446 II. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

U} (389) Pomoc vhodné substituce vypottéte

J cos’ x - sin® x dx.
Regeni:

t =sinx
dt = cosx dx

. ; 2 :
Jc055x sinfxdx = j (1 —sln? x)" cosx - sin x dx

_JU—tz)ztzdt—J(t2—2t4+t6)dt—£—2i+i+c—
N N =3 B CLRT T
sinx  2sin’x  sin’ x

==
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12. cviceni
http:/ /www.karlin.mff.cuni.cz/~kuncova/, kytaristkaGgmail.com

Priklady
Najdéte primitivni funkce k nasledujicim funkeim na maximalni mozné podmnoziné
redlnych ¢isel a tuto mnozinu urcete.

2. /tg ¢ dx

Reseni: Pouzijeme substituci t = tg 2. Pak plati, ze

dt 1 ; dt
— = dr = (tg >z +1)dz = (* + 1)dz = da =
T B z = (tg “z+1)dz = (1*+ 1) dx T o1
Dostdvame tak
. t5 t gt £ 1
S dr = o t3_t e ol Sl T —In(1 t2
/r’gmm _/1:?+1dﬁ /( +t2+1) 4 2+2n(+ )

1 1
= —t "% — Etg 2z + 2 In(1 + tg %x)
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II. 3. SPECIALNI INTEGRACNI METODY 453

\
<'3 ) (396) Pomoci vhodné substituce vypoctéte

dx
2 OgR

t=1g3

Reseni:
2
dx = = dt

j dx
2 —cosx
2 2
= —-—]——arctqi+C =£arctg V31qg

1 1
37 v
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[l. 3. SPECIALNI INTEGRACNI METODY 455

((1 (398) Pomoct vhodné substituce vypoctéte
\ cos® x i
2—sinx

Reseni:
cos® x
—dx
J 2 —sinx

2
:2t+%+3ln|t—2f+C=25inx+

t =sinx
dt = cosx dx

1=t 3
"J 5 dt—j(z+t+——t_2) dt =
sinzx

+ 3lnlsinx — 2| + C.
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/ 3sin®z + cos? x
dx

sin®x + 3cos? x
Reseni:
Pouzijeme substituci t = tg z. Pak plati, ze

dt 1 g ;

dt
211

Dostdvame tak, 7e

3sin? z + cos? __f3t2+1 1
2+3t2+1

sin? z + 3cos? 2

ktery ddle fesime rozkladem na parcidlni zlomky. Ve zlomkn

3t2 +1
(t2 + 3)(t2 + 1)

formalné pisme y misto 2. Pak podle véty o rozkladu na parcidln{ zlomky mdme,
7Ze
. e+l A B

(y+3)(y+1) y+3 y+1

3y+1=A(y+1)+ B(y+3)
a dosazenim y = —1 dostaneme, ze B = —1, dosazenim y = —3 dostaneme, Ze

A = 4. Plati tedy, ze

32+1 4 1
t2+3)(#2+1)  £2+3 2+1

Nyni dokonéime integraci

341 1 4 1 5. 4
/t2+3t?+1 _/(t?+3 t2+1) \/garcan\/g arctan
4

_ 4 & =
_\/ga,rctan V3 >€/ - '»"L?(,’Om(_{'ct,u K>

sin @
6. /—Hb - dx
14 sinx

Reseni: Pouzijeme substituci t = tg 5. Pak plati, ze

dt 1 1 tg?5+1 241 e 24t

dr  2cos?% 2 2 T
a déle plati

. . T T T 2tg 5 2t

sm:c:2sm§cos§:2tg G s = T3tg 7% =m—
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Dostavame tak, ze

sinx 2t 1 2 & / 4t it
. T . . wis _
1+ sinx t2+1 1+p2j;—1 t2+1 (2 +1)(t2+2t+1)

- e
) (241t +1)?
a nyni postupujeme rozkladem na parcialni zlomky, ktery hleddme ve tvaru

4t __A B _Ct+D
2+1)(t+1)2 t+1 (t+1)? 2+1

Odkud pfendsobenim vyplyva
4t = A(t +1)(t2 +1) + B2 + 1) + (Ct + D)(t + 1)
Dosazenim t = —1 dostaneme, ze B = —2. Dosazenim ¢ = ¢ dostaneme
4 = (Ci+D)(1+1i)?=(Ci+D)-2i
2=Ci+ D
odkud plyne, Ze C = 0 a D = 2. Zpétnym dosazenim dostaneme
4 =Alt+1)(E2+1) - 22+ 1)+ 2(t +1)°

a porovnanim absolutnim élent vidime, ze 0 = A — 2+ 2, tedy, ze A = 0. Hledany
rozklad ma tedy tvar

4t 22
B2+t +1)2  (t+1)2 241

Dokonceme integraci.

/ 3 /72 dt+/ 2 w8 L owmmmies e
= oLz = : tan t =
(2 +1)(t+1)2 (t+1)2 £2 +1 PRV ke 1+tg 2 &
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[1. 3. SPECIALNI INTEGRACNI METODY 447

L?‘) (390) Pomoci vhodné substituce vypoctéte
J cos® x - sin® x dx.
Reseni:

t =sinx
dt = cosx dx

1 ; 2 .
Jc055x csinxdx = J (1 —sin®x)" cosx - sin* x dx

zj(1mtz)zt“dt:j(t4—2t6+ts)dt=E—Zi—|—ﬁ+C=
5 P
sin®x  2sin’x  sin’x

= e i,
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1
cosasIn” T

Reseni: Protoze f(sinz,cosz) = f(—sinz,—cosz), pouZijeme substituci ¢ =
tg x. Protoze

dzx de 1 1 dt 1 2 +1
T —" =T ltg)=—Fa
cosrsin®x  coscrtg xrsin®x t t L
dostavame
dx t?+1 ¢ 1.,
— = dt =Inlt| — =t*“ =Inltg z| —
/cos:csin"‘:n / t3 It 2 Itg =| 2tg 2x
Podotknéme, zZe plati
cos? r 4 cos? 1 cos?x +sin’x = 1
2sin?z  2sin’z 2 2sin? x "~ 2sin?z
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II. 3. SPECIALNI INTEGRACNI METODY

4a7

_ (400) Pomoci vhodné substituce vypoctéte
( aw J 2 —sinx

dx.
24 cosx x

Resent:

J‘Z—sinx

—dx

2+ cosx
_J 242t -2t 2

t:
2+2t2+1—t21+t2d

g 244 t
=4 db= | St | it
j[1+t2}(t2+3) Jt2+3 J'I—|—t2 k
2t dt t
—_ — 4 —_— = -
Jt2+3dt+ Jt2+3 2J1+12dt

2t -4 dt t
= | = dt+s | —F—=2 d
Jt2+3 HSJ(L)ZH J1+t2 !

V3

=In|t? + 3] +iarctgi—ln\1 +t|+C=

V3 V3

4
:ln|tgzg~+3‘—ln‘tgzg+1‘+ﬁarctg

dt =

+ C.
3
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Il. 3. SPECIALNI INTEGRACNI METODY 449

(392) Pomoci vhodné substituce vypoctéte

(40\ sin® x
J

——dx:
1 +4cos?x + 3sin“x
Re3ent:
sin® x a4 t =cosx _J t2 =] i
1 +dcosix+3sinex  |dt=—sinxdx| = J1+42+3-382

t2+4-5 1 5 t

CosX

.
2+

5
= COSX — 7 arctg
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450 [I. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

j (393) Pomoci vhodné substituce vypoctéte
( 14 J dx
1 +sin*x’
Resent:
=1tgx 1

dx . t H_tz J 1 ]J ]
S e = dt=| —dt==-| ——dt =
J1+5ln2x e J1+ 2 T2~ ) EFL

dx = T'_:—tf dt T+t2

— 2arctg; +C= Qarctg (\/Etgx) + C.
2 - 2
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454 Il. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

@ 2 5 (397) Pomoci vhodné substituce vypoctéte

sinx
J A g
1+ cosx

Resen:

: - g
s, & cos ——-—J——t-—:—lnl]+t!+C:—Ln|1+cosx|+C.
1+ cosx dt = —sinxdx 1+t
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456 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(399) Pomoci vhodné substituce vypoctéte
J ‘ sinx .
SINX — CosX
Re3en:
i t
J | sinx dx=J 9% _ 4
sinx — cosx tgx — 1
1
t 5 11—t
= | et = I+~ =
Ju—4n9+1) J(tm1 2ﬂ+4)

Dinft =11+ ]J = dt+J = e
2\ 2) 141 t241)

1 1
ln|t—1|—zln|t2+1‘+Earctgt+C:

[STRE NSTRE N ANY

1
lnltgx—1|—Zln|tgzx+1|+;—c+c.
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