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Theory

Theorem 1 (Newton-Leibniz formula). Let f be a function continuous on an interval
(a− ε, b+ ε), a, b ∈ R, a < b, ε > 0 and let F be an antiderivative of f on (a− ε, b+ ε).
Then ∫ b

a
f(x) dx = F (b)− F (a). (1)

Theorem 2 (integration by parts). Suppose that the functions f , g, f ′ a g′ are contin-
uous on an interval [a, b]. Then∫ b

a
f ′g = [fg]ba −

∫ b

a
fg′.

Theorem 3 (substitution). Let the function f be continuous on an interval [a, b].
Suppose that the function ϕ has a continuous derivative on [α, β] and ϕ maps [α, β] into
the interval [a, b]. Then ∫ β

α
f
(
ϕ(x)

)
ϕ′(x) dx =

∫ ϕ(β)

ϕ(α)
f(t) dt.

Exercises

1. Compute the definite integrals:

(a)

∫ π

0
sinx dx

Solution:∫ π

0
sinx dx = [− cosx]π0 = − cos(π)− (− cos(0)) = −(−1) + 1 = 2.

(b)

∫ 2

1
3x2 + 2x+ 1 dx

Solution:∫ 2

1
3x2 + 2x+ 1 dx = [x3 + x2 + x]21 = (23 + 22 + 21)− (13 − 12 − 11) = 11,

(c)

∫ 2

1
2 +
√
x+

1

x2
dx

Solution:∫ 2

1
2+
√
x+

1

x2
dx =

[
2x+

2

3

√
x3 − 1

x

]2
1

= 2·2+
2

3

√
23−1

2
−
(

2 · 1 +
2

3

√
13 − 1

1

)
=

11

6
+

4
√

2

3
.
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(d)

∫ 0

−5

2

3− 4x
dx

Solution: ∫ 0

−5

2

3− 4x
dx =

[
2

ln |3− 4x|
−4

]0
−5

= −1

2
(ln 3− ln 23)

(e)

∫ −2
−7

1√
2− x

dx

Solution: ∫ −2
−7

1√
2− x

dx =
[
−2
√

2− x
]−2
−7 = −2(2− 3) = 2.

(f)

∫ ∞
0

1

1 + x2
dx

Solution:∫ ∞
0

1

1 + x2
dx = [arctan x]∞0 = lim

x→∞
arctan x− lim

x→0+
arctan x =

π

2
− 0.

(g)

∫ ∞
2

1

x
dx

Solution:∫ ∞
2

1

x
dx = [lnx]∞2 = lim

x→∞
lnx− lim

x→2+
lnx =∞− ln 2 =∞.

(h)

∫ 0

−∞
ex dx

Solution: ∫ 0

−∞
ex dx = [ex]0−∞ = lim

x→0−
ex − lim

x→−∞
ex = 1− 0 = 1.

(i)

∫ ∞
0

ex dx

Solution: ∫ ∞
0

ex dx = [ex]∞0 = lim
x→∞

ex − lim
x→0+

ex =∞− 1 =∞.

(j)

∫ ∞
0

sinx dx

Solution:∫ ∞
0

sinx dx = [− cosx]∞0 = lim
x→∞

(− cosx)− lim
x→0+

(− cosx)

Since the first limit does not exist, the integral
∫∞
0 sinx dx does not exist

either.
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2. Compute the definite integrals:

(a) f(x) =

{
3, x < 1

x3, x ≥ 1

i.

∫ 0

−2
f(x)

Solution: ∫ 0

−2
f(x) =

∫ 0

−2
3 dx = [3x]0−2 = 6.

ii.

∫ 4

2
f(x)

Solution: ∫ 4

2
f(x) =

∫ 4

2
x3 =

[
x4

4

]4
2

= 64− 4 = 60.

iii.

∫ 2

−3
f(x)

Solution:∫ 2

−3
f(x) =

∫ 1

−3
3 dx+

∫ 2

1
x3 dx = [3x]1−3 +

[
x4

4

]2
1

= 12 +
15

4
=

63

4
.

iv.

∫ 1

−3
f(x)

Solution: ∫ 1

−3
f(x) =

∫ 1

−3
3 dx = [3x]1−3 = 12.

(b)

∫ 3

−2
f ,

f(x) =


3
x , x ≤ −1

3 + 4x, −1 < x < 2

11e2x−4, 2 ≤ x
Solution:∫ 3

−2
f =

∫ −1
−2

3

x
+

∫ 2

−1
3 + 4x+

∫ 3

2
11e2x−4 = [3 ln |x|]−1−2 +

[
3x+ 2x2

]2
−1 +

[
11

2
e2x−4

]3
2

= 0− 3 ln 2 + 6 + 8− (−3)− 2 +
11

2
e2 − 11

2
= −3 ln 2 +

11

2
e2 +

19

2

(c)

∫ 2

−4
|x|dx

Solution:∫ 2

−4
|x|dx =

∫ 0

−4
−x dx+

∫ 2

0
x dx =

[
−x

2

2

]0
−4

+

[
x2

2

]2
0

= 8 + 2 = 10.
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(d)

∫ 3

−2

√
x6 dx

Solution:∫ 3

−2

√
x6 dx =

∫ 0

−2
−x3 dx+

∫ 3

0
x3 dx =

[
−x

4

4

]0
−2

+

[
x4

4

]3
0

= 4 +
81

4
=

97

4

(e)

∫ 3π
2

−π
| sinx| dx

Solution:∫ 3π
2

−π
| sinx| dx =

∫ 0

−π
− sinx dx+

∫ π

0
sinx dx+

∫ 3π
2

π
− sinx dx

= [cosx]0−π + [− cosx]π0 + [cosx]
3π
2
π

= 1− (−1) +−(−1)− (−1) + 0− (−1) = 5

3. Compute the definite integrals:

(a)

∫ 2

1

3x2

x3 + 1
dx

Solution: Substitution y = x3 +1, dy = 3x2 dx, limits of integration: 2 and
9. ∫ 2

1

3x2

x3 + 1
dx =

∫ 9

2

1

y
dy = [ln |y|]92 = ln 9− ln 2.

We have ϕ(x) = x3 + 1. The interval: (α, β) = (1, 2). The function ϕ is
continuous at [1, 2]. The derivative ϕ′ = 3x2 is continuous at [1, 2]. Further
ϕ(1) = 2 and ϕ(2) = 9.

(b)

∫ π
3

π
4

sinx cosx dx

Solution:

Substitution y = sinx, dy = cosx dx, limits of integration: sin(π/4) =
√

2/2
a sin(π/3) =

√
3/2.

∫ π
3

π
4

sinx cosx dx =

∫ √3/2
√
2/2

y dy =

[
y2

2

]√3/2
√
2/2

=
1

2

(√3

2

)2

−

(√
2

2

)2
 =

1

8
.

(c)

∫ 2

1
x lnx dx

Solution: Per partes

∫ 2

1
x lnx dx =

[
x2

2
lnx

]2
1

−
∫ 2

1

x2

2x
dx = 2 ln 2− 1

2

[
x2

2

]2
1

= 2 ln 2− 3

4
.
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(d)

∫ π

0
x2 sinx dx

Solution: Per partes twice:

∫ π

0
x2 sinx dx = [−x2 cosx]π0+

∫ π

0
2x cosx dx = [−x2 cosx+2x sinx]π0−2

∫ π

0
sinx =

[−x2 cosx+ 2x sinx+ 2 cosx]π0 = π2 − 4

(e)

∫ e

1

ln2 x

x
dx

Solution: Substitution y = lnx, dy = 1
x dx, limits of integration: 0 and 1.∫ e

1

ln2 x

x
dx =

∫ 1

0
y2 dy =

[
y3

3

]1
0

=
1

3
.

(f)

∫ 1

−1

x2

1 + x2
dx

Solution:

∫ 1

−1

x2

1 + x2
dx =

∫ 1

−1

x2 + 1− 1

1 + x2
dx =

∫ 1

−1
1+

−1

1 + x2
dx = [x−arctan x]1−1 = 2−π

2
.

(g)

∫ ∞
0

1

(x+ 3)5

Solution:∫ ∞
0

1

(x+ 3)5
=

[
−1

4(x+ 3)4

]∞
0

= lim
x→∞

−1

4(x+ 3)4
− lim
x→0+

−1

4(x+ 3)4
=

1

4 · 81

(h)

∫ 1

0

ex

e2x + 1
+

1

cos2 x
dx

Solution: Substitution y = ex, dy = ex dx,∫ 1

0

ex

e2x + 1
=

∫ e

1

1

y2 + 1
= [arctan y]e1 = arctan e− arctan 1 = arctan e− π

4∫ 1

0

1

cos2 x
dx = [tan x]10 = tan 1.

Together ∫ 1

0

ex

e2x + 1
+

1

cos2 x
dx = arctan e− π

4
+ tan 1

Mathematics 2, 2020/21, Kristýna Kuncová 5



(i)

∫ ∞
1

e−
√
x

√
x

dx

Solution: Substitution y =
√
x, dy = 1

2
√
x

dx.∫ ∞
1

e−
√
x

√
x

dx =

∫ ∞
1

2e−y dy = 2
[
−e−y

]∞
1

= −2( lim
y→∞

e−y − lim
x→1+

e−y)

= −2

(
0− 1

e

)
=

2

e
.

(j)

∫ b

a
sgnx dx, a < 0, b > 0

Solution: At first we need to divide integral into two parts:∫ b

a
sgnx dx =

∫ 0

a
−1 dx+

∫ b

0
1 dx = [−x]0a + [x]b0 = a+ b.

(k)

∫ ∞
1

arctan x

1 + x2
dx

Solution: Substitution y = arctan x, dy = 1
1+x2

dx:∫ ∞
1

arctan x

1 + x2
dx =

∫ π
2

π
4

y dy =

[
y2

2

]π
2

π
4

=
π2

8
− π2

32
=

3π2

32
.

(l)

∫ 2

1

dx

x lnx

Solution: Substitution y = lnx, dy = 1
x dx,∫ 2

1

dx

x lnx
=

∫ ln 2

0

1

y
dy = [ln y]ln 2

0 = lim
y→ln 2−

ln y− lim
y→0+

ln y = ln(ln 2)−(−∞) =∞.

(m) ∫ π

0

sinx

cos2 x+ 1
dx

Solution: Substitution y = cosx, dy = − sinx dx∫ π

0

sinx

cos2 x+ 1
dx =

∫ 1

−1

1

1 + y2
dy = [arctan y]1−1 = arctan 1−arctan (−1) = 2

π

4
=
π

2
.

(n)

∫ 1

−1
x2e−x dx

Solution: per partes twice:∫ 1

−1
x2e−x dx =

[
−x2e−x

]1
−1 +

∫ 1

−1
2xe−x dx =

[
−x2e−x

]1
−1 +

[
−2xe−x

]1
−1 +

∫ 1

−1
e−x dx

=
[
−x2e−x − 2xe−x − 2e−x

]1
−1 = e− 5e−1
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(o)

∫ 3

2

x2 − x+ 1

x− 1
dx

Solution:

∫ 3

2

x2 − x+ 1

x− 1
dx =

∫ 3

2
x+

1

x− 1
dx =

[
x2

2
+ ln |x− 1|

]3
2

=
9

2
+ln 2−

(
4

2
+ ln 1

)
=

5

2
+ln 2.
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