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Theory

Definition 1. Let k, n ∈ N and ~v1, . . . , ~vk ∈ Rn. We say that a vector ~u ∈ Rn is a
linear combination of the vectors ~v1, . . . , ~vk with coefficients λ1, . . . , λk ∈ R if

~u = λ1~v
1 + · · ·+ λk~v

k.

By a trivial linear combination of vectors ~v1, . . . , ~vk we mean the linear combination
0 · ~v1 + · · ·+ 0 · ~vk. Linear combination which is not trivial is called non-trivial.

Definition 2. We say that vectors ~v1, . . . , ~vk ∈ Rn are linearly dependent if there exists
their non-trivial linear combination which is equal to the zero vector. We say that
vectors ~v1, . . . , ~vk ∈ Rn are linearly independent if they are not linearly dependent, i.e.
if whenever λ1, . . . , λk ∈ R satisfy λ1~v

1 + · · ·+ λk~v
k = ~o, then λ1 = λ2 = · · · = λk = 0.

Remarks 3. Vectors ~v1, . . . , ~vk are linearly dependent if and only if one of them can
be expressed as a linear combination of the others.

Definition 4. Let A ∈ M(m× n). The rank of the matrix A is the maximal number
of linearly independent row vectors of A, i.e. the rank is equal to k ∈ N if

1. there is k linearly independent row vectors of A and

2. each l-tuple of row vectors of A, where l > k, is linearly dependent.

The rank of the zero matrix is zero. Rank of A is denoted by rank(A).

Remarks 5. It can be shown that rank(A) = rank(AT ) for any A ∈M(m× n).

Theorem 6. Let A ∈M(n× n). Then A is invertible if and only if rank(A) = n.

Theorem 7 (Rouché-Fontené). The system (A|b) has a solution if and only if its coef-
ficient matrix has the same rank as its augmented matrix.
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Exercises

1. Find the rank of the matrices

(a)

1 2
0 1
3 4



(b)

1 2 3 4
5 6 7 8
3 2 1 0


(c)


1 5 3
2 6 2
3 7 1
4 8 0

 (d)

1 2 1
2 3 1
1 1 2



(e)

1 2 1
2 3 1
1 1 0


2. Decide whether the vectors are linearly dependent or independent.

(a) (−1, 3), (5, 6), (1, 4).

(b) (1, 2, 3), (−2, 1, 0), (1, 0, 1).

(c) (1, 2, 3, 2), (2, 5, 5, 5), (2, 6, 4, 6).

(d) (1, 3,−1, 0), (4, 9,−2, 1), (2, 3, 0, 1).

(e) (3, 1, 6), (2, 0, 4), (2, 1, 4) (with determinant).

3. Express the vector

(a) (6, 6) as the linear combination of (0, 3) and (2, 1).

(b) (9, 6) as the linear combination of (1, 2) and (1,−4).

(c) (1, 5, 4) as the linear combination of (1, 0, 3), (0, 2, 0) and (0, 3, 1).

4. Write the polynomial x+ 1 as a linear combination of 2x2 − x+ 1 and −x2 + x.

5. What can you say about solutions of this systems? About rank of matrix and
augmented matrix?

(a)

1 0 0 | 2
0 1 0 | 3
0 0 1 | 4

 (b)

1 0 0 | 2
0 1 0 | 3
0 0 0 | 4

 (c)

1 0 0 | 2
0 1 0 | 3
0 0 0 | 0
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6. Let us imagine the 7-segments display

Source 1: https://en.wikipedia.org/wiki/File:7 Segment Display with Labeled Segments.svg

At this display we can put on the light various characters. List of all 128 of them
can be found here: https://en.wikipedia.org/wiki/File:7-segment.svg.

Especially we can express letters:

Source 2: https://en.wikipedia.org/wiki/Seven-segment display

Furthermore, we can define ‘addition’ of these characters (it is XOR):

Source 3: http://isoptera.lcsc.edu/hamoon/files/Math340S19/ApplInspiredLACh7.pdf

Your tasks:

(a) Choose a short word (5 letters max) and send it to your classmates wihtout
spelling it. Pretend, you have only dumbphone. Of course, you should settle
some code with your classmates and you should use our new 7-segments
system.

(b) Choose a character (Character means any combinations of 7 LCD panels, not
only letters or numbers). Then try to express it with combination of this 10
digits:
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Source 4: http://isoptera.lcsc.edu/hamoon/files/Math340S19/ApplInspiredLACh8.pdf

(c) Is it possible to omit some of this 10 digits and still have all possible combi-
nations of characters?
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