) | (—aL—b)U(—a—b)}
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Arithmetics on games

Proof
We prove all of them by induction.
Q@a+0={a |ar}+{]|}={ar+0|ar+0} ={a, | ar} = a
Q@ a+b
={(ac+b)U(a+b.) | (ar+ b)U(a+ br)}
={(b+a)U(bL+a)| (b+ar)U(br+a)} =b+a.
© Both sides evaluate to (ag + b+ c)U(a+ b . +c)U(a+ b+ L) on
the left and analogously on the right.
QO (-a)=—{-ar| —a} ={-(-a)| —(-ar)} ={a | ar} =a
Q@ —(a+b)
{(ar+b)U(a+by) | (ar+b)U(a+ br)}

—_~ o~

Z{—(3R+b)u—(a+bR) | —(a+b)U—(a+b)}
={(—agr — b)U(—a—bg) | (—aL — b)U(—a— b))}
=—a—b>b

v

Martin Melicher Surreal numbers March 28, 2021 14 /27



Arithmetics on games

Lemma

Let a, b be games. Then:
Q a<biff —a> —b.
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Arithmetics on games

Lemma
Let a, b be games. Then:
Q a< biff —a> —b.
Q@ a=»biff —a=—b.
© a <0 iff given Left starts, Right can win.
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Arithmetics on games

Lemma
Let a, b be games. Then:
Q a< biff —a> —b.
Q@ a=»biff —a=—b.
© a <0 iff given Left starts, Right can win.

Proof
@ Follows from the definition and b—a= —a+ b= —a— (-b).
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Arithmetics on games

Lemma
Let a, b be games. Then:
Q a< biff —a> —b.
Q@ a=»biff —a=—b.
© a <0 iff given Left starts, Right can win.

Proof
@ Follows from the definition and b—a= —a+ b= —a— (-b).
Q@ a=b<(a<bAb<a)<(—a>—-bA—-b>-a)<>—a=-b
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Arithmetics on games

Lemma
Let a, b be games. Then:
Q a< biff —a> —b.
Q@ a=»biff —a=—b.
© a <0 iff given Left starts, Right can win.

Proof
@ Follows from the definition and b—a= —a+ b= —a— (-b).
Q@ a=b<(a<bAb<a)<(—a>—-bA—-b>-a)<>—a=-b
© a <0is equivalent to —a > 0. Thus in —a, given Right starts, Left
can win. But —a is just a with roles switched.
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Arithmetics on games
Consequence

Let a be a game. Then:

@ a > 0 iff Left has a winning strategy.
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Arithmetics on games

Consequence
Let a be a game. Then:
@ a > 0 iff Left has a winning strategy.
@ a < 0 iff Right has a winning strategy.
@ a = 0 iff second player has a winning strategy.

@ a || 0 iff first player has a winning strategy.

Consequence
—1<0<1;%||0;{*x]|=}=0
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Arithmetics on games

Lemma

Let a, b be games. Then:

@ Ifa>0and b>0, then a+ b > 0.
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Let a, b be games. Then:

Q@ Ifa>0and b>0, then a+ b > 0.

Q@ If b=0,thenad0iffa+ b OO0, where J e {>,<,=,||}.
Q@ a—a=0.

Proof

© We are playing a + b, Right starts. Left can just combine winning
strategies for a and b, always playing in the same game as Right.
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Q@ Ifa>0and b>0, then a+ b > 0.

Q@ If b=0,thenad0iffa+ b OO0, where J e {>,<,=,||}.
Q@ a—a=0.

Proof

© We are playing a + b, Right starts. Left can just combine winning
strategies for a and b, always playing in the same game as Right.

@ In b, second player can win. Whoever can win in a, can also win in

a+ b - just use your winning strategy for a and respond to
opponent’'s moves in b with second player's winning strategy.
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Proof

© We are playing a + b, Right starts. Left can just combine winning
strategies for a and b, always playing in the same game as Right.

@ In b, second player can win. Whoever can win in a, can also win in
a+ b - just use your winning strategy for a and respond to
opponent’'s moves in b with second player's winning strategy.

© Second player can win by mirroring first player's moves.
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Arithmetics on games

Lemma

Let a, b be games. Then:

Q@ Ifa>0and b>0, then a+ b > 0.

Q@ If b=0,thenad0iffa+ b OO0, where J e {>,<,=,||}.
Q@ a—a=0.

Proof

© We are playing a + b, Right starts. Left can just combine winning
strategies for a and b, always playing in the same game as Right.

@ In b, second player can win. Whoever can win in a, can also win in
a+ b - just use your winning strategy for a and respond to
opponent’'s moves in b with second player's winning strategy.

© Second player can win by mirroring first player's moves.

From point 3 it follows that a = a.
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Arithmetics on games
Lemma

Let a, b, c be games. Then:
@ea>biffatc>b+c.
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Arithmetics on games
Lemma

Let a, b, c be games. Then:
@ea>biffatc>b+c.

o Ifa>band b > c, then a> c.
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Arithmetics on games

Lemma

Let a, b, c be games. Then:
@ea>biffatc>b+c.
@ Ifa>band b> c, then a > c.

Proof
@ a > bis equivalent to a— b > 0.
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Arithmetics on games

Lemma

Let a, b, ¢ be games. Then:
@ea>biffatc>b+c.
@ Ifa>band b> c, then a > c.

Proof
@ a > bisequivalenttoa— b>0. a+ c > b+ c is equivalent to
(a+c)—(b+¢c) >0, thus (a—b)+(c—c) >0.
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Let a, b, ¢ be games. Then:
@ea>biffatc>b+c.
@ Ifa>band b> c, then a > c.

Proof
@ a > bisequivalenttoa— b>0. a+ c > b+ c is equivalent to
(a+c)—(b+¢c)>0,thus(a—b)+(c—¢c)>0. Butc—c=0,so
these are equivalent.
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Arithmetics on games

Lemma

Let a, b, ¢ be games. Then:
@ea>biffatc>b+c.
@ Ifa>band b> c, then a > c.

Proof
@ a > bisequivalenttoa— b>0. a+ c > b+ c is equivalent to
(a+c)—(b+¢c)>0,thus(a—b)+(c—¢c)>0. Butc—c=0,so
these are equivalent.
@ We know, that a— b>0and b— c > 0. Thus
(a—b)+(b—c)=(a—c)+(b—b) >0, thusa—c>0.
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Arithmetics on games

Lemma

Let a, b, ¢ be games. Then:
@ea>biffatc>b+c.
@ Ifa>band b> c, then a > c.

Proof
@ a > bisequivalenttoa— b>0. a+ c > b+ c is equivalent to
(a+c)—(b+¢c)>0,thus(a—b)+(c—¢c)>0. Butc—c=0,so
these are equivalent.
@ We know, that a— b>0and b— c > 0. Thus
(a—b)+(b—c)=(a—c)+(b—b) >0, thusa—c>0.

Thusa=b<>a+c=b+cand (a=bAb=c)—a=c.
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Arithmetics on games

Consequence

= is an equivalence relation.
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Arithmetics on games

Consequence

= is an equivalence relation. +, — and < are well-defined operations on
equivalence classes defined by =.
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Arithmetics on games

Consequence

= is an equivalence relation. +, — and < are well-defined operations on
equivalence classes defined by =. The class of these equivalence classes
together with +, —, 0 and < forms a partially ordered abelian Group.
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Surreal numbers

Definition
Game a is a surreal number, if a; and ag are sets of surreal numbers and
for each x € a;, y € ag we have x < y.

Examples:
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Examples:
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Surreal numbers

Definition
Game a is a surreal number, if a; and ag are sets of surreal numbers and
for each x € a;, y € ag we have x < y.

Examples:
e 0={] } is a number.
e 1={0|}and —1 ={| 0} are numbers.
e x={0| 0} is not a number.

@ {0 1} is a number. We can check that {0 | 1} + {0 | 1} =1, let us
call this number %
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Surreal numbers

Definition
Game a is a surreal number, if a; and ag are sets of surreal numbers and
for each x € a;, y € ar we have x < y.

Examples:
e 0={] } is a number.
e 1={0|}and —1 ={| 0} are numbers.
e x = {0 | 0} is not a number.

@ {0 1} is a number. We can check that {0 | 1} + {0 | 1} =1, let us
call this number %

e {—1,0]| 1} is a number and it is equal to {0 | 1}.
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Surreal numbers

Definition
Game a is a surreal number, if a; and ag are sets of surreal numbers and
for each x € a;, y € ar we have x < y.

Examples:

0={|}is a number.

1={0]}and =1 ={ | 0} are numbers.
« = {0 | 0} is not a number.

{0 ] 1} is a number. We can check that {0 | 1} + {0 | 1} = 1; let us
call this number %

e {—1,0]| 1} is a number and it is equal to {0 | 1}.

Class No of all number is a proper class.
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Surreal numbers

Theorem

Let a be a number, b€ a; and c € ag. Then b< a< c.
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Surreal numbers

Theorem

Let a be a number, b€ a; and c € ag. Then b< a< c.

Theorem

Let a, b be numbers. Then a> bor b > a.

=] 5
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Surreal numbers

Theorem
Let a be a number, b€ a; and c € ag. Then b< a< c.

Theorem
Let a, b be numbers. Then a> bor b > a.

Theorem

If a, b are numbers, then so are a + b and —a.

m] = = =
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } =0.
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } =0.
@ In step 1 we get numbers { | 0} = —1and {0 | } = 1.
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@ In step 0 we have the only number { | } =0.

@ Instep 1 we get numbers { | 0} = —1and {0 | } =1.

olnstep2weget {| —1}=-2,{-1|0}=-3, {0|1} =3,
{1]}=2.
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } =0.

@ Instep 1 we get numbers { | 0} = —1and {0 | } =1.

olnstep2weget {| —1}=-2,{-1|0}=-3, {0|1} =3,
{1]}=2.
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } =0.

@ Instep 1 we get numbers { | 0} = —1and {0 | } =1.

olnstep2weget {| —1}=-2,{-1|0}=-3, {0|1} =3,
{1]}=2.

@ In step 3 we get —3, —%, —%, —%. :11,

Hlw
Nlw
w

o In first w step we get all fractions of the form % (dyadic fractions)
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } =0.
@ Instep 1 we get numbers { | 0} = —1and {0 | } =1.
olnstep2weget {| —1}=-2,{-1|0}=-3, {0|1} =3,
{1]}=2.
3

@ In step 3 we get —3, —3, —%, —%. %,

W
Nlw
w

o In first w step we get all fractions of the form % (dyadic fractions)

o We definen+1las{n|}, —n—1as{| —n}and 22?,1“11 as {2 | &
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Surreal numbers - finite birthday

@ In step 0 we have the only number { | } = 0.

@ Instep 1 we get numbers { | 0} = —1and {0 | } =1.

olnstep2weget {| —1}=-2,{-1|0}=-3, {0|1} =3,
{1]}=2.

@ In step 3 we get —3, —%, —%, —%, %, %, % 3

o ...

o In first w step we get all fractions of the form % (dyadic fractions)

o Wedefinen+1las{n|}, —n—1as{| —n}and 22 as {£ | 3
Theorem

These are all the numbers with finite birthday. +, — and < work as you
would expect.
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Surreal numbers - birthday w

@ This is where we start getting infinite sets.
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Surreal numbers - birthday w

@ This is where we start getting infinite sets.
11,1 1, 1 1 1,1 11,11y _1
.{Z’Z+1_6771+1_6+ﬁ’|’Z+1_6+§’Z+§’§}_§ Indeed,
1, 1.,1_q
;t3ts3=1
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Surreal numbers - birthday w

@ This is where we start getting infinite sets.
11,1 1,1 1 1, 1 11,1 1y _1
(] {Z’Z+1_6’Z+E+ﬁ’ | ’Z+1_6+§7Z+§7§} —3 Indeed,
1 + 1 + 1_q
37373 :
@ All the real numbers.
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Surreal numbers - birthday w

@ This is where we start getting infinite sets.
11,1 1,1 1 1, 1 11,1 1y _1
(] iz’zl—i-l—]?,z—i-ﬁﬁ—a, | ’Z+1_6+§7Z+§7§} —3 Indeed,
3+3+3=1
@ All the real numbers.
e {0,1,2,3,...| } =w
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Surreal numbers - birthday w

@ This is where we start getting infinite sets.
1;{%1+1—16%+%+& | i+ 15 T34+ 53} =3 Indeed,
3+3+3=1

o All the real numbers.

e {0,1,2,3,...| } =w

e {|..,—3-2,-1,0}=—w
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Surreal numbers - birthday w

This is where we start getting infinite sets.
1;{%1+1—16%+%+& | i+ 15 T34+ 53} =3 Indeed,
3+3+3=1

All the real numbers.

{0,1,2,3,... | } =w

{]..,-3,-2,-1,0} = —w

{05502 =3
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Surreal numbers - birthday w

This is where we start getting infinite sets.

R o N [T he B S A R
474 16’4 16 64’ 4T 16 T 320417 82
3+ +3 L.

All the real numbers.
{0,1,2,3,... | } =w
{]..,-3,-2,-1,0} = —w

111 1
{0| ’16’8’4’2’1}__
X i for each dyadic fraction x.

Wl
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Surreal numbers - birthday w + 1

w

@ x + L for each real number x.
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Surreal numbers - birthday w + 1

e x = % for each real number x.
1y 1
° {0 | 5} — 2w
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Surreal numbers - birthday w + 1

e x = % for each real number x.
o {0| 5} =1

2w

o x+ i for each dyadic fraction x.
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Surreal numbers - birthday w + 1

e x+ % for each real number x.
11 _ 1
o {05} =15
o x+ % for each dyadic fraction x.
e {0,1,2,..,w]|}t=w+1
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Surreal numbers - birthday w + 1

o x =+ (% for each real number x.
1y _ 1
o {0] 3} =15
o x+ % for each dyadic fraction x.
e {0,1,2,..,w]|}t=w+1
e {0,1,2,... |w}=w—-1
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Surreal numbers - birthday w + 1

e x+ % for each real number x.

o {015} =12

o x+ % for each dyadic fraction x.
e {0,1,2,..,w]|}t=w+1

e {0,1,2,... |w}=w—-1

@ Analogously —w —1and —w+1
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Surreal numbers - higher birthdays

0 {0,1,2,... |w—1} =w —2, similarly w — 3, w — 4, ...
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Surreal numbers - higher birthdays

0 {0,1,2,... |w—1} =w —2, similarly w — 3, w — 4, ...
© {0,1,2,3,.. | .,w—-3w—-2w—-lwt=%
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Surreal numbers - higher birthdays

0 {0,1,2,... |w—1} =w —2, similarly w — 3, w — 4, ...
e {0,1,2,3,... | .,w—-3,w—-2,w—-1lw}t=9%
0 {0,1,2,3,... | ...%.% % w}=Vw
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Surreal numbers - higher birthdays

0 {0,1,2,... |w—1} =w —2, similarly w — 3, w — 4, ...

0 {0,1,2,3,.. | ow—3w-2w-lw}=%
0 {0,1,2,3,... | ...%.% % w}=Vw

1 1 117 _ 1
° {0| ’8w’4w’2w’5}_u7
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Surreal numbers - higher birthdays

0 {0,1,2,... |w—1} =w —2, similarly w — 3, w — 4, ...

0 {0,1,2,3,.. | ow—3w-2w-lw}=%
0 {0,1,2,3,... | ...%.% % w}=Vw

1 1 117 _ 1
° {0| ’8w’4w’2w’5}_u7

° \/w—l—l—a,wz,
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Surreal numbers

Simplicity theorem
Let x be a game and z be a number such that all of x; ? z # xg hold and
no element of z; U zg satisfies the same condition. Then x = z.

Examples:
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Surreal numbers

Simplicity theorem
Let x be a game and z be a number such that all of x; ? z # xg hold and
no element of z; U zg satisfies the same condition. Then x = z.

v

Consequence

Let {L | R} be a number of unknown value. Then this number is equal to
simplest such x, that all of L < x < R hold. Here ‘simplest’ means ‘with
the smallest birthday’.

Examples:
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Surreal numbers

Simplicity theorem

Let x be a game and z be a number such that all of x; ? z # xg hold and
no element of z; U zg satisfies the same condition. Then x = z.

v

Consequence

Let {L | R} be a number of unknown value. Then this number is equal to
simplest such x, that all of L < x < R hold. Here ‘simplest’ means ‘with
the smallest birthday’.

Examples:
o {-1,0|1}={0]1}
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Surreal numbers

Simplicity theorem

Let x be a game and z be a number such that all of x; ? z # xg hold and
no element of z; U zg satisfies the same condition. Then x = z.

v

Consequence

Let {L | R} be a number of unknown value. Then this number is equal to
simplest such x, that all of L < x < R hold. Here ‘simplest’ means ‘with
the smallest birthday’.

Examples:
o {—1, 0!1}={0|1}

o {13143}
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no element of z; U zg satisfies the same condition. Then x = z.
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