HOMEWORK: NOVEMBER 3

Problem 1: The goal is to show the optimality of the function space W12(£) in
the definition of a weak solution. To say it differently, one can define weaker or
stronger concept of solution requiring that it belongs to some W1P(Q) with p # 2,
but it may lead either to nonexistence or to nonuniqueness. It is important to
remember that it might be the case only if the elliptic operator has just measurable
(and discontinuous) coefficient.

Consider Q = B1(0) C R? and p € (1,2) be arbitrary. Find an elliptic matrix
A(z) and nontrivial @& € W, *(2) such that

(1.1) / AVa -V =0 for all ¢ € C3 ().
Q

Note that we know that u = 0 is the unique weak solution! Hence, we cannot get
the uniqueness in large class of functions and this is the true motivation for the
choice W12(€2) as the correct space.
Hint: Consider the matrix A with the coefficient given
T4

with some ¢ > 1. Show that it is an elliptic matrix. Consider the function u(z)
given as (here x € R? and ¢ € (0,1))

a(z) == xy|z| P C.

e Find all p’s for which 4 € WP(Q).

e Find a proper relation between a and € such that u solves (1.1) - justify it
carefully!.

e Find v € W'2(Q) fulfilling (1.1) such that u — @ € W,"' ().

e Show that @ := u — u solves Problem 1. Show that by proper choice of a
and € > 0 one can get cover the whole range p € (1, 2).

Solution: We start with the ellipticity of the matrix A. Let z € R? be arbitrary,
then (here ”-”denotes the scalar product in R?)

2
Az-z= ) (O”'Ha_”w5>ziz.j=zl2+<a—1> EE > |22

4,j=1

For sure,the matrix is also bounded and measurable and therefore we got it is
elliptic.

Next, we checkfor which p’s we have 4 € WP, Since we are asked to do it
carefully, we derive rigorously what is the weak derivative of @. First, we evaluate
the classical derivative outside of the point 0:

o
8(1)1
o
8.772

= J2| 7 — (1t )adla| P = fy

= —(1+4&)zaa|x|27¢ =: fo

1
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Note that the above functions are for sure measurable and we just check whether

they are LP integrable. By using the polar coordinates and the substitution, we see
that

/|f1|p<oo = /|\x| 1= 1+€):171|:E| 3= E| <00 & / P4e) 1 dr < 0o

& —pl+e)+1>-1 &p<

1+5

1
/|f2|p<oo = /|x1x2|x‘_3_a‘p<oo & /r_p(1+€)rdr<oo
Q Q 0

< —p(1 1>-1 &p<
p(l+e)+ A s

Moreover, for p < ﬁ it is not difficult to check that [, |a[’ < oco. It remains
to show, that the pointwise derivatives fi, fo (which were derived only outside
of the point 0, i.e., in Q\ {0}), are indeed weak derivative in Q. To check it,
let pbeasmooth compactly supported function. Then we use integration by parts
formula for smooth functions and the Lebesgue dominated convergence theorem to
see that

o
f1<p = lim fip= lim 4
5—>0+ Q\Bg 5—>0+ Q\Bé axl

. / . / op _
lim upny — —1u
6—04 (Q\Bs) O\ Bj (9361

oo . m% dy 11
= — _— 1 — _—
/Q 5x1u N 6—I>I(IJl+ ( /83 Pyzre v B, 01 |x[1Te

x? Op 1 1 1
" s, P57 T By o FE
0Bs Bs 1 dBs Bs

byparts

Since

=04
—

Celelloe (6175 +0%7%) 0,
we see that
O -
/f1<P = 89:1
and similarly we can deduce
dp _
=— | —/ua.
/sz%’ , O3

Hence, it is nothing else than the definition of the weak derivatives and consequently
f11s a weak derivative with respect to x1 on Q and f5 is weak derivative with respect
to x9 on €.

Next, we choose € and a so that (1.1) holds true. First, we take ¢ € C5°(2\ {0}).
Since A and @ are smooth on Q \ {0}, we can use standard integration by parts
formula and deduce that (1.1) implies

/Q div(AVu)p =



HOMEWORK: NOVEMBER 3 3

Since ¢ is arbitrary then the necessary condition for validity of (1.1) is that (here
we are using the classical derivatives, since the exist outside of 0)

(1.2) div(AVu) = 0 in Q\ {0}.

Thus, we evaluate this condition

. 0 ou
? J

ij=1
o T —3—¢ —E
=2 ax,«@ma_n x|5)<<1+e>x1xj|x| Tl ))
ij=1 """
— Z o ((ae + Dzywgla| 7% = buiz[~17%)
purlld |

= Z(as + 1) (6152|2737 + 2|2 737 = B+ &)zl 2| T7F) + (14 &) by x| 2 ¢
i=1

=z1]|z|77° (1 - £%a)
Consequently, (1.2) holds if and only if
(1.3) e2a=1

Hence, we have just shown that (1.3) is a necessary condition for the validity of
(1.1).

Next, we show that it is indeed sufficient. To do so, we use the Lebesgue domi-
nated convergence theorem, integration by parts (outside of zero, where all functions

are smooth), the fact that ¢ has compact support and also the point-wise relation
(1.2). Here,p € C}(Q)

/ AVy -V = lim AVay -V
Q 6=0+ JO\ Bs(0)
PURATES iy / div(AVi)p + / YAV -1
=04 Q\Bs(0) A(2\B;5(0))
2

(12) .. —1 —3—¢ —1—¢
=" lim § o(x) (ae + 1)zy24|2] — 01|z T

§—04 2B5(0) L:ZI ( )

(=AV1E);

=ae lim 57275/ o(x)r.
6—04 dB;5(0)

Hence, we need to show that the last limit is equal to zero.
BE CAREFUL: If you used just brutal force then you would not get the result,
e.g.,

_o_ _9_ _ . 6—=0
52 / o(x)z1| < [|¢]l0cd 2 / 2] = 27| plled ¢ " 2 o0
9B5(0) dB5s(0)
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So we must proceed differently and use a certain cancelation effect.

8B5(0) 9B5(0) 9B4(0)

e | o (£ O

< IIWHOO(S_Q_s/ 22 = [Vepllad = “25 0,

Bs(0)

provided that ¢ < 1, which is however always the case since due to the fact that
e2a=1and a > 1.
Thus is we set € := Va—1, we see that
2 a— 00 2 a—1y
— 2,
1+e¢ ) 1+e¢

thus going back to the condition for @ being in WP, we see that by proper choice
of a > 1 we can cover the whole interval (1,2).

Finally, it is woth noticing that if we set € := —v/a~! then (1.3) holds. Moreover,
if we denote for such e the function u := x1|z|~'*V%™" then by above computa-
tion we can justify that u € W12(Q) solves (1.1) and in addition u = @ on 9.
Consequently @ := u — @ has zero trace solves (1.1) but @ ¢ W12,

L

O

Problem 2: The goal is to show that the maximal regularity! cannot hold in
Lipschitz domains or when changing the type of boundary conditions. Let ¢y €
(0,27) be arbitrary and consider  C R? given by?

Q:={(r,9): r€(0,1), ¢ € (0,90)}

Denote I'; € 0N in the following way (in polar coordinates (r,¢): T'y := (r,0),

FQ = (7‘, (,D())7 Fg = (l,gD)

Consider two functions
up(r, p) :=r* sin (ﬂ) ,
¥0

pon i [ P

uz(ry ) = r*?sin (2()00)

e Find the condition on «a; so that u; € W2(Q) - find an explicit formula
for Vu; - and prove that it is really the weak derivative!
e Find the proper condition on «a; so that u; solves the problem

—Au; =0inQ, wy=0onT1UTly, wu; =sin (('D—¢> on I';s
¥o

—Aus =0in Q, wuy =0on I, uzzsin(gp—(z)> onIl's, Vus-n=0onTy
¥o

IMaximal regularity statement means that if

Au=f

then f € LP(Q) = u € W?2P(Q). The goal of the homework is to show that this is not true on
domains with corners.
2We use polar coordinates, i.e. £1 = rcosp, ra = rsing
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CHECK in details that for such «;’s the weak formulation of the above
elliptic equations hold!

e Find all p’s for which u; € W%P(Q). What is the criterium on «; so that
u; € W2’2(Q)?

e With the help of the above computation, find f; € L?*(2) such that the
problems with homogeneous boundary conditions, i.e.,

—Avl = fl in Q, v = 0 on 89,
—Avo=foinQ, wvo=00nT7UI'3,Vuvs-n=0o0nT5

posses unique weak solutions v; € W12(Q) but v; ¢ W22(Q) if oo > ¢ and
vy & W22(Q) for g > %.

e REMEMBER: On domains with corner - the W22 regularity statement
does not hold for Dirichlet problem for angels greater than 7 and does
not hold when changing Dirrichlet to Neumann problems on corners with
angle greater than /2. In general W22 regularity for Dirichlet problems
holds in any dimension either for convex domains or for domains with C1!
boundary.

Solution: First of all, one should be able to derive the formula for derivatives in
polar coordinates. Since our change of coordinates is given by

T1 = TCOS Y, To = T Sin @,

Then for any C* function f(r,¢), we have (for r € (0,1) and ¢ € (0,27))

O (1, 0) _ 05,00 9) _ sinp 0F(r,¢)
0x o or r %)
of(r,e) _ Siwf)f (7 ®) L oS¢ of (r,¢)
0xo or r O

Consequently, we can also deduce that

dp

)

r

dp

L cosp0f(r.0)

I
Af(r.o) = gf 3"
_ % (COSwafgf) B sir;qﬁ afé:;so)> N di@ (Sin‘ﬁafg;’.@) . Coiwf(,dy o)
= cos »0% (cos’yﬂafg; v _ Sil;w 8]('(()7;;@)) B Sil;%?aﬂ <cos<,pafg; @)  sinp df(r, )
+sin w% (sinsoafg; °) Coj"paf(g:;’vﬁ)) N CO:’»@aﬁ (Siwafg; ¢)

r

dp

)
)
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Hence, evaluating the right hand side7 we get that

sing Of (r, ) sinp 8*f(r,¢)
Aflrp) = cosy (COS 7 3 2 r2 Op r Opor
Csing ) Pf(rp) cosp 20(e) _sing P11, 9)
( sin <p 8 +oose Ordy r r Op?
) _cospdf(r,p)  cosp 0% f(
ey (Sm v 8 2 r2 O o r 83087"
cosp ( Af(rp) . 0Pf(r,p) sinpdf(r,e)  cosp 0 f(r, )
+ r (COb " or ey Ordyp r Do - r Op?
o2 .2 L2 oo
Ff(r,p)  sin"@df(r,p)  sin”pd°f(r )
= cos®p or? N r or N r2 Op?
o2 2 2 92
Of(r,p) | cos®pdf(r,p)  cos®p0°f(r )
+sin® o or? r or * r2 Op?
_PAlrg) |, 100(ng) | 1 PS(rg)
or? r  Or r2  9p?

Next, we use the hint an check for which A, B € R, we have that
A(r?sin(By)) = 0 in .

Note that such function is smooth outside of the origin. Consequently, using the
above computation, we see that for uap := 74 sin(Byp)

Aupp = A(A — 1)1 2sin(Byp) + Art=2sin(By) — 1472 B% sin(By)
= (A% - B?) r4~2sin(Be).

Hence, we require A2 = B? in what follows. Next, we also check for which A, B we
have uap € W12(Q). Since, the classical derivatives exist in , we know that the
weak derivative also exists and we just need to specify the conditions on A, B so
that

/ |VUAB|2 < 0.
Q

Using the transformation into the polar coordinates and the substitution theorem,
we have

uap\’ duap\’
2 _
/Q|VUAB| dX—/Q( o ) + O dx
! wo aUAB SingﬁauAB 2 . 6uAB COS(pauAB
_// (cosgo o r Oy > r+(sm<p or - r Oy
©o 2 2
L ) e
r dy
©o 2 1 2
:/ / ((ATA_lsin(Bgo)) +ﬁ(BTACOS(B¢)) )rdg@ dr
o Jo

1 reo
= / / r? A= (A% sin®(By) + B? cos*(By)) dyp dr
o Jo

1 ®o 1
= / / A?p2A-t de dr = Agcpo/ r2A-1 dr,
o Jo 0
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where we used the fact that A2 = B2. Consequently, if we want to have the above
integral finite, we must impose the condition A > 0. Since the regularity of the
solution does not depend on the sign of B, we assume in what follows only the case
A=DB>0.

Next, we show for which p’s the function uap € W2P?(Q). For that reasons, we
compute the second derivatives (in term of variables (r, ¢))

0%uap  cos? O%uusp  2cospsing Ouap B 2 cos psin ¢ O%uup
Oz? o 2 dp r Apdr
sin? p duap n sin? 0 0%uup
r or r2 02

= A(A — 1)r* 2 cos? @ sin(Ayp) + 4Ar2A72 cos psin ¢ cos(Agp)
+ ArA=2sin? psin(Ag) — A%r472 sin? psin(Ay)

In the same manner we shall estimate other second derivatives to finally conclude

that )
/ |V2uap|P dx ~ / r(A=2Pp qp
Q 0

and wee that the integral is finite if and only if (for 0 < A < 2, since for A > 2 it
is always finite)

- 2
P=o—a
Finally, we apply everything to the functions u; and wus, which are thus given as
Uy = %0 sin <W> , Ug = r%e0 sin (W>
©o 2¢0

and due to the above computations we get that uy,us € WH2(Q) and

2
W2P(Q)  for p< 5 = and ¢ > g
up € %0 — uj € WQ’Q(Q) if po < m,

W2%°(Q)  for ¢p < g

WP(Q)  forp < —— and ¢ > % -
U € 2p0 — Ug € W2’2(Q) if Yo < 5

W2(Q) forpo < 7

Finally, we check that u; and uy are the solutions of the corresponding problem.
Since, u; is continuous in Q and also u; € W2(Q), then evidently the trace of u;
is zero. Next, for any smooth compactly supported function v we get by integration
by parts (we ca apply that because u; is smooth in the interior of )

/Vul-Vv:—/Aulvzo,
Q Q

where we used the fact that «; is harmonic. Finally since the space C5°(£2) is dense
in W,"*(€2) we can generalize the above relation also for any v € W,"*(€2). Indeed,
for any v € W;%(Q), we can find a sequence (by density) {v™} C C§°(€2) such that
"™ — v in WH2(Q) and then

(1.4) / Vup-Vo= lim | Vu- Vo™ =0.
Q

n—oo 0
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Finally, let w be a smooth function on R? fulfilling w = 1 in B 1 (0) and w = 0 on
R? \B% (0) and define v1 := uyw. Then evidently v; € W12(Q) N W?2P(Q) with p
specified above, v; = 0 on A9 and we have for any z € Wy*(2)

/Vvl-sz/qul-Vz+u1Vw-Vz
Q Q

= /QVul -V(wz) — /Q zVuy - Vw —uyVw - Vz = — /Q zVu - Vw + div(uy Vw)z,
(1.4)
which is the weak formulation of
—Av; = —Vuy - Vw — div(us Vw) =: f1

Note that thanks to the presence of w, the function f; is smooth since u; is regular
outside of 0 but w is constant near zero.

For vy, we could use exactly the same arguments to get the result, but since
we did not formulate any result concerning the density of functions vanishing only
near I'y. Thus, we proceed differently. Let @ : [0,00) — [0, 00) be smooth function
fulfilling @ = 1 on [0,1/4] and @ = 0 on [1,00) and let R : [0,00) — [0,00) be
smooth nondecreasing function fulfilling R = 0 on [0,1/2] and R = 1 on [1,c0).
Next, we define

va (1, ) = ua(r, 9)Q(r?)

Then it is easy to check that v = 0 on I'y UT's. Next we check what kind of problem
vg satisfies. We use also the function R to cut everything near zero in order to be
able to use integration by parts. In addition, it is also a direct consequence of the
definition that Vg -m = 0 on I'y. Hence, let 2 € WH2(Q)be arbitrary fulfilling (in
sense of traces) z=0on 'y UT3

/ Vv -Vz= lim [ Vv VzR(r?/e?)
o

E‘)O+ O

= — lim [ div(R(r?/e*)Vvy)z — lim Voi-n  zR(r*/e?)
e=04 Jo e=04+ J90 >~ ———
=0onT2 =0onIiNl3

=— lim [ (VR(r?*/e?) -V + R(r*/e?)div(Vvg))z

e=04+ Jo

A(u2Q)
=— / (uaAQ + Vug - VQ)z — lim 2572/ R'(r?/e)x - Vuaz
Q B.(0)nQ

E‘)O+

Thus, if we show that the last limit is equal to zero, we see that v, is a weak solution
to the desired problem with fo := —(us AQ + Vuy-VQ) which is a smooth function.

To estimate the limit, we recall the Poincaré inequality and for all 2 € W12(Q)
being equal to zero on I'y there holds [|Z]|s < C||VZ||2. Hence, if we define the
particular z as

Z(z) = z(ex)
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and use the substitution and Poincaré inequality on 2 we have
(1.5)

/ |z(z)|* dx :/ |Z(z/e)|? dx = 62/ |Z(z)|* dx < 052/ |V2(x)]? dx
QNB.(0) QNB.(0) Q Q
_ 054/ IV 2(e2)|2 dx = 052/ V()2 dx
0 QNB.(0)

Hence, by the Hélder inequality and theabove proven re-scaled Poincaréinequality,

we have
|2(2) |2 dx :
< || R|oe (f””BE“” / Vs
QNB.(0)

2

N

672/ R'(r?/e)x - Vugz
B.(0)NQ

2

e—0
sc||R’|oo||Vz||2</ |w2|2> =0
QNB.(0)

where the last limit holds since vy € WH2(Q).



