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Theory

Set ~ej = [0, . . . , 0, 1
jth coordinate

, 0, . . . , 0].

Definition 1. Let f be a function of n variables, j ∈ {1, . . . , n}, ~a ∈ Rn. Then the
number

∂f

∂xj
(~a) = lim

t→0

f(~a+ t~ej)− f(~a)

t

= lim
t→0

f(a1, . . . , aj−1, aj + t, aj+1, . . . , an)− f(a1, . . . , an)

t

is called the partial derivative (of first order) of function f according to jth variable at
the point ~a (if the limit exists).

Definition 2. Let G ⊂ Rn be an open set, f : G → R, i, j ∈ {1, . . . , n}, and suppose
that ∂f

∂xi
(~x) exists finite for each ~x ∈ G. Then the partial derivative of the second order

of the function f according to ith and jth variable at a point ~a ∈ G is defined by

∂2f

∂xi∂xj
(~a) =

∂
(

∂f
∂xi

)
∂xj

(~a)

If i = j then we use the notation ∂2f
∂x2

i
(~a).

Similarly we define higher order partial derivatives.

Remarks 3. In general it is not true that ∂2f
∂xi∂xj

(~a) = ∂2f
∂xj∂xi

(~a).

Theorem 4 (interchanging of partial derivatives). Let i, j ∈ {1, . . . , n} and suppose

that a function f has both partial derivatives ∂2f
∂xi∂xj

and ∂2f
∂xj∂xi

on a neighbourhood of

a point ~a ∈ Rn and that these functions are continuous at ~a. Then

∂2f

∂xi∂xj
(~a) =

∂2f

∂xj∂xi
(~a).

Definition 5. Let G ⊂ Rn be an open set, ~a ∈ G, and f ∈ C1(G). Then the graph of
the function

T : ~x 7→ f(~a) +
∂f

∂x1
(~a)(x1 − a1) +

∂f

∂x2
(~a)(x2 − a2) + · · ·+ ∂f

∂xn
(~a)(xn − an), ~x ∈ Rn,

is called the tangent hyperplane to the graph of the function f at the point [~a, f(~a)].
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Exercises

1. Find the partial derivatives:

(a) f(x, y) = x2y2 + y2 + 2x3y

(b) f(x, y) = ex
2y

(c) f(x, y) = xex
2y

(d) f(x, y, z) = yzex

x2 sin y

(e) f(x, y, z) = 2x2y + eyz +
√
z lnx

(f) f(x, y, z) = zex
2+xy

(g) f(x, y, z) = x
(xy−z)2

(h) f(x, y) = e2x
2+y2+2xy+2y

(i) f(x, y) = x
x+y2

(j) f(x, y, z) = sin(x3+z) ln(z)+x2y2z

(k) f(x, y, z) = x2e5y+3z

sin z + xy

2. Find the second order partial derivatives:

(a) f(x, y) = 4x2 − 8xy4 + 7y5 − 3

(b) f(x, y) = sin(xy)

(c) f(x, y) = arctan y
x

(d) f(x, y, z) = sin(x2 + xy)

(e) f(x, y, z) = x
√
y + 2z

3. Find the tangent plane at the point

(a) f(x, y) = 2x2 − 3xy + 8y2 + 2x− 4y + 4 at (2,−1)

(b) f(x, y) = sin(2x) cos(3y) at (π/3, π/4)

(c) f(x, y) = 2x+y
3y2

at (−2, 3)

(d) f(x, y, z) = x2y3z4 at (2, 1,−2)
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Source 1: https://funnyjunk.com/I+had+a+joke+but+this+title+is+too+narrow/funny-pictures/6209452/
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