25th lesson
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Theory

Theorem 1 (Newton-Leibniz formula). Let f be a function continuous on an interval
(a—e,b+e),a,b € R, a<b,e>0andlet F be an antiderivative of f on (a —e,b+¢).
Then

b
| f@)ds = Fb) - Pla) 1)

Theorem 2 (integration by parts). Suppose that the functions f, g, f’ a ¢’ are contin-
uous on an interval [a,b]. Then

/ab f'g=1fglb— /ab fq.

Theorem 3 (substitution). Let the function f be continuous on an interval [a,b].
Suppose that the function ¢ has a continuous derivative on [, 5] and ¢ maps [a, (] into
the interval [a, b]. Then

p (8)
/f(sO(fv))sD’(x)dx:/ F(t)dt.

p(a)
Exercises
1. Compute the definite integrals:
(a) / ! sinx dz
S?)lution:

/07r sinx dr = [—cosx]j = —cos(m) — (—cos(0)) = —(—1) +1=2.

2
(b) / 322 4+ 2z + 1dz
1

Solution:

2
/ 3u% + 20+ 1dr =2’ +2® +off = (20 + 22+ 2) - (P~ P 1Y) =11,
1

2
1
1 xr

Solution:

2
1 2 1
/ 2+Vr+— dz = [23} + -vad - }
1 T 3 T

2

2 1 2 1 11 42
= 224°VB (2. 14V — - ) = —4 2%,
L +3 2 ( +3 1> 6+ 3
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02
d d
()/53—4x o

S:)lution:
0 2 In |3 — 4z|1" 1
de = [o22 =20 23— 123
/53—49; v [ 4 }5 5 (I3 —n23)

(e) /_72\/21—750(11:

Solution:
—2 1 -2
/ dz = [-2v2—z] =-2(2-3) =2
—7 2—zx
[e.e]
1
(f) / 5 dz
o 1+=x
Solution:

o] 1 ™
dz = [arctan z];” = lim arctan z — lim arctan x = - — 0.
0 1 —+ _1‘2 T—00 r—0+ 2

® [ o

Solution:

x T—00 T2+

(h) /_OOO e® dz

Solution:

/ —dz =[lnz];” = lim Inz — lim Inz =00 —In2 = cc.
2

0
/ efdr=1[e"", = lim ¢ — lim " =1-0=1.

z—0— T——00

Q) /OOO ¢ do

Solution:
oo
/ e’dr =[e’]g° = lim e — lim e* =00 —1=o0.
0

T—00 r—0+
o
() / sinz dx
0

Solution:
oo
o de — [ 0o _ i (— ~ lim (—
/0 sinzdz = [— cos z|g ILHQO( cos x) x_1)151+( cos x)

Since the first limit does not exist, the integral fooo sinxz dx does not exist
either.
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2. Compute the definite integrals:

3, x=<l1
2, x>1

i /_ 02 F(x)

Solution:

i, / i)

2
Solution:

. / 23 f(x)

S:)lution:

2 1 2 4
1

/ f(x)_/ 3dx+/ :U?’dx—[3x]1_3+[x] :124_75:@.

-3 -3 1 4 1, 4 4

iv. /_ 13 £(2)

Solution:

3
(b) /f
3 r<-—1

flx)=<C3+4z, -1<z<?2
11e?*4 2< g

Solution:
3 713 2 3 1 9
/ f:/ +/ 3+4a:+/ 1162x—4:[31n|xy]—2+[3x+2x2]_1+[
-2 —2 X —1 2
11 11 11 19
:0—31n2+6+8—(—3)—2+562—5:—31nz+?e?+7

(©) /_24|x]dx

Solution:
2

2 0 2 221° 22
/ \x|dx:/ —xd:r—l—/ rdr = [—} + [] =8+2=10.
4 4 0 2], 2 ]y
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(d) /z\/g?*dx

Solution:

3 0 3 470 4
81 97
/ v;vﬁdx:/ —1:3dx—|—/ 2?dr = [_:1:} + [m] =4+ —=—
L L 0 1], 1], 44

37

() /_ | sin ] dz

v
Solution:

3 0

3T
2 ™ 2
/ |sin:n|dac:/ —Sinxdm—{—/ sinxdw—l—/ —sinzdx
-7 -7 0 T

3%
= [cosz]° _ + [~ cosz]] + [cos a]2

=1-(-1)+—(-1)=(-1)4+0—-(-1)=5
3. Compute the definite integrals:

2 2
3x
(&) /1 z3+1 do

Solution: Substitution y = 23+ 1, dy = 322 dz, limits of integration: 2 and
9.

z3+1
We have o(z) = 23 + 1. The interval: (a,3) = (1,2). The function ¢ is

continuous at [1,2]. The derivative ' = 322 is continuous at [1,2]. Further
©(1) =2 and ¢(2) = 9.

™

(b) /3 sin z cos z dz

2 2 9
1
/ 57 dwz/ —dy=[lny]]) =In9 —In2.
1 2 Y

4
Solution:

Substitution y = sinx, dy = cos z dz, limits of integration: sin(7/4) = 1/2/2

a sin(m/3) = v/3/2.

5 V3/2 2 Va2 V3 2 NG 2 1
sinx cosxdxr = ydy = | = == B RN S
I V2/2 2132 2 2 2 8

2
(c) / xlnzdx
1

Solution: Per partes

2 2 2 2,2 272
1
/xln:cda:: x—lnx —/ x—dx:21n2—f r :21112—%.
1 2 1 1 2"17 2 2 1 4

Mathematics 2, 2020/21, Kristyna Kuncova 4




(d) / 2% sin x dx
0

Solution: Per partes twice:

™ ™ ™
/ 2% sinx dz = [~z cos w]g—i-/ 2z cos x dz = [—2? cos z+2z sin m]g—2/ sinx =
0 0 0

[—2? cosz + 2rsinz + 2cosz]T = 7% — 4

¢In?x
(e)/1 . dzx

Solution: Substitution y =1Inz, dy = %d:z:, limits of integration: 0 and 1.

e 2 1 371 1
1 X 0 3 0 3

1 .%‘2
f ——Fd
0 [ rim

Solution:

1 2 1 2 1
€ zc+1-1 1 ) -
/_1 Tra? 7T / a2 U / It do = [p—arctan o)L, = 2—5.

o0 1
(g) /0 T
Solution:

e 1 -1 o . . -1 1
= = lim —— — lim
o (@+3)P% |4z +3)t], wocd(z+3)t «=0+4(z+3)F 481

1 T
e 1
h d
()/0621—|—1+0052$ v

Solution: Substitution y = €%, dy = e* dxz,

1 T e 1
e e T
/ — = / ——— = [arctan y|] = arctan e — arctan 1 = arctan e — —
o € T 41 1Y +1 4

1

1

/ 5— dr = [tan 93](1) = tan 1.
o cos’x

Together

/1 N S ¢ % ftan 1
x = arctan e — — + tan
0 €2 +1  cos?x 4
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(i) /loo e\_/f dz

Solution: Substitution y = \/z, dy = ﬁ dz.

ooe—\/i 00 .
= -y =92 —e Y - — i v _ | -y
/1 7z dz /1 2eVdy =2 [—e7Y]] 2(yll>rgloe wliggre )
1 2
_ (o_) -2
e e

b
() / sgnz dz, a < 0,b>0

Solution: At first we need to divide integral into two parts:

b 0 b
/ sgnxd:c:/ —1dx+/ ldz = 22+ [z]5 = a + .
a a 0

 arctan x
k ———d
()/1 1122 7

Solution: Substitution y = arctan z, dy = ﬁ dax:

* arctan x 3 y? 2og2 g2 32
———de= | ydy=|%| =~ - 5=
L L+a2 x 2.8 32 32

2 dx
1
0 /1 zlnx
Solution: Substitution y = Inz, dy = +dz,

T

2 dr In2 -
= —dy=[ny]y'“= 1 Iny— lim Iny = In(In2)—(—o00) = oo.
/1 xlnx /0 ydy [yl yallgnzf Y y—l>%l+ ny = In(ln2)=(=o00) = oo

r .
sinz
po B
o cos‘x+1

Solution: Substitution y = cosz, dy = —sinzdzx

(m)

i : 1
1
/0 cosssn%—kl dz = /1 T dy = [arctan y]' | = arctan 1—arctan (—1) = 2= = —.

1

(n) / z2e % dx
-1

Solution: per partes twice:

1 1
/_1 e T dx = [—xQe_r]il + /_1 2ce” P dx = [—x2e_x]£1 + [—2xe_m]i1 +/ e dx

= [—x2e*5" —2xe” " — 2e*x]1_
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3 2
—r+1
(0)/Wd$
2

r—1
Solution:

3.2 3 2 3
x*—x+1 1 T 9 4 )
—dx = de = |— +1 —1]| ==4+In2—(=-+1Inl) =—-+In2.
/2 ——y /2x+$_1 x [2+n|x IL 5o <2+n> 5 Hn
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