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Begriftsschrift, a formula language, modeled wpon
that of arithmetic, for pure thought

GOTTLOB FREGE
(1879)

This is the first work that Frege wrote
in the field of logic, and, although a mere
booklet of eighty-eight pages, it 15 per-
haps the most important single work ever
written in logic. Its fundamental contri-
butions, among lesser points, are the

truth-functional propositional caleulus,

written with special symbols, “for pure
thought”, that is, free from rhetorical
embellishments, ‘‘modeled upon that of
arithmetic”, that is, constructed from
specific symbols that are manipulated
according to definite rules. The last
shrase does not mean that logic mimics

" i eantts and the analogies, unmvermﬂ




k= . e,
ASource Book in Mathematical Logic, 187

] . o
. d, - e . 5
Frege, Peano, Dedekind, Burali-Forti, Cantor, Padoa, Russell, Hilbert,

z

* Zermelo, Richard, Koni » Whitebgad and Ruésell, Wiener, Ibwenheifn,
Skolem, Post, Fraenkel, BmuWer, von Negﬁx;r{ﬁ', Schénfinkel,

: : Kolmégorov, Finsler, W yl, Bernays, Ackenjan;i,‘Herbm{_x'd, Godel

[ S

Edited by Jean van Heijencort

Vit N g s




A/I./'b{’r{'s —(ow.o(a/)(\'o uod /)}07 V@

—? Cowu St‘\*tucp PH‘JMCM*

- Ewts CA-&C&LMJA)‘J}ub/-CLK

N s-e/(‘ 'fL Cct'vua & év /D/t'ha'p/fl



fh'/: chased L eeve

¢

Aljoru-'ﬂv. o el e elp /oy'uJ Ua/t'd'/q.

=l> o TU\rt'u] ) C-hu-ﬂ“‘ L BC

J
T. mocha'uen Hd-z«f*'by /)ru‘alk

|

ueagﬁt‘w &tJeM‘m\ 0‘{ Ht?éﬁj{ 707‘ /)hwé(,



COM&:'&"CW}_

N -fwuuuae wedh ames Nrowe Ay contesfen
bb -f-\‘m‘flrv M2 o

=> 3«‘34&? \9’ ’ "4-/:0:'.‘:'4/0

%,u«fbm‘x IRV PUS b



S et "“worg_

—> Zevrwelo y Fra-eultb@)...

—> awsow et Sj.\f&u

—> C(uafor's couluuuw pvebles A C, ..

C){m KSR * ellln "—:f{ b =k
N Jg » X >/



P

Ave Thaye {ouuda.ft'ovJ /)refr/-ufu e fevoudt G 67.?

T proat comtasih]

YES , ,-.F we Fabe foan'ft'/"l:):

i v ace ounAt



Eulschud....

S
.JA/3~ A fun Fo /or'e.-ﬂ DQ/:‘o(a'/] ¢
"

.l 1

-‘!c\t'blt A . e phl,)ﬂc‘ﬁ'ua—e R 2.

N
P -, WP

4



)

Consriltney

(o 7L, (‘uusc.‘&/uey of PRotbd W.+.C. /Hu/d
O'f ¢t w be Pruwc/ 6) Q /)f"/ #&'& A C

@ /VP :tcoA/P

oR

c_ﬁ -3? QM\‘\&.—( ])ruf./Jru ﬁp(/h._



CoutetFu
y Qjm'«

(A) A
be  Tha
) -(umo«f’a..wevh-(
o rou/ev&»ru ot
- | T

(
Wk
| pv.
a,’ ﬂ, W e u&fn g G, J Cm A

W o s e ?

/)



] Y % bre OF
/o;,',, e of Pt n,-ca 8 Mf;u:'m PevA
Z'-Ac ) ettt Paat & asefyi)

k-t\ P\' Ca @ ’JM

i
!
L\ [P DTl 1
¢ Peany Arvcfh. & -'Cws’f! tef 74
YSeT ExfiTeNct N
1
.

W L ,,M_P}Jruu Oneu i
RCA L yeomwon Th /oy’

&
Intap oo cowbrunetyited

?é—- CT : bounmed S arullba e



/2

ZLloopren f-V\ cr -~ bowelt o o Shn.u.”tjm, Beuned 6oy

S Paveb!?3
Privapel apty  Coad 28

Ponsy= UWnldie ‘Porw early (o
IA/D welun ; Buss ol

[Aru ) s Vyu. (A(oj ) -—)}l(yu\\j - /_4(*' )



/%,

2 l‘\'fvl -J-‘t'\:
/au
'Juae}:.' v §
-f Yo ol fA fur MQ/"("' at
Y]
7/1

S L
I
‘

g
p

A
Y
E—ptwm & MP-lan T
2 (M) ,/)a:.l ¢y )

:J)l(lyaslfml)m



Ex -}u rue lf2etons

Pt/ &> for tsum §,
Sakkex,y) = .f&.f(‘r/'e’_(-\-))

MPs Do, &> ¥ 2 C Clelstel™)
Yoy Claiyrsian)

Saf €, y) —> SeAt e, Ces))

[)‘)#-,VP C o he CJL(.\G. 763'0\. g(('}(g{ ,6) b5 y-ka“u)7

4)



& 'y o-f -Eq\rwu(t‘-?tﬁ’ws ;

L]

/0/)- comf/c feuees of SAT

s PCP F e
0 30(&(!’-&‘0{- Leveuw th

[ ]

OWE = PRIG coud

GeL'MV{DU.M'M‘Uu Vi'e ”u/ \,44.'3

U o-ha vt pwr')’f
Sor iy wit wnd

oeu/)u..b(u\ f“*"'"b&‘oa;
aad Al B pived lowtr boue ey

/.



AWPHP ’(A coasdun) %—)ba?-'a(a,/??h

[ugye 'fg -Fgru..d-(fa'c ﬂrs/néc‘/ﬂ%‘c Cou QM ...,j

&

2
8‘- ff-‘ : Clxye, ) ] —> CE€CC )€ 4'(/1 /)
¢4 XYE: Fratb ~Fobte

L
Tl :JBGI{U;/)?\/Q'.J(({,,‘. %
>
h A o l:\aa(--f- }"'?'“"""7
C vl f wee S8




Conidtfmey yeyen'fee/ (AN

(A) gl'v"k ﬂloﬂf sw‘qud«nd Coajoc—Zu Fed Qe
True ((hvﬁ'hv‘%a”v , oA foo yf ) th Soun

hoeleld of P-ltRD, LA /0D, 1 SUPHP, .

)

*.nfﬁw/)w/‘%'u: 7 s Cous s are be” ,.4/4.4-&/,
¢ C7T Tl tounAr Touaels o

/d.



CT taAdbgoles



49!

Eat ‘\ of _m(oueﬁ'_/:'ahd\j cou&'a/o.c: 't(aﬂfl:

o Dw, ER G g wnan = pofy houmetiet Jo 127 20y " L=Pudiel)

A

o /V/’__f. Scee Cu®)

wld P

P :
e Ag g gc'n-t(a“) é;p‘th{/;/ (sp~rnhs
,-M'm'n]

o Pg Ceee (ut)

N }zw ]



&)

Cu '
“h&f%h’ '{v‘.\".‘Ad mj

(B) Couse
ousevfneg of P #FAD ¢ weart
(' hod § P
Ve o ll wntvnsh St YeurH

SowJ:
Sat(x,y) —> §ot () {AG))

fowe,

A/a ""I l
E * 7 Q,M\/L‘c r h alhv /7 @
P .



72,

Doan ¢4 wmoedfin  whin Wwe Hrope J.UWJ.}A ?

TR O L : e ny
e L - .?A Myﬁ; o/ Sow-ﬂ{/' u Frus

s

> whale Wp-iwd F— Sowly

but PILD == .fowJ+A

Con Vue vh( uraie fus Fhet A4 {pal—:'l/ee



FEASIBLY CONSTRUCTIVE PROOFS AND
THE PROPOSITIONAL CALCULUS

Preliminary Version

Stephen A. Cook
University of Toronto

1. Introduction

The motivation for this work comes
from two general sources. The first
source is the basic open question in com-
plexity theory of whether P equals NP (see
[1] and £2]). Our approach is to try to
show they are not equal, by trying to show
that the set of tautologies is not in NP
(of course its complement is in NP). This
is equivalent to showing that no proof
system (in the general sense defined in
[{31) for the tautologies is 'super" in the
sense that there is a short proof for
every tautology. Extended resolution is
an example of a powerful proof system for
tautologies that can simulate most stan-
dard proof systems (see [3]). The Main
Theorem (5.5) in this paper describes the
power of extended resolution in a way that
may provide a handle for showing it is not
super.

The second motivation comes from con-
structive mathematics., A constructive
proof of, say, a statement VxA must pro-
vide an effective means of finding a proof
of A for each value of x, but nothing is
said about how long this proof is as a
function of x. If the function is
exponential or super exponential, then for
short values of x the length of the proof
of the instance of A may exceed the number
of electrons in the universe. Thus one
can question the sense in which our origi-
nal "constructive" proof provides a method
of verifying VxA for such values of x.
Parikh [4] makes similar points, and goes
on to suggest an "anthropomorphic' formal
system for number theory in which induction
can only be applied to formulas with
bounded quantifiers. But even a quantifier
bounded by n may require time exponential
in the length of (the decimal notation
for) n to check all possible values of the
quantified variable {(unless P = NP), soO
Parikh's system is apparently still not
feasibly constructive.

In section 2, I introduce the system
PV for number theory, and it is this
system which I suggest properly formalizes
the notion of a feasibly constructive
proof. The formulas in PV are equations

83

t = u, {(for example, x+(y+z) = X*y + x°2)
where t and u are terms built from vari-
ables, constants, and function symbols
ranging over L, the class of functions com-
putable in time bounded by a polynomial in
the length of their arguments. The system
PV is the analog for L of the quantifier-
free theory of primitive recursive arithme-
tic developed by Skolem [5] and formalized
by others (see [6]1). A result necessary
for the construction of the system is
Cobham's theorem [7] which characterizes L
as the least class of functions containing
certain initial functions, and closed under
substitution and limited recursion on nota-
tion (see section 2). Thus all the func-
tions in L (except the initial functions)
can be introduced by a sequence of defining
equations., The axioms of PV are these
defining equations, and the rules of PV are
the usual rules for equality, together with
"induction on notation",

All proofs in PV are feasibly cons-
tructive in the following sense. Suppose
an identity, say f(x) = g(x), has a proof I
in PV. Then there is a polynomial pn(n)
such that T provides a uniform method of
verifying within pH(|x0|) steps that a

0 satisfies

If such a uniform method

given natural number Xx
fxg) = glxg).

exists, I will say the equation is
polynomially verifiable (or p-verifiable).

The reader's first reaction might be
that if both f ang g are in L, then there
is always a polynomial p(n) so that the
time required to evaluate them at X is

bounded by p(|x0|), and if f(x) =

true identity, then it should be p-
verifiable. The point is that the verifi-
cation method must be uniform, in the sense
that one can see (by the proof 1) that the
verification will always succeed. Not all
true identities are provable, so not all
are p-verifiable.

g(x) is a

There is a similar situation in cons-
tructive (or intuitionistic) number theory.
The Kleene-Nelson theorem ([81, p. 504)
states that if a formula VxA has a
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Proof complexity is a rich subject drawing on methods from logic, Encyclopedia of Mathematics and Its AppliC&tiOHS 170
combinatorics, algebra and computer science. This self-contained book

presents the basic concepts, classical results, current state of the art and
possible future directions in the field. It stresses a view of proof complexity as
awhole entity rather than a collection of various topics held together loosely
by a few notions, and it favors more generalizable statements.

Lower bounds for lengths of proofs, often regarded as the key issue in PRO O F
proof complexity, are of course covered in detail. However, upper bounds
are not neglected: this book also explores the relations between bounded
arithmetic theories and proof systems and how they can be used to prove C OM PL EXI TY
upper bounds on lengths of proofs and simulations among proof systems. It
goes on to discuss topics that transcend specific proof systems, allowing for
deeper understanding of the fundamental problems of the subject.

Jan Krajicek is Professor of Mathematical Logic in the Faculty of
Mathematics and Physics at Charles University, Prague. He is a member of the
Academia Europaea and of the Learned Society of the Czech Republic. He has
been an invited speaker at the European Congress of Mathematicians and at
the International Congresses of Logic, Methodology and Philosophy

of Science.
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