Limit Definition

As with derivatives in calculus I, there is a limit definition for partial derivatives:

Ox h—0 h
— = l1im
dy  h—0 h

We won’t be using the limit definition to find partial derivatives in this class, but we would need it if we wanted to

go through a later example.

Example 1. Find all first partial derivatives of the following functions:

Agl’ 1. f(z,y) = 22y? + y* + 223y of = 221 + 622y, of = 222y + 2y + 223,
ox dy
0% f o f 0% f 0% f
5 = 12zy + 2y° =627 +4 =2+ 227 = 627 + 4
Ox? Ty + 2y Oy Ox 6" + dzy, oy? +ar Ox Oy 627 + day,
3 3 3 3 3 3

Of gy OF gy gy O _PFPF O
Ox3 Oy 0x2 0x20y Oxdyox’ Oy Ox Oy?

2 Of 2, Of 9 42

— Ty A 1ol Y — x Yy
Ay 2t = Zh—amyets, 2 e,

0% f 9 9 42 2 0% f 2 2 O%f 2 0% f
= =42y’ Y 4 2ye” Y, =2ze” ¥ + 22y ¥, — =ate” Y
22 roy“e + 2ye” 7, 9y 0z xe + 2x"ye” 7, 0y xe” 7, 92 0y

2 of 2 2 af 2

— iy ) oty N2, xty 2 _ 3 x%y
4@ 3. f(z,y) ==xe 5~ ¢ + 2z ye” Y, By x’e® Y,
>’f 2y 3,2 a° >’f 2 z? 4, a? >’f 5 a2 >’f
ZJ — Grue® Ao Ty _ Ty ) 7Y — 1Py
922 6zye” ¥ 4 4x°y“e " By on 3zce” Y 4 227 ye C B2 z’e " xdy
4d 4 bz y,2) = 2yz'*e Oh _ yze'x sin(y) yze2 2x sin(y) _ yzi (m 1)

x?sin(y) Ox (22 sin(y)) x3 sin(y)
Oh _ ze*z? sin(y) — yzea? cos(y)  ze” (sin(y) —ycos(y)) Oh  ye®
oy (22 sin(y))” B x4 sin’ (y) T 0z aZsin(y)

Some additional examples we’ll look at if time permits:
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Higher Order Derivatives
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We can find second order derivatives by simply differentiating the first order partial derivatives again. We can find

third or higher order derivatives in a similar manner.
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MA2: Practice problems—Derivatives, geometry

/ Q/\) Brief solutions

1. % — (4:1:+ 2y)62x2+y2+2my+2y7 % _ (2y+ 20 + 2)62x2+y2+2my+2y'
9 Of _ (x+y)—w _ _4° of _ _ _2ay
oz T (x4y?)? T (a+y?)?? oy~ (z+y?)?”
3. % = cos(z3 + 2)322 In(2) + 22>z, g—i = 122yz, % = cos(z® + 2) In(z) + sin(z® + 2)1 + 2?y%
o 5y+3z o p ) 3 5y+3z in _ _5y+3z
4. 675{ =225y sin(z) + yl-@/ 1’ f = 565y+3 snf(z) + ln( ) ) aij,; = $2 - = ;22(2) COS(Z)-
5. % = (2z + y) cos(x? + zy), %ch = x cos(x? + zy);
2
2712( = 2cos(z? + xy) — (22 + y)? sin(2? + zy), aigy = cos(z? + zy) — z(2z + y) sin(z? + xy),
32712( = —2? sin(z? + 2y).
of _ of _ x of __ T .
6. oz — VY + 22’ By — 2/yt2z’ 9z — Jyt2z’
9%f _ *f _ 9*f _ 1 *f _ 9*F _ 1 f _ —x
oz2 T 0xdy ~— Oydx ~ 2/y+2z’ 0x0z ~ 0z0x — J/y+2z’ Oy? T 4A[Vy+2z]3°
O*f _ 9 f _ —z ﬂ _ _ _—=a
Oydz ~— 020y ~ 2[\/y+2z]3’ 8z - [WVyt2z]3”
Derivatives are simpler with \/W = (y+22)"1/2
af — of _ _a* |
7. =In(zy+1)+ xy+17 oy = i 1
therefore V£(1,0) =(0,1) and Dzf(1,0) = Vf(1,0) e & = 7
8. a) We need the direction of the maximal descent, which is —V f(1,2). We have
— (Of O8f\ _ —6 =2 2 7
Vf= (%, 87) = ((3z2+y§+1)2, (3w2+y§+1)2) Thus —V f(1, 2) (32, 32) we can take d = (3,2).
b) We need the directional derivative Dzf(1,2), Where U= W = 1(—3,4), therefore

Dzf(1,2)=Vf(1,2)etd = 3—12(3, 2) e %(—3,4) = 160 The ground goes down in this direction.

9. There are several possible ways to approach this problem.
1) One can place the rectangle so that the upper left corner is at the origin, then the lower right corner is
at (10,—5). The area is given by A(z,y) = —xy. We want to know the rate of change of A when the point
(10, —5) changes in direction (and magnitude) ¥ = (2, 2).
VA= (—-y,—z) = VA(10,-5) = (5, —10), therefore D3A(10,—5) = —10. The area starts getting smaller
at the rate 10 cm? /sec.

2) We may simply consider the area A(z,y) = xy and consider the case when = = x(t), y = y(t) depend on
time. We differentiate with respect to t: A’(x, y) 8Aa:’(t) + %y’(t) =ya'(t) +zy'(t).
We have z = 10, y = 5 and the given data are ' =2, ¢y’ = —2. Thus A’(10,5) =5-2+ 10 (—-2) = —10.
We can also use the total differential, dA(10,5) = 5dz + 10dy.

10. We interpret it as a level curve problem for f(z,y) = % +y? = 1. We check that the given point P
satisfies f(x,y) = 1, so it indeed lies on this curve.

% = %:c, g—; = 2y, therefore Vf(f,—%) = (%\/g, —1).

This vector is perpendicular (normal) to the curve, hence also to the tangent line. Thus its equation is
ViP)e((z,y) —P)=0 = 1V3(z—-Vv3)—(y+1)=0 = y=3V3z -1

To find the normal line, we can use V f(P) as its directional vector, obtaining parametric equations
=3+ %\/g t,y = —ft To get classical equations we elliminate ¢, obtaining z + % \f 3y =3 \f

One can also find a vector perpendicular to V f(P), for instance vector (1, 5 ), and find the equation of
the normal line using (1, % 3) e ((x,y) — P) =0, again we end up with = + %\/gy = %\/3

11. We interpret it as a level curve problem, f(z,y,z) = (=1)" 1) + y + % = 1. We check that the given
point P satisfies f(x,y,2) = 1, so it indeed lies on this curve.

d d d

a—i =z—1, 8—5 = %y, 8—5 = %z, therefore Vf(0,1,—1) = ( 1, g,—g).

This vector is perpendicular (normal) to the curve, hence also to the tangent plane. Thus its equation is

Vf(P)e((z,y,2)—P)=0 = —z+2(y— 1)—7(,24—1)—0 — —z+2y—32=1= 32—-2y+2+3=0.
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Solution. -

j@& 02 = 8z —8y!

ox

P
© = _8x(4y®) + 35y% = —321y° + 35y°

9z 0 <8z> _q
0x? Ox \ Ox
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dy
= —96xy® + 140y°
02z 0 [0z 0 . .
= —[ZZ)=_=2(=392 3 4N 2) 3
0xdy ox (83/) 8:6( 32wy” +35y") 32y
0%z 0 [0z 0
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0.9 Example
_2 b Find all the first and second order partial derivatives of the function z = sin zy.

Solution.
0z
3 — Ycosy
0z
B = xcoszxy
0%z 5 .
32 — Y sy
9z 5 .
a7 —x”sinzy
02z 0 [0z 0 . :
010y = 5 (6@) = %(:v coszy) = x(—ysinzy) + cosxy = —xysinzy + cosry
0%z 0 [0z 0 . .
g0z = ay ((%> = a—y(y cosxy) = y(—xsinxy) + cosxy = —xysinxy + cos zy

0.10 Subscript notation for second order partial derivatives
If z = f(z,y) then

5z

ox?

e 2, Mmeans
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—2& Solution: Observe that the function is undefined along the line z = 0. Its graph is the portion
of the helicoid® surface shown in figure 4.
The first partial derivatives are:

\ -y 1 —y
= — g O
fo(,9) 22 1+ y2/ a2 22 927 v#0,
1 1 x
s - — = N . 0'
IRASE Ry .

To compute the second partial derivatives, we merely differentiate the above functions with
respect to either x or y:

_ -y >: 2xy
\_ fll('ray)_aﬁ (:(:2—1—3/2 (x2+y2)2’ l’%o,
2 2 2 2 2
B —y )_—x—y+2y_y—m
fay(z,y) = 0y (m2+y2 T (@422 (22 2)Y z#0,
x —2zy
fyy(@,y) = 0y (m2+y2> = (22 +42)2° x#0,

z 2?2 + % — 222 y? — x?
s :a,( )— = ; 0
f fyx(x Y) T\ 22 T2 T F#

(22 + 2)2 (22 + y2)2’
Observe that fi,(x,y) = fye(z,y).

The graphs of the first and second partial derivative functions are shown below in figures 5, 6
and 7.

(a) (b)

FIGURE 5. (A) — The graph of f.(z,y) = —y/r? for f(z,y) = arctan(y/z). (B) —
The graph of f,(x,y) = x/r? for f(x,y) = arctan(y/z).

2A helicoid is a surface swept out by revolving a line around an axis as you slide it along the axis. Stacking the
graphs of functions z, = arctany/x + k7 for k € Z, and filling in the z - axis and lines x = 0, z = k7 gives an entire
helicoid. It can also be parameterized as the surface o (u,v) = (ucosv,usinv,v), for u € R and v € R.
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MA2: Practice problems—Derivatives, geometry
Brief solutions

1. % — (4:1:+ 2y)62x2+y2+2my+2y7 % _ (2y+ 20 + 2)62x2+y2+2my+2y'
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therefore Vf(1,0) = (0,1) and Dgzf(1,0) = Vf(1,0) e 4 = 7
8. a) We need the direction of the maximal descent, which is —V f(1,2). We have
— (Of O8f\ _ —6 =2 2 7
Vf= (%, 87) = ((3z2+y§+1)2, (3w2+y§+1)2) Thus —V f(1, 2) (32, 32) we can take d = (3,2).
b) We need the directional derivative Dzf(1,2), Where U= W = 1(—3,4), therefore

Dzf(1,2)=Vf(1,2)etd = 3—12(3, 2) e %(—3,4) = 155- The ground goes down in this direction.

60

9. There are several possible ways to approach this problem.
1) One can place the rectangle so that the upper left corner is at the origin, then the lower right corner is
at (10,—5). The area is given by A(z,y) = —xy. We want to know the rate of change of A when the point
(10, —5) changes in direction (and magnitude) ¥ = (2, 2).
VA= (—-y,—z) = VA(10,-5) = (5, —10), therefore D3A(10,—5) = —10. The area starts getting smaller
at the rate 10 cm? /sec.

2) We may simply consider the area A(z,y) = xy and consider the case when = = x(t), y = y(t) depend on
time. We differentiate with respect to t: A’(x, y) 8Aa:’(t) + %y’(t) =ya'(t) +zy'(t).
We have z = 10, y = 5 and the given data are ' =2, ¢y’ = —2. Thus A’(10,5) =5-2+ 10 (—-2) = —10.
We can also use the total differential, dA(10,5) = 5dz + 10dy.

10. We interpret it as a level curve problem for f(z,y) = % +y? = 1. We check that the given point P
satisfies f(x,y) = 1, so it indeed lies on this curve.

% = %:c, g—; = 2y, therefore Vf(f,—%) = (%\/g, —1).

This vector is perpendicular (normal) to the curve, hence also to the tangent line. Thus its equation is
ViP)e((z,y) —P)=0 = 1V3(z—-Vv3)—(y+1)=0 = y=3V3z -1

To find the normal line, we can use V f(P) as its directional vector, obtaining parametric equations
=3+ %\/g t,y = —ft To get classical equations we elliminate ¢, obtaining z + % \f 3y =3 \f

One can also find a vector perpendicular to V f(P), for instance vector (1, 5 ), and find the equation of
the normal line using (1, % 3) e ((x,y) — P) =0, again we end up with = + %\/gy = %\/3

11. We interpret it as a level curve problem, f(z,y,z) = (=1)" 1) + y + % = 1. We check that the given
point P satisfies f(x,y,2) = 1, so it indeed lies on this curve.

d d d

a—i =z—1, 8—5 = %y, 8—5 = %z, therefore Vf(0,1,—1) = ( 1, g,—g).

This vector is perpendicular (normal) to the curve, hence also to the tangent plane. Thus its equation is

Vf(P)e((z,y,2)—P)=0 = —z+2(y— 1)—7(,24—1)—0 — —z+2y—32=1= 32—-2y+2+3=0.
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Qivrefexts

To see why this formula is correct, let’s first find two tangent lines to the surface S. The equation of the tangent line to the curve that is
represented by the intersection of S with the vertical trace given by = = g is z= f(2o,%0) + fy(0, %0)(y —yo) . Similarly, the equation
of the tangent line to the curve that is represented by the intersection of S with the vertical trace given by y=1yo is
2= f(z0,%0) + f(x0,v0)(z —zo) . A parallel vector to the first tangent line is a = j + fy(zo, yo)f( ; a parallel vector to the second
tangent line is b=i+ fz (20, y0) k . We can take the cross product of these two vectors:

axb=(j+fy(20,90) %) x (i+ fo(wo,50) k)
ijk

=|01fy(z0,%0)

10f2 (20, v0)

= fu(@o,y0) 1+ fy(zo,%0) j — k.

This vector is perpendicular to both lines and is therefore perpendicular to the tangent plane. We can use this vector as a normal vector to the
tangent plane, along with the point Py = (o, Yo, f (20, yo)) in the equation for a plane:

6 ((z—20) i+ y—w0)j+(z— f(z0,%0)) k) =
(fo(0, 90) i+ fy(20,90) § — k) (2 —20) i + (¥ —0) § + (2— f(z0,%0)) k)
fe (2o, y0)(x —x0) + fy (20, 40) (¥ —v0) — (2— f (20, %0))

Solving this equation for z gives Equation 14.4.1.

Example 14.4.1: Finding a Tangent Plane

’& Find the equation of the tangent plane to the surface defined by the function f(z,y) = 2z% —3zy +8y?+2z —4y+4 at point
(27 _1)'

0
0
0.

Solution
First, we must calculate f,(z,y) and f,(z, y), then use Equation with 2y =2 and yp = —1:
fo(z,y) =4z — 3y +2
fy(z,y) =—-3z+16y—4
£(2,-1)=2(2)* —3(2)(-1) +8(—1)* +2(2) —4(-1) +4 =34
£2(2,-1) =4(2) —3(-1) +2 =13
£,(2,—1) = —3(2) +16(—1) —4 = —26.
Then Equation 14.4.1becomes
z= f(z0,¥0) + fo(20, 0)(z —20) + fy(z0,¥0) (¥ —%0)
2=34+13(z—2)—26(y—(-1))
z2=34+13z — 26 — 26y — 26
z=13x —26y —18.

(See the following figure).
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Qivrefexts

o, y) =2x2 —3xy + 8y2 + 2x + dy + 4

Tangent plane
z = 13x — 26y — 18

Figure 14.4.2: Calculating the equation of a tangent plane to a given surface at a given point.

Exercise 14.4.1
Find the equation of the tangent plane to the surface defined by the function f(z,y) = 2® — 22y +y* — 2z +3y —2 at point (-1, 3).

Hint
First, calculate f,(z,y)and f,(z,y), then use Equation 14.4.1

Answer
z=Tx+8y—3

Example 14.4.2: Finding Another Tangent Plane
Find the equation of the tangent plane to the surface defined by the function f(z,y) = sin(2z) cos(3y) at the point (7/3, 7/4).

Solution
First, calculate f,(x,y)and f,(x,y), then use Equation 14.4.1with €y = /3 and yo =7 /4:
fz(z,y) =2 cos(2z) cos(3y)

fy(z,y) = —3sin(2z) sin(3y)

YE R N
)==71

5%

R R
(G2 -2mls (5)) o () -2 (4) (-2) - 2
B(35) = son(e (3)) sn(o (D) -5 () () -2

Then Equation 14.4.1becomes
z= f(20,Y0) + fz (0, Y0)(x —20) + fy (z0,%0) (¥ — %0)

E 26D 50-3)

T4 "2 "3 4 4
_ V2, 3V6 V6 mv2 3m/6
5 2 Vg 6 16

A tangent plane to a surface does not always exist at every point on the surface. Consider the piecewise function

https://math.libretexts.org/@go/page/2603
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Example 27.2: Find the equation of the tangent plane to z = g(x,y) = 23x;-2y when xy = —2 and
yo == 3.

. . . 1 2(-2)+(3) 1
Solution: The point of tangency is (xg, Yo, Zp) = (—2,3, — Z)’ where z, = ez = "o

The partial derivatives are

1+ 4x
3y3 °

2
gx(x,y) = 32 and  g,(x,y) =—

Evaluated at x, = —2 and y, = 3, we have g,(—2,3) =% and g, (—2,3) =é. Thus, the
equation of the plane of tangency is

2 7 1
= (- (—2))+a(y—3)—<z—(—ﬁ)> = 0.

Multiplying by 81 to clear fractions and then distributing to clear parentheses, the equation is
simplified to 6x + 7y — 81z = 12.

L K LK SLAK 2R AR 2

This process can be extended to surfaces in higher dimension.
Example 27.3: Find the equation of the tangent plane tow = f(x,y,z) = x2y3z* at (2,1, —2,64).
Solution: The partial derivatives are evaluated at x, = 2, yy = 1 and z, = —2:

felx,y,2) = 2xy°z* - £(2,1,-2) = 64,

f(x,y,z) = 3x%y?z* > £,(2,1,-2) = 192,

f(x,y,2) = 4x?y3z3 > £,(2,1,-2) = —128.
Thus, the plane of tangency is

64(x —2) +192(y — 1) — 128(z — (-=2)) — 1(w — 64) = 0.

Solving for w, we have

w = 64(x —2) + 192(y — 1) — 128(z + 2) + 64.

Simplified, we have w = 64x + 192y — 128z — 512.

L K AR SLAK 2R AR 2
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