23rd lesson

Exercises

Find F' - the antiderivative of a function f at the maximal (open) set. (Specify the set.)

1. /arctan xdx
Solution:

_1
1422

/1 -arctan z dr = [rarctan x] — /

Substitution y = 1 + 2.

Per partes: v/ =1, u = x, v = arctan z, v/ =

x
1+ 22

dx =

1 1
= zarctan r — — / —dy € rarctan x — 3 In|y| = zarctan x — 5 In(1 + 2?)
Y

2

zeR

1
2. / dx
Cos T

Solution: Substitution y = sinx. Then dy = cosz dx and we have

1 3 d
/ dx:/ cos T da::/ cos'x2 de/ Yy
cos cos?x 1—sin“x 1—192
1 1+sinz T 0w
= S| =g T+ 7|
t 1 —sinz . g2+4

re (=5 +kn, 5 +kn) kel

3. /cotg rdx

cl J1+y|_
€3mirl=

Solution: Substitution y = sinx. Then dy = cos x dx and we have

d
/cotg xdwz/cosxdaz: —ygln]y| = In|sinz|
Y

sinx

x € (0+km,m+kn), k €Z.

4. /ajln1+xdx
1—=x

Solution: Per partes: u':x,u:%,vzln%yvlzl_zxz
l+x 1, 1+x 72 1, 14z /x2—1+1
/xnlx RS S /1x2 R 1—z2 &
1, 142 1 cl o 1+z 1 14=x
R /( +1—x2> SR R i R
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sinx 4 cosx

¥sinz — cosx

Solution: Substitution y = sinx — cosx. Then dy = cosx + sinx and we have

5 dx

. d 3 3. 3
/?wdm: igny/?’:—ﬁ/(Sinx—cos;r)QZ*\?/l—Sin%
Jont —cost yl/3 = 2 2 2

x € (X +km, X +kr), ke

/wﬁdm

Solution: Substitution y = \/z. Then y? = z, dy = ﬁ dx and we have

C . .
y = arcsin y = arcsin /=

[ et ==t

z € (0,1).
7. /a:zez‘r dx
Solution:
Per partes: v/ = e 2%, u = —%e*%, v=22 v =2z
1
/x262’” dx = [—2x2e2x] + /xe 2y =
Second per partes: u' = e, u = —%6_2$, v=ux,v =
L o o | 1/_250 15 5, 1 1/_2
- _ = - - de = —Z x = r - T
23: + re + e 2:U 21’6 1 e

3
cos® x
8. - dx
sin z

Solution: Substitution y = sinx. Then

3 2 .2
Ccos® x COS“ T COS X 1 —sin“x
- dr = | ————dx = (,7)005$dx:
sinx sinx sin x
2

1 — g2 1 2 i
:/ y dy:/dy—/ydyglnw]—y:ln\sinx|—smx
Y Y 2 2

z € (0+km,m+knr), kel
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1
9. [ ————=dx
/ V2 +1
}Slolution: Substitution y = v22 + 1. Then dy = ﬁ dr ay?> —1 =22 and we
ave

/1d/1xd/1d/1 c 1. 14y
—F— ar = — T A — _— = — _— = n e
oVl +1 x? /22 +1 21" -2 21y
L, 1+ Va2 +1
_7n7
2 1—-+va2?2+1
x € (0,00) and x € (—00,0).

10. /xarctan rdx

_1
1422

1 1 24+1-1
——dx = §x23rctan x—2/xl—:_$2dac:

Solution: Per partes: v/ =z, u = v = arctan z, v/ =

15 1
zarctan xr dx = 5:(} arctan r——

2

—
—
+ 8,
8

1 1 1 1 1 1
= §:c2arctan T — 2/ <1 — 1+x2> dx g ianrctan €T — ix + §arctan x

zeR

11. /ln(x—i— 1+ 22)dz

Solution: Per partes: v' =1, u =z, v = In(x + V1 + 22), v = 1iw2.

<

/1~1n(x+ 1+:c2)dx:[xln(x+ l—i—mz)}—/\/ﬁjdm

xln(x+\/l+m2> — /1 + 22

Apply substitution y = 1 + 22 on the last integral.

zeR

12. /sin(lnaz)d$

Solution: Per partes v' = 1, u = sin(lnx). Then v = z and «' = cos(lnx) -
We have

1

"

/1 -sin(lnz) = zsin(lnz) — /cos(ln x)dx =

Let us use per partes again v' = 1 and u = cos(Inz) and we have

/l-sin(ln x) = zsin(lnx) —/cos(ln x)dx = zsin(lnx) —z cos(ln x) —/sin(ln x)
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Put the integral to the left-hand side

2/1 -sin(Iln z) g zsin(lnz) — x cos(ln )

1
/sin(ln x) ¢ ia:(sin(ln x) — cos(lnz))
13. /x”lnaﬁdm, n#—1

Solution:

Per partes v/ = 2", v = Inz. Then v = 2" /n 4+ 1 and v/ = % Then we have

n+1 n n+1 n+1
/:v”lnxd:vzx lnm—/ v da:gx lnx—aﬁi
n+1 n+1 n+1 (n+1)2

14. /e‘”sinb;rdx

Solution:
Let b =0, then [ ¢*® sin(0z) dz = [0 dz .

Now let us assume a # 0, b # 0. We apply per partes (twice), v’ = e, v = sin(bx)
(for the second per partes v’ = e* and v = cos(bx).

/e‘” sinbzr dx = —%eax cos bx + % /e” cosbx dx =

1 axr a ar . 0/2 ar _.:
—Ee cos br + b—26 sin bz — 72 e sin bx dx.
Putting integral to the left-hand side we obatin

2
1
<1 + ;) /e‘m sinbz dz € —Eeax cos bx + %eax sin bx

b ax
meax cos b:c—l—%_i_bze” sinbr = a2€7+b2 (asinbz — bcos bx)

It is easy to verify that the result holds also for a = 0, b # 0.

. C
/eax sinbx dz = —
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