
Sada 10

Př́ıklad 1 (L’Hospital). Spočtěte následuj́ıćı limity pomoćı L’Hospitala.

(a) limx→1
22x6+20x−42
x40−3x+2

(b) limx→0

π
2 −arccos x

x

(c) limx→0
1

x sin x − 1
x2

(d) limx→0
x cotan(x)−1

x2

(e) limx→1− log(x) · log(1− x)

(f) limx→0
arcsin 2x−2 arcsin x

x3

Př́ıklad 2 (Pr̊uběh funkce).

(a) sinx+ cos2 x

(b) e
arctan 1

x2−1

(c) e−x2+3x−7

(d)
√

x2

x3+1

(e) arccos (cos2 x)

(f) arccos 2 log x
1+log2 x

Př́ıklad 3 (Zkouškové př́ıklady na procvičeńı, k dispozici pouze výsledky). U následuj́ıćıch funkćı spočtěte jejich
derivace, př́ıpadně jednostranné derivace, pokud existuj́ı.

(a) f(x) = max{x+ 4arctan(sinx), x}

(b) f(x) = max{min{cosx, 1
2},−

1
2}

(c) f(x) = arccos
(

1−x2

1+x2

)
(d) f(x) = x2e−|x−1|

(e) f(x) = sin x

sin(x+π
4 )

(f) f(x) =

{
arctan

(
tan2 x

)
, x ̸= π

2 + kπ, k ∈ Z
π
2 , x = π

2 + kπ, k ∈ Z

(g) f(x) =
√
1− e−x2

(h) f(x) = arccos 1
1+x2

(i) f(x) =

{
x2

(
sin 1

x + cos 1
x

)
, x ̸= 0

0, x = 0

(j) f(x) = xx2

pro x > 0

(k) f(x) = max{x+ 4arctan(sinx), x}

(l) f(x) = cos
(
max{x, x2}

)
(m) f(x) = (cosx)

min{2,x3+x2−2x+2}

(n) f(x) = max{x, 1− x2, (x− 1)2}

Postup vyšetřováńı pr̊uběhu funkce:

1. Urč́ıme definičńı obor a obor spojitosti funkce.

2. Zjist́ıme symetrie funkce: lichost, sudost, periodicita.

3. Dopoč́ıtáme limity v
”
krajńıch bodech definičńıho oboru“.

4. Spočteme prvńı derivaci, urč́ıme intervaly monotonie a nalezneme lokálńı a globálńı extrémy. Urč́ıme obor
hodnot.

5. Spočteme druhou derivaci a urč́ıme intervaly, kde je funkce konvexńı nebo konkávńı. Urč́ıme inflexńı body.

6. Vypočteme asymptoty funkce.

7. Načrtneme graf funkce.
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Sada 10 - výsledky

Př́ıklad 1

(a) 152
37

(b) 1

(c) 1
6

(d) − 1
3

(e) 0

(f) 1

Př́ıklad 2
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Př́ıklad 3

(a) f ′ =

{
1, x ∈ ((2k + 1)π, (2k + 2)π), k ∈ Z
4 cos x

sin2 x+1
+ 1, x ∈ (2kπ, (2k + 1)π), k ∈ Z

f ′
+(2kπ) = 5, f ′

−(2kπ) = 1, f ′
+((2k + 1)π) = 1, f ′

−((2k + 1)π) = −3

(b) f ′ =

{
0, x ∈

(
−π

3 + kπ, π
3 + kπ

)
, k ∈ Z

− sinx, x ∈
(
π
3 + kπ, 2π

3 + kπ
)
, k ∈ Z

f ′
−(−π

3 +2kπ) =
√
3/2, f ′

+(−π
3 +2kπ) = 0, f ′

−(
π
3 +2kπ) = 0, f ′

+(
π
3 +2kπ) = −

√
3/2, f ′

−(
2π
3 +2kπ) = −

√
3/2,

f ′
+(

2π
3 + 2kπ) = 0, f ′

−(
4π
3 + 2kπ) = 0, f ′

+(
4π
3 + 2kπ) =

√
3/2.

(c) f ′ = 2|x|
x3+x , x ∈ R \ {0}, f ′

−(0) = −2, f ′
+(0) = 2

(d) f ′(x) =

{
ex−1(2x+ x2), x < 1,

e1−x(2x− x2), x > 1,
f ′
−(1) = 3, f ′

+(1) = −1.

(e) f ′ =
√
2

(sin x+cos x)2 , x ∈ R \ {−π/4 + kπ : k ∈ Z},
f ′
−(−π/4 + kπ) = ∞, f ′

+(−π/4 + kπ) = −∞

(f) f ′(x) =

{
2 tan x 1

cos2 x

1+tan4 x , x ̸= π
2 + kπ

0, x = π
2 + kπ.

(g) f ′ = xe−x2

√
1−e−x2

, x ∈ R \ {0}, f ′
−(0) = −1, f ′

+(0) = 1

(h) f ′(x) = 2x√
1−

(
1

1+x2

)2
·(1+x2)2

, x ̸= 0, f ′
−(0) = −

√
2, f ′

+(0) =
√
2.

(i)

(j) f ′(x) = xx2 · (2x log x+ x).
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Sada 10 - řešeńı

Př́ıklad 1. (d)

lim
x→0

x cotanx− 1

x2
= lim

x→0

x cos x−sin x
sin x

x2
= lim

x→0

x cosx− sinx

x2 sinx

L’H
= lim

x→0

cosx− x sinx− cosx

2x sinx+ x2 cosx

= − lim
x→0

x sinx

2x sinx+ x2 cosx
= − lim

x→0

sinx

2 sinx+ x cosx
= − 1

lim
x→0

2 sin x
sin x + x cos x

sin x

= − 1

2 + 1
= −1

3
,

kde L’hospitalovo pravidlo jsme mohli použ́ıt, nebot’ limita je typu 0
0 .

Př́ıklad 1. (f)

lim
x→0

arcsin 2x− 2 arcsinx

x3

L’H
= lim

x→0

2√
1−4x2

− 2√
1−x2

3x2
= lim

x→0

2
√
1−x2−2

√
1−4x2

√
1−4x2

√
1−x2

3x2
= lim

x→0

2
(√

1− x2 −
√
1− 4x2

)
3x2

= lim
x→0

2(1− x2 − 1 + 4x2)

3x2 ·
(√

1− x2 +
√
1− 4x2

) = lim
x→0

2(√
1− x2 +

√
1− 4x2

) · lim
x→0

3x2

3x2
= 1,

kde L’hospitalovo pravidlo jsme mohli použ́ıt, nebot’ limita je typu 0
0 .
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