Monotone assignments in compact and
function spaces

Reynaldo Rojas-Hernandez
January 2017

1 Introduction

The method of elementary submodels is a set-theoretical method which can
be used in various branches of mathematics. A. Dow in [1] illustrated the use
of this method in topology, P. Koszmider in [5] used it in functional analy-
sis. Later, inspired by [5], W. Kubi$ in [6] used it to construct retractional
(resp. projectional) skeleton in certain compact (resp. Banach) spaces. The
notion of monotone assignment, considered along this text, is implicit in the
use of elementary submodels technique and appears naturally in several con-
texts. This concept is very simple, natural, and at the same time strength
considerably some topological structures.

The purpose of this work is to show some applications of the use of w-
monotone assignments. We will deal with monotone w-stability, a concept
which result to be useful to study retractional skeletons in general and in
function spaces. These assignments also are used to provide a proof of the
characterisations of Corson and Valdivia compact spaces by some special
retractional skeletons. Finally, w-monotone assignments are used to define c-
skeletons, which results to be an useful tool to detect Corson compact spaces
inside function spaces.

2 Monotone assignments

Recall that a partially ordered set I' is up-directed if for every sp,s; € T’
there is t € I" such that sy <t and s; <t. T" is o-complete if every sequence
Sg < §1 < --- has the least upper bound in I'.



In what follows, I' and X will always be used to denote up-directed o-
closed posets. The following definition come from [9].

Definition 2.1. A function ¢ : 3 — I' is w-monotone if satisfy:
1. s <teXimply ¢(s) < o(t);
2. if {s, }new C X is increasing, then ¢(sup, ., Sn) = SUP,<,, P(Sn).

Remark 2.2. A function ¢ : [X]|=* — [Y]=¥ is w-monotone if and only if
P(A) = Upepa<w O(F) for all A € [X]=,

Consider an w-monotone function ¢ : [X]=% — [X]=¥. Say that C' C X is
closed under ¢ whenever ¢([C]=*) C [C]=¥. For each A € [X]|=*, the closure
&(A) of A under ¢ is the smallest, with respect to inclusion, set C' C X such
that A C C' and C'is closed under ¢. Note that there is a least C, namely

C=({D:ACDCcC X and D is closed under ¢}.

Theorem 2.3. If ¢ : [X]™¥ — [X]|* is w-monotone, then the function
¢ [X]=¥ — [X]=¥ is well defined and w-monotone.

Proof. Recursively define C,, : [X]=% — [X]=% as follows. Set Co(A) = A for
each A € [X]=¥. Besides, let C,11(A) = C,(A) U Ureie, (a)<e @(F) for all
A € [X]=¥. By induction on n each function C, is w-monotone. The equality
C(A) = U, Cu(A) for every A € [X]=¥ follows from Remark 2.2 and implies
that C is well defined and w-monotone. O

The following Lemma is easy to prove and will be an useful tool.

Lemma 2.4. If f : X — I" is an arbitrary map, then we can construct an
w-monotone map ¢ : [X|=¥ — T such that ¢({x}) = f(x) for each v € X.

3 Monotonically w-stable spaces

Monotone assignments are naturally associated to some topological struc-
tures. Stable spaces, introduced by Arhangel’skii, proved to be very useful
both for the theory of cardinal invariants and C,-theory. We will consider a
monotone version of this property which was introduced in [8]. Before let us
recall some notation.

Set N' C P(X). Given C € P(X) we say that N is a network for C in
X if whenever C' € C and C' C U with U open, then C' C N C U for some
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N e N. If AcC X, then N is said to be a network for A in X whenever it
is a network for {{x}},ca in X. A network for X in X is called simply a
network for X. Given M C C(X), we say that N is a network for M in X
if it is a network for X endowed with the weak topology generated by M.
Finally, for f € C(X), a network for f is simply a network for {f}.

Definition 3.1. We say that a space X is monotonically w-stable if there
exists an w-monotone map N : [Cp(X)]=* — [P(X)]=* such that N'(A) is a
network for A for all A € [C,(X)]=.

The above property seems to be artificial, however it appears naturally
in a wide class of spaces and will be a useful tool along this work.

Proposition 3.2. Assume that a space X has a cover C by pseudocompact
spaces X and a countable network O for the cover C. Then X is monotoni-
cally w-stable.

Proof. Fix a countable base Bg for the real line R. Given £ € [P(X)]=* let
FE)={UJT : T €[f]*“}and C(F) ={O\E: 0 € O,FE € &}. Clearly
F and C are w-monotone. For each A € [C,,(X)]=* let Z(A) = {9 '(B) : g €
A, B € Bg} and N (A) = C(F(Z(A))). Note that N is w-monotone.

Given A C X, we shall prove that A(A) is a network for A. Assume that
x € U where U = ;o f~(By) for some F € [A]<“ and B; € Bg for each
f € F. Pick P € C containing z. Choose y € P\U. Fix f, € F'and B, € By
so that f,(y) € B, and f,(z) € By, \ B,. Select g, € A such that g,(y) € B,
and g,(z) € By, \ By. Let U = {g,'(B,) : y € P\ U}. Note P\ U c JU
and x € |JU. Choose V C [U]<* such that P C UU[JV. Select a set O € O
such that P C O Cc UUJV. Observe that if N = O\ UV, then N € N(A)
andz e N CU. O

Corollary 3.3. Every pseudocompact and every ¥-space is monotonically
w-stable

4 Retractional skeletons
Now we will consider an optimal notion of an indexed system of retractions
introduced in [7].

Definition 4.1. An r-skeleton in a space X is a family of retractions {7} ser,
satisfying the following conditions:



rs(X) is has a countable network for each s € I'.
s < timplies ry =rs0r; =1r; 0715,

For every z € X, x = limger rs(2).

Ll

Given sp < 51 < --- in I, if ¢ = sup,,c,, Sn, then r(z) = lim, o 75, ()
for every z € X.

Let {rs}ser be a family of retractions on X. We say that {rs}scr is a weak
r-skeleton in X if it only satisfies conditions 1,2 and 4 in the above definition.
Besides, the set |, 7s(X) will be called the set induced by {rs}ser.

Theorem 4.2. Let X be monotonically w-stable and let Y be the set induced
by a weak r-skeleton {rs}ser in X. Ifn € w, F CY" and sy € T', then there
exist t € T and D € [F|=% such that so <t and r}*(F) C D.

Proof. Let N be a monotonically stable operator in X. Select an w-monotone
map & : [C,(X)]=% — [F]=* such that £(A) NN # () whenever N € N(A)"
and NN F # (). Using Lemma 2.4 we can construct an w-monotone map
s : [F]** — T such that sy < s(P) and P C ryp)(X) for each P € [F]=.
For each G € [F]=* fix a countable dense subset A(c) of 154 (Cp(rs(c)(X))).
Define M : [FI= — [Cy(X)]= as M(P) = Ugeipe Asicy. Then M is
w-monotone. Note that M(P) is dense in r}p (Cy(rs(p)(X))). Finally set
A=Mo&:[C)(X)]=¥ — [Cp(X)]=¥ the closure of Mo &.

Set A = A(As@)), D = E(A) and t = s(D). Clearly sy < t. By continuity
it is enough to show that r?*(F) C D. Assume on the contrary that r*(z) € D
for some z € F'. Choose B € 7(X)" such that rj'(z) € U = [],,, B(i) € X™\
D. Choose f € C,(r*(X)) such that f(r?(x)) =0 and f(D Nr(X)) C {1}.
We know that 77 (C,(r;(X))) € M(D) = M(E(A)) C A. Since N(A) is a
network for A, it is a network for 7;(C,(r¢(X))). It follows that N'(A) is a
network for r,. Then we can find N € N'(A)" such that z € N C (r})~"}(U).
Then there exists y € D such that y € NN F. We know that y € r*(X). We
then have that y = r"(y) € U N D, which is not possible. ]

Corollary 4.3. Let X be monotonically w-stable and let Y be a set induced
by a weak r-skeleton {rs}ser in X. Then:

1. t(Y) < w.

2. x = limyep ry(x) for each x €Y.



Proof. 1. Set A C Y and 2 € A. Choose s; € T so that r,(z) = z.
By Theorem 4.2, we can find D € [A]=¥ and s € T such that sy < s and
rs(A) = D. This implies that = = r,(z) € ,(A) C D.

2. Fix z € Y. Let U be an open neighborhood of z. Choose an open set
Vin X suchthat r € VCV CU. Set F; =VNY and F, = (X\U)NY.
From Theorem 4.2 and condition 4, we can find s € T such that r,(F;)) C F;
for i = 1,2. Then r,(x) € F;. Choose t € I such that s < t. If r,(z) € U,

then r(x) € Fy and so r4(x) = r,(r;(z)) € Fq, which is not possible. O

5 r-skeletons and Y.-subsets

Different characterisations of Corson and Valdivia compacta have appeared
in the literature. In [7], it is proved that a compact K is Valdivia if and only
if it admits a commutative r-skeleton. Here we present a proof of this fact.

We say that an r-skeleton {r}ser in X is full if X = (J,p7s(X), and
commutative if v, or; = r; o rg whenever s,t € I

Lemma 5.1. Let Y be induced by an r-skeleton {rs}ser in a compact X.
Then there is a family of retractions {ra}acpr) i X such that for every
A e P(Y) we have:

1. A7 [rax)} Beaj<w is an r-skeleton on 14(X) and induces r4(X)NY;

2. ACra(X) and d(ra(X)NY) <|A| +w;

3. rgorga=ryorg =rg whenever B C A;

4. If A = U, Aa for some increasing family {Aa}a<y, then ra(z) =
limg<y 74, (x) for every x € X.

If in addition the r-skeleton {rs}ser is commutative, then we also can get
rgora=raorg for every A,B € P(Y).

Proof. Using Lemma 2.4 we can construct an w-monotone map s : [Y]=% — T’
such that A C ry4)(Y) for each A € [Y]=¥. For each F € [YV]< fix a
countable dense subset Dy of 75 (X) containing F. For each A € [YV]=
set 4 = rya) and Dy = UFe[A}<w Dypy. Then r4(X) = D4 for each A €
[Y]=w,

Now, choose an arbitrary A C'Y. Let T'y = [A]** and D = Uger, Ds-
It is easy to verify, using Corollary 4.3, that {rp [5A} Ber, 1s an r-skeleton
on D4. The countable tightness of Y implies that the set induced by that



r-skeleton is Uper, 78(X) = Upger, Dp = DyNY. Consider the retrac-
tion 74 : X — D4 which assign to each z € X the only point in Dy N
Nper, 75 (rp(r)). Note that rp ors = rp holds for every B € I'y. Be-
sides 74(x) = limper, r(ra(z)) = limper, rp(x) for every x € X. We have
finished the construction.

Fix A € P(Y). Conditions 1 and 2 are clear from the construction. To
verify 3 note that: if B C A € [Y]|=%, then rp(ra(x)) = limper, rp(ra(z)) =
limper, rp(x) = rp(x) = ra(rp(z)) for each x € X. Now assume that
A = Uy, Ao is asin 4. Fix 2 € X. Let U be a neighborhood of r4(z).
Choose B € T'y such that rp(z) € U whenever B C D € T'y. If v has
uncountable cofinality, then select @ < « such that B C A,. In this case
Tas(7) € U whenever a < 3 < 7. If {a,}new is a cofinal subset of v, then
there exists n € w such that r4,(z) € U whenever o, < 3 < v (otherwise we
can get rp(x) & U for some D € I'4 containing B). Since U is arbitrary, we
conclude that r4(x) = lim,<y 74, ().

Finally, assume that {rs}ser is commutative. Proceeding as in item 3 we
can verify that rgory =14 orp for every A, B € P(Y). O

Recall that a set Y C X as a X-subset of X if there exists an embedding
¢: X — IT, for some set T, such that Y = ¢~1(XI7).

Theorem 5.2. Let Y be dense in a compact X. If Y is induced by a com-
mutative or full r-skeleton on X, then'Y is a X-subset of X.

Proof. By induction on the density of Y. For d(Y) = w the result is clear.
Assume that d(Y) = k > w and the result holds for spaces of density smaller
than x. Choose the family {ra}cp(y) of retractions on X as in Lemma 5.1.
Let {Ya ta<x be a dense subspace of Y. For each o < &, set A, = {ys}p<a and
ro =1a,. Given a < K, we may apply the inductive hypothesis to find a set
T, and an embedding ¢, : 74(X) — IT> such that Y Nr,(X) = ¢ (Z17=).
We can assume that 7, N T3 = ) whenever a < < k. Consider the set
T = Uy T We identify I with [],_, I"*. Define ¢ : X — I as follows:

Pat1(Tatr1(T)) = Gari(ral(z)) if a>0;

Ple)la) = {(bo(ro(x)) if a = 0.

For each x € X and a < k. To see that ¢ is an embedding we only need to
show that ¢ is one-to-one. Fix distinct x,y € X. The fact that {ra}acpy)<e
is an r-skeleton on X implies that rp(x) # rp(y) for some F € [Y]=%. Set
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f = min{a < k : ro(z) # ro(y)}. If B = 0, then ¢(z)(0) # ¢(y)(0).
Otherwise, § = « + 1 for some a < k and so ¢(z)(«a) # ¢(y)(«). Hence
o(x) # ¢(y). We shall verify that Y = ¢~ (XI7). To see that Y C ¢~ +(Z17),
fix z € Y. Note that r,(z) € Y for each a < k (in the commutative case this
allows from 74 (r(z}(2)) = 721 (ra(2))). The countable tightness of ¥ implies
that {r,(z)}a<. is countable. Hence ¢(x) C LI7. Besides, the countable
tightness of X1 and the properties of Y imply that ¢=1(XI17) C Y. O

Corollary 5.3. A compact space is Valdivia (Corson) if and only if it admits
a commutative (full) r-skeleton.

Proof. Given a set T, by Corollary 3.3 the space I7 (XI7) is monotonically
w-stable. Besides it is easy to verify that I7 (XI7) admits a commutative
(full) r-skeleton. Then we may apply Theorem 4.2 and 4.3 to see that each
Valdivia (Corson) compact space admits a commutative (full) r-skeleton.
The converse follows from Theorem 5.2. ]

Corollary 5.4. If a countably compact space admits a full commutative re-
tractional skeleton iff X can be embedded in XI7 for some set T.

Proof. If X admits a a full commutative retractional skeleton, then it is easy
to see that X is induced by a commutative retractional skeleton in SX. It
follows from Theorem 5.2 that X is a Y-subset of SX and hence X can be
embedded in XI7 for some set T. Now, if X can be embedded in XI7 for some
set T, must be embedded as a closed subspace. Therefore the result follows
from Theorem 4.2 since 17 admits a full commutative r-skeleton. O]

6 Strong r-skeletons in C,-duality

An r-skeleton {rs}ser in a space X is said to be strong if whenever sy € T’
and F'is closed in X", for some n € N, there exists s € I' such that sy < s
and r*(F) C F. It is easy to verify that the property of admit a strong
r-skeleton is invariant under countable topological sums, countable products
and closed subspaces. We will show that this property is also preserved under
the formation of Cjy-spaces, and as a consequence by R-quotient maps.

The following fact follows from Theorem 4.2

Corollary 6.1. Let X be a monotonically w-stable space. Then an r-skeleton
on X is strong if and only if it is full.



The following Lemma implies that every space which admits a strong -
skeleton has the Sokolov property and, in particular, is collectionwise normal,
w-stable, w-monolithic and has countable extent (see [11]). Besides we also
can verify that these spaces are countably paracompact.

Lemma 6.2. Let {rs}ser be a strong r-skeleton on X. If so € T and F,, is
a countably family of closed subsets of X™ for each n € N, then there exists
s € I' such that so < s and r?(F) C F whenever F' € F,.

Proof. Let {N,},en be a partition of N in infinite sets. For each n € N
enumerate J,, as {F,}nen,, where each element appears infinitely many
times. For each m > 0 choose recursively s,, € I' such that s,,_; < s, and
r? (Fy,) C Fy, if F,, € F,. Note that s = sup{s,, }mew 1S as required. O

Sm

In order to prove our main result related to Cp-spaces, let us introduce
some notation. Fix a countable base By for the real line R. Let X be a space.
Given n € N, z € X" and B € B, set

Unp = {f € C(X) : Vi € n(f(2(i)) € B(:))}.

For each A C X let B(A) = {U,p: 2 € X",B € B§,n € w}. Then B(X)
is a base for the topology of C,(X). It is straightforward to verify that the
assignment A — B(A), for A € [X]=¥, is w-monotone.

Theorem 6.3. A space X has a strong r-skeleton if and only if C(X) has
a strong r-skeleton.

Proof. Assume that {r;}r is a strong r-skeleton on X. For each s € T
consider the retraction 7y = 7} o m, (xy : Cp(X) = Cp(X). It is standard
to verify that {7s}ser is an r-skeleton in C,(X). In order to prove that this
r-skeleton is strong choose sy € I' and a closed subset G' of C,(X)™ for some
n € N. Let nX be the disjoint topological union of n copies of X and let nr,
denote the natural retraction induced by r; on nX. It is standard to verify
that {nr,}ser is a strong r-skeleton on n.X. We canonically identify C,(X)"
with C,(nX). Pick B € By for some m € N. Consider the set

Fp={renX)":U,pNG =0}

Note that Fj is closed in (nX)™. By Lemma 6.2 we can find s € T" such
that so < s and (nrs)™(Fp) C Fp for each m € N and B € Bg'. We assert
that s is as promised. Assume on the contrary that there exists f € G
such that 72(f) ¢ G. We identify the maps 77 and (n7rs)* o Ty (nx). Then



fonrs = 72(f) € G. Select z € (nX)™ and B € B, for some m € N,
such that fonry € U, p and U, NG = (. Then f € Upry(x), and x € Fp.
The election of nry implies that nrg(z) € Fp; which is not possible since
f € Unr2)8NG.

Now assume that C,(X) admits a strong r-skeleton. By the above,
Cp(Cp(X)) has a strong r-skeleton. Since C,(C,(X)) has a closed copy of X,
we conclude that X admits a stron r-skeleton. O

7 Networks and C)-duality

In order to establish some technical duality results for networks in C),-spaces,
let us introduce some notation. Let X be a space. Givenn € N, N € P(X)"
and B € Bg, set

Wy ={f € Co(X): Vi e n(f(N(i)) C B(i))}.
For each N C P(X) let WN) = {Wyp: N e N" B € Bi,n € w}. Itis

straightforward to verify that the assignment N' — W(N), from [P(X)]=¥
to [P(C,(X))]=*, is w-monotone.

Theorem 7.1. Let N be a family of subsets of X.

1. If f: X =Y and N is a network for f, then W(N) is a network for
Jr(Cp(Y)) in Cp(X).
2. If AC X and N is a network for A in X, then the family W(N) is a
network for ma on Cy(X).

Proof. 1. Take f*(g) € C,(Y) and assume that f*(g) = go f € U, p for
some U, p € B(X). Then x € X" and B € B} for some n € w. Since
z(i) € f~H(g Y (B(i))) for each i € n, there exists N € N™ satisfying z(i) €
N(i) € f~'(g7*(B(i))) for every i € n. Note that Wyp € W(N) and
f*(9) e Wnp CUgp.

2. Let f € C,(X) and assume that f € 7" (U, ) for some U, g € B(A).
Then x € X" and B € B for some n € w. Since z(i) € f~1(B(i)) for each
i € n, we can ﬁndNE/\/" such that z(i) € N(i) C f~1(B(i)) for each i € n.
Observe that Wy 5z € W(N) and f € Wy C 741 (Us.B). O



8 Monotone stability and C),-duality

It happens that stability has a two way C),-dual property. Monolithic spaces
introduced by Arhangelskii satisfy that: monolithicity of either X or C,(X)
is equivalent to stability of the other. In this section we establish a monotone
version of these results.

Monotonically w-monolithic spaces were introduced by Tkachuk [10] in
order to study the D-property in spaces of continuous functions C,(X).

Definition 8.1. We say that a space X is monotonically w-monolithic if
there exists an w-monotone assignment A" : [X]=¥ — [P(X)]=* such that
N(A) is a network for A in X for all A € [X]=~.

The next lemma is easy to prove.

Lemma 8.2. If X is monotonically w-stable, Y C X and there exists Z C
Cp(Z) such that my [z: Z — Cu(Y') is closed and onto, then C,(Y') is mono-
tonically w-stable.

Theorem 8.3. A space X is monotonically w-monolithic (w-stable) if and
only if the space C,(X) is monotonically w-stable (w-monolithic).

Proof. First, suppose that X is a monotonically w-monolithic space. Take
an assignment N that witnesses this fact. By the factorisation theorem,
for each f € [Cp(Cp(X))]™ we can fix fix Sy € [X]|=% such that f €
75, (Cp(ms, (Cp(X)))). For each A € [Cy(Cp(X))]= let S(A) = Upca S(A).
Then the assignment A — S(A) is w-monotone. Consider the w-monotone
map @ = WoN oS8. Since N(S(A)) is a network for Fy = S(A) in
X, Theorem 7.1 implies that O(A) is a network for the open map 7p,.
Hence O(A) is a network for the family of maps 73, Cp(7g, (Cp(X))). Since
A C 75, Cyp(mr, (Cp(X))) and the last set is closed, we conclude that O(A)
is a network for A. In this way C,(X) is monotonically w-stable.

Secondly, assume that X is monotonically w-stable and take an assign-
ment N that witnesses this fact. Consider the w-monotone map @ = Wol.
Select A € [Cp(X)]=¥. Let Y4 = A4(X). Since N(A) is a network for Ay
in X, Theorem 7.1 implies that W(N(A)) is a network for (A4)*(Cp(Ya)).
Observe that A C (A5)*(C,(Ya)) and hence W(N(A)) is a network for A,
Thus C,(X) is monotonically w-monolithic.

Now, assume that C,(X) is monotonically w-stable (w-monolithic). By
the above C,(C,(X)) is monotonically w-monolithic (w-stable). Since the
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space C,(C,(X)) contains a copy of X (satisfying the conditions in Lemma
8.2), the space X is is monotonically w-monolithic (w-stable). O

Theorem 8.3 let us deduce properties of monotonically w-stable spaces
from monotonically monotonically w-monolithic spaces and vice versa.

9 Strong r-skeletons and D-spaces

The notion of D-space introduced in [2]| have been intensively studied in
many topological contexts (see [3]).

A neighborhood assignment for a space (X, 7) is a function ¢ : X — 7
with z € ¢(z) for every x € X. A kernel for ¢ is a subset D C X such that
#(D) = U,ep ¢(x) = X. X is said to be a D-space if every neighborhood
assignment ¢ for X has a closed discrete kernel.

Theorem 9.1. If X is has a strong r-skeleton and is monotonically w-
monolithic, then X is a Lindelof D-space.

Proof. Tt is enough to show that every neighborhood assignment has a count-
able closed discrete kernel. Let {r;}scr be a strong r-skeleton in X and fix
an operator NV which witnesses monotone w-monolithicity of X. Given s € T’
fix a countable dense subset A, of ry(X). For each A € [X]=¥ let

C(A)={re X :2x € N C ¢(x) for some N € N(A)}.

Note that C satisfies conditions in Definition 2.1.

Let {Q,}new be a partition of w in infinite sets. Choose o € X and
sg € I'. Assume that z; € X and s; € I have been constructed and that if
A; =, As; then the family N'(A;) has been enumerated as { Ny : k € Q;},
for i < n. Set A, = U, 4s;» D = {xi}icn and enumerate N(A,) as
{Ny : k€ Q,}. If (D,) =X take D = D,, and stop the construction. In
the other case, look at

X, = C(An> \ ¢(Dn)

If X, # 0, choose x, € X,, such that the corresponding N € N(A4,) is
the least possible in the above enumeration. Otherwise select a point x,, €
X \ ¢(D,,) arbitrarily. After that, choose s, € I' such that s,_; < s, and
s, (X \ ¢(2;)) C X\ ¢(z;) for each i < n.

If the process does not finish in any finite step, let us show that D = {z,, :
n € w} works. Clearly D is closed discrete in ¢(D). So, it is enough to verify
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that ¢(D) = X. Fix z € X. Set s = sup,¢,, 5, and A = |J,o, Ar. Note
that 7,(x) = lim, ;00 7, (¥) € A C C(A). If r,(x) & ¢(D), the properties of
C imply that ri(x) € X, for sufficiently large n. Fix k € w and O € N (4y)
such that ry(z) € O C ¢(rs(z)). Since ¢(x,) always contains the least N
corresponding to some y € X,,, eventually we choose z,, with z,, € O C ¢(z,,),
which puts r4(z) € ¢(x,), which is not possible. Thus r,(x) € ¢(D). Pick
k € w such that ry(z) € ¢(xy). Since s, (X \ ¢(zx)) C X \ ¢(zx) for n large
enough, we must have 7,(X \ ¢(x)) C X \ ¢(zx). Therefore z € ¢(x;). O

10 r-skeletons and WV -sets

The notion of W-set was introduced by Gruenhage in [4]. Given a space
X let FS(X) = U,en X" be the set of all finite sequences in X. For a
map O : FS(X) — 7(X), an element x € X“ is called an O-sequence if
z(n) € O(x [,,) for each n € N. Besides, we say that a set H C X is a W-set
in X if there is a map O : FIS(X) — 7(H, X) such that every O-sequence
converges to H.

Theorem 10.1. Let X be a countably compact with a full r-skeleton {rs}ser.
If H is nonempty and closed in X, then H is a W-set in X.

Proof. Tt follows from Corollary 6.1 that the r-skeleton {rs}ser is strong.
Define recursively an order preserving function s : F\S(X) — I' satisfying
rs@(a(k)) = a(k) and 744 (H) C H, whenever a € X™ and k < n. Given
a € FS(X), since ryq(H) is closed in the metrizable space 744)(X), we
can fix a decreasing base of open neighborhoods {Ugn}new for 7yq)(H) in
Ts(a)(X). Define O : FS(X) = 7(H,X) as

O(a) = ﬂkgn T&i[k)(Uark,n)
for each a € X™ and n € N. We assert that every O-sequence converges
to H. Let x € X“ be an O-sequence. Note that, since X is countably
compact and Frechét-Urysohn, it is enough tho show that the limit of each
convergent subsequence of x belongs to H. Let m € w* be strictly increasing
and assume that x o m converges to some y € X. Choose k € w. For each
n > k, since m(n) > k we have that z(m(n)) € O(z [mm)) C Ts_(irk)(erkvm(nﬂ
and in this way ryu ) (x(m(n))) € Uy, mm)- Since m is strictly increasing
and {Ugjkn}new 1s a decreasing base for 7y (H) in reqr(X) we must
have that 7y (y) = imy—e Tk (€(n)) € 75wy (H) C H. Therefore, for
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t = sup{s(x [k)}ren, we must have y = lim,, o z(n) = lim,_, r:(x(n))
rt(y) = hmn%oo Ts(z k) (y) € H.

co

11 c-skeletons

Definition 11.1. Given a space X say that {(Fy, B,)}ser C CL(X) X [7(X)]=¥
is a c-skeleton on X if:

1. for each s € T, B, is a base for a topology 7, on X and there exist
a Tychonoff space Z; and a continuous map g¢s : (X,75) — Zs which
separates the points of F;

2. if s,t €' and s < t, then F, C F};
3. X =User Fs:
4. the assignment s — B, is w-monotone.

In addition, if X = (J,.p F%, then we say that the c-skeleton is full.

Theorem 11.2. If X is countably compact and has a (full) c-skeleton, then
X has a (full) r-skeleton.

Proof. Let {(Fs,Bs)}ser be a full c-skeleton in X. Let Y = |J . Fs and
let ¥ = [Y]=*. By Lemma 2.4 we can construct an w-monotone function
s : X — I' such that M C Fy,y) for each M € X. Select an w-monotone
function £ : ¥ — 3 such that £(M) N B # 0 for each B € By and put
C= E Set BM = Bs(C(M)); FM = Fs(C(M))a ... and so on.

We claim that gp(X) = gu(Fu). Fix x € X. Set B, ={Be€ By :x €
B}. Select a decreasing base {B,, : n € w} C By for x in (X, 757). For each
n € w choose y, € B, NE(C(M)) = B, NC(M). Let y be an accumulation
point of {y,}ne,. Note that y € BN F); for each B € B},. The continuity
of the map gy : (X, 7)) — Zy imply that gu(y) = gu(x). Since y € Fiy
the claim have been proved.

Every continuous one-to-one map from a countably compact space onto
a Frechét-Urysohn space is a homeomorphism, so the topologies on Fj; in-
herited from X and (X, 7)) coincide. The compactness of Fy, the equality
g (X) = gu(Far) and the fact that gy, separates the points of F); imply that
gu |F,, is a homeomorphism onto its image. Then ry; = (gar [r,,) " © gar -
X — F)y is a retraction. Given z € X, if y is as above, then ry/(z) = y and
so ry(x) € BN Fyy for each B € B},.
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We shall prove that {ras}ames is an r-skeleton in X. Condition 1 is
immediate. Item 3 follows from Corollary 4.3 once we prove 2 and 4.

2. Choose M,N € ¥ with M C N. From F); C Fy we deduce that
ry = v ory. I gy(x) # gu(ry(x)) for some x € X, then we can find
disjoint sets By € By, C B, and B, € B;\ff(x) C B]r\}V(x), which is not possible
since ry(x) € By N Fy. Thus ry = rpy ory.

4. Select My ¢ My C --- in ¥ and N = {J,., M,. Pick z € X.
Suppose that ry(x) # lim, 7y, (x) and choose B € B?\J,V(x) such that
ru, () € BN Fy for infinitely many n € w. However ry, (z) = ra, (rv(z)) €

BN Fy, C BN Fy because B € BTMNH(I) , for n large enough, a contradiction.
Finally, its is clear that {7} yex is full whenever {(Fj, B;) }ser is full. [

12 c-skeletons in C)-duality

In order to get a Cj,-dual concept to c-skeleton, we introduce the following
notion.

Definition 12.1. Let X be a space. Consider a family {(¢s, Ds)}ser, where
qs : X — X, is an R-quotient map and Dy is a countable subset of X for
each s € I'. We say that {(gs, Ds)}ser is a g-skeleton on X if:

1. the set ¢s(Ds) is dense in X;

2. if s,t € I" and s < ¢, then there exists a continuous onto map p; s :
X; — X, such that ¢s = prs 0 q;

3. the assignment s — Dy is w-monotone;
4. Cp(X) = User 4 (Cp(X5)).
We say that the g-skeleton is full whenever C,(X) = U, ¢5(Cp(X5)).

Proposition 12.2. If X has a (full) c-skeleton, then C,(X) has a (full)
q-skeleton.

Proof. Let {(Fs, Bs)}ser be a c-skeleton in X and set B = |J{Bs}ser. For
each nonempty set W € W(B) fix a map dw € W. For each s € I we set
Xs =7, (Cp(X)), gs =, : Cp(X) — X5 and Dy = {dy : N € W(B,)}. We
assert that {(¢s, Ds)}ser is a g-skeleton on C,(X). Conditions 2 and 3 are
easy to see. Let us verify 1 and 4.
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1. Fix s € I'. The fact that B, is a network for the topology generated by
gs, implies that W(B;) is a network for g¥(C,(Z;)) in Cp(X). Then ¢;(V(B;))
is a network for ¢s(¢X(Cp(Zs))) = (g [r)" (Cp(Zs)) in X,. Since gs [r, is a
condensation, (g [r,)*(Cy(Zs)) is dense in C,(Fs) and hence in X;. It follows
that gs(D;) is dense Xj.

4. Set Y = (J,op Fs. It is enough to show that 73, (Cp(my (Cp(X)))) C
User ¢ (Cp(X5)). Select ¢ € 73 (Cp(my (Cp(X)))). Then ¢ = 9 o my for
some 1 € Cp(my(Cy(X))). By applying the Factorisation Theorem, we can
find A € [Y]=¥ and a continuous map ¢4 € Cp(ma(Cy(X))) such that ¢ =
Ya0mya Iny(cyx))- Fix s € I' such that A C F,. Then

¢ =1pomy = haoTy a0my = ha0Tr, 40qs = ¢;(YaoTr, 4 [x,) € ¢5(Cp(X5)).
Finally, note that {(gs, Ds)}ser is full whenever {(Fy, Bs) }ser is full. O

Proposition 12.3. If X has a (full) q-skeleton, then C,(X) has a (full)
c-skeleton.

Proof. Let {(qs, Ds)}ser be a g-skeleton in X. Fix s € I". Since ¢, is a quo-
tient map, the set Fy = ¢}(C,(Xj)) is closed in C,(X). Besides, B, = B(D;)
is a countable family of canonical open subsets of C,(X). We shall prove
that {(Fs, Bs)}ser is a c-skeleton on C,(X). Items 3 and 4 are immediate.
We will verify 1 and 2.

1. Fix s € I'. It is clear that B; is a base for a topology 75 on C,(X). Con-
sider the Tychonoff space Z; = mp,(C,(X)). Then gs = 7p, : (Cp(X), 7s) —
Zs is a continuous and onto map. Note that the map ¢gs [p,= 7p, 0 ¢} =
(¢s Ip,)* © Ty (p,) is one to one. Thus g, separates the points of Fj.

2. Fix s,t € I' with s < t. The equality ¢s = p: s 0 ¢; implies that

Fy = 3 (Cp(Xy)) = (prs0a)"(Cp(Xs)) = g7 opi ((Cp(Xs)) € 47 (Cp(Xa)) = Fr.
Finally, observe that if the g-skeleton {(gs, Ds)}ser is full, then the c-

skeleton {(Fj, Bs) }ser is full. O
13 Generating g-skeletons
Lemma 13.1. Let f € C(X,Y), let By be a base for Y and consider the

family F = {f~Y(B) : B € By}. Ifr € C(X,X) and r(F) C F for all
F e F, then f= forer (Cy(r(X))).
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Proof. Take any point x € X; we must show that f(z) = f(r(z)). Given an
arbitrary set B € By with f(x) € B, observe that x € F' = f~}(B) € F. By
our hypothesis, we have r(z) € F, so f(r(x)) € B. Since B is arbitrary, we
conclude that f(x) = f(r(x)). O

Theorem 13.2. If X has a (strong) full r-skeleton, then X has a (full)
q-skeleton.

Proof. We consider the case of strong r-skeletons. The proof for full r-
skeletons is similar. Let {rs}ser be a strong r-skeleton in X. Let ¥ =
[CL(X)]=* the up-directed and o-complete partially ordered set consisting
of all countable collections of closed subsets of X. Using Lemma 2.4 we can
construct an w-monotone map s : ¥ — I' such that ryz)(F) C F when-
ever F' € F. For each G € [CL(X)]<* fix a countable dense subset Dy(g) of
rs@)(X). Given F € ¥ set Dr = Ugez<w Dsg) and gz = ryz). Observe
that ¢r(X) = Dz. It is standard to verify that {(¢r, Dr)}rex is a g-skeleton
in X.

To prove that the g-skeleton is full, fix f € C,(X). Consider the family
F ={f"Y(B): B € Bg} € ¥. By the above and Lemma 13.1, the map ¢
satisfies f = f oqr € ¢ (Ch(gr(X))). O

Lemma 13.3. Let A C C,(X) for some space X. If A is a dense subset of
A5 (Cp(AA(X))), then the map Ay is R-quotient.

Proof. Given z,y € X note that Ax(x) = Ax(y) if and only if As(z) =
A4(y). So, the projection pa : Ax(X) — A4(X) is a condensation. It
follows that p%(C,(A4(X))) is dense in Cp(A4(X)). The equality Ay =
pa o Az implies that A%(C,(A4(X))) is dense in A%(C,(Az(X))). By our
hypothesis, we conclude that A is dense in A%(C,(Az(X))). In this way
AZ(Cy(A%(X))) = A. Therefore A is R-quotient.

Theorem 13.4. Fvery monotonically w-stable space has a full q-skeleton.

Proof. Let N be a monotonically w-stable operator in X. Put I' = [C,(X)]=¥.
Let D : T' — [X]=* be an w-monotone function such that D(A) N N # ) for
each nonempty set N € N(A). For each F' € [Cp(X)]=* fix a countable
dense subset Ep of A}L(C,(Ap(X))) containing F. For each A € I' let
E(A) = Upeiaj<o Er. Then € : I' — T' is w-monotone. Let A = £. Given
A €T set qa = Agrzy and Do = D(A(A)).
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Select A € T'. Since D, intersects each nonempty element of N (A(A)),
the set D4 is a dense subset of X endowed with the weak topology generated
by A(A). Tt follows that g4(D,4) is dense in ga(X).

Given A € I'; to see that g4 is an R-quotient map, by Lemma 13.3 it
is enough to show that A(A) is a dense in A% ) (Cp(Aaa)(X))). Select a
nonempty open set U = U, p in C,(X), for some = € X", B € B and
n € w. Pick a function f € U N A% ) (Cp(Aa)(X))). Select a map g €
Cp(Aua)(X)) satisfying f = g o Ay). Choose F' € [A(A)]=* so that
Ap(x(i)) = Ap(x;) if and only if Ay (@) = Auy(z;) for all i,j € n.
Select h € C,(Ap(X)) such that h(Ap(z(i)) = g(Aawm)(z:)) = f(x(i))
for all ¢ € n. Then ho Ar € U N AL(C,(Ap(X))). Since the set Ep is
dense in A} (C,(Ap(X))) and Er C E(A(A)) C A(A), we must have that
0 #UNEr CUNA(A). Therefore A(A) is a dense in A% 4 (Cp(A44)(X))).

Finally, it is easy to verify that {(qa, D)} acr is a full g-skeleton in X. [
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