Difficult homework(s)

Homework 1: Define the mapping A : RVX4 — RVXd a5

¢ — arctan(1 4 [€[2)¢ Ve e RV*4,

where |£]? is given as
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Consider the problem: @ C R% and ug € W12(Q;RY) and to find u : Q — RY
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written
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—divA(Vu) =0 in Q, u=uy on . M= (A me,
It is a system of N-partial differential equations, which in components can be
as
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for u =

Define a notion of a weak solution and prove the existence and uniqueness
of weak solution

Show that u € Wif (€;RY). Hint: Prove that A is uniformly monotone
operator from RV*4 — RVNX4 je. that it satisfies for some ¢;

(A(&1) — A(&2)) - € 1CL &) > ailé — &l

Then follow step by step the proof from winter semester for linear equations.
Show rigorously that |Vu|? is a sub-solution to a certain elliptic problem
with measurable coefficients. That is, show that |Vu|? € W21T(Q) for
some ¢ > 0 and that there exists a bounded measurable elliptic matrix

with components b;;(x) such that for all nonnegative ¢ € C3°(£2) there

holds
d
> /Q bij ()0, (

ij=1

Vul?)dy,¢ < 0.

premium difficult homework: Based on the property above, prove rig-
orously that u € WL (Q;RY)

Homework 2: Consider the problem

Ou—Au—Apu=0in (0,7)xQ, u=0o0n (0,7) x9N, u=ugin

with some p € (1,2] and ug € L%(Q), where A,, is the p-Laplacian and Q C R? is a
Lipschitz set. Assume that u € L2(0,T; W, >(€)) solves the above problem in the
following sense: For all ¢ € C§°((—o00,T) x Q) there holds (here @ := (0,T) x Q))

/ —udyp + (Vu + |VulP72Vu) - Vo = / (0, 2)ug(z) dz
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e Show that d,u € L2(0,T;(Wy*())*) and that u(0) = ug and that for
arbitrary ¢ € Wy*() and almost all ¢ € (0,T) we have

(Opu(t), ) + /Q(Vu(t,x) + | Vu(t, z) P2 Vu(t, z)) - Vi(z) de =0

e Show that if p € (1,2) then for arbitrary ug € L?(Q) there exists 7 € (0, )
such that u(t) = 0 for all ¢ > 7. Hint: You should prove that there is ¢ > 0
such that (formally)

d A
S lullz + dllullz <

for some) € (0,1). Then you should apply your knowledge from the theory
of ordinary differential equations (inequalities).

e Show that if p = 2 then for arbitrary uy # 0 and arbitrary ¢ € (0,00) we
have u(t) # 0. Hint: show that if {wy}ren are eigenfunctions of Laplace
operator with eigenvalues Ay then for every k and ¢ there holds

()3 = e[| PRuo|3,

where Py is the projection to the span of first k eigenvectors.

Additional hint to HW1: In the part of proving subsolution property. Here is
just the formal/non-rigorous hint. But since you have that u € Wif this formal
procedure can be justified rigorously (= DO IT).

Apply {%c to the p-th equation in (1). Then multiply the product by 9,, u* and
sumover k=1,...,dand p=1,..., N to get
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Show that! Iy > 0 and that I; can be rewritten as

_Z;@b <Z|W|2>> - zj(zm (|w|2>>

with a proper elliptic matrix b;;.

Hn fact you should be able to get that I > 0227:1 |V2uk|2,
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