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December 18th, 2017 
 
To whom it may concern, 
 
I am writing a very strong letter of support for the candidacy of Jonathan Jaquette (Ph.D. Rutgers) 
for a CRM-ISM postdoctoral fellowship. Jonathan has some truly remarkable results in the field 
of delay differential equations (see the recommendation letters from Roger Nussbaum and 
Konstantin Mischaikow). In fact, as Roger Nussbaum writes in his letter “Well over fifty years 
ago, two conjectures (Wright’s conjecture and Jones conjectures) were made concerning Wright’s 
equation. In his Ph.D. dissertation Jonathan provides the first proofs of both conjectures. This is a 
major piece of work, and I highly recommend Jonathan. While it is true that Jonathan’s proof uses 
some earlier results, it is equally true that a complete proof required, in a highly nontrivial way, 
new ideas and methods.” Besides his outstanding results in the field of delay differential equations 
(one paper published in J. of Differential Equations, one paper submitted and one paper in 
preparation), he has a paper on persistent homology which appeared in Math. Comp. this year.  
 
As a CRM-ISM postdoctoral fellow, Jaquette would be working with the Applied Math group, but 
could also be involve with the Analysis group and the CIRGET. His results and interests in delay 
differential equations and infinite dimensional dynamical systems naturally fits with my research 
interests, as well as those of Tony Humphries (Applied Math, McGill), Tomasz Kaczysnki 
(Analysis, Sherbrooke) and Christiane Rousseau (Analysis, UdeM). I would personally be very 
interested to do research with Jonathan Jaquette on his projects “Invariant Manifolds in PDEs and 
DDEs”, “Connecting Orbits in PDEs and DDEs” and “Computational Morse-Floer Homology”, 
as describe in his research statement. Moreover, his results in the field of persistent homology and 
his interest in computational Morse theory (see his research statement) could be of interest to the 
members of the CIRGET (for instance Octav Cornea and Olivier Collin). Tony Humphries wrote 
that “it would be great to have him at McGill, and that he is the sort of applicant who is likely to 
do well in the CRM-ISM competition”. Tomasz Kaczysnki wrote that he “strongly support the 
candidate” and Dmitry Jakobson wrote that “he will support Jonathan, and that his results look 
very impressive!”. Moreover, Christiane Rousseau (Analysis), Adam Oberman (McGill, Applied 
Math) and Rustum Choksi (McGill, Applied Math) openly support his candidacy.  
 
The source of the 20K/year in funding would be 5K/year from the CRM Applied Math group, 
7.5K/year from my start-up grant at McGill and 7.5K/year from my NSERC research grant.  
 

Sincerely yours, 
 

Jean-Philippe Lessard 
 

 

 

 

Quebec City, CANADA 
November 28th, 2012  

 
To whom it may concern, 
 
I am very pleased to write a very strong letter of support for Dr. Roberto Castelli for his 
application for the two years post doc position at the University of Milano Bicocca. I 
have known Roberto for two years as his group leader in Computational Mathematics at 
the Basque Center for Applied Mathematics (BCAM) in Bilbao. Dr. Castelli is an expert 
in the broad field of dynamical systems, the calculus of variations, computational 
astrodynamics and rigorous numerical methods. I can say without any hesitation that he 
has a very broad mathematical culture and that he has a bright future in mathematics. 
 
After five months of work with me at BCAM, Roberto and I developed a general 
method to rigorously compute Floquet normal forms, which were discovered in 1883 
and which provide a canonical decomposition for fundamental matrix solutions of 
periodic non-autonomous linear differential equations. Fundamental matrix solutions, 
which are objects of primary importance in the field of differential equations, are 
unfortunately almost impossible to compute. In the work Rigorous numerics in Floquet 
theory: computing stable and unstable bundles of periodic orbits that is accepted to 
appear in the SIAM Journal of Applied Dynamical Systems, Roberto and I introduced a 
novel approach to compute explicitly (and rigorously!) the Floquet normal forms. This 
is the first explicit computational method that achieves such task and it comes more 
than 125 years after Floquet’s original discovery of his canonical decomposition. 
 
Then, Roberto and I worked on developing a general computational method to study 
eigendecomposition of complex interval matrices, a subject of fundamental importance 
in many fields of applied sciences. Roberto developed all the code and derived all the 
necessary estimates. We presented our new proposed technique in the work A method to 
rigorously enclose eigendecompositions of interval matrices, that is submitted. We are 
currently working on a project to rigorously compute parameterizations of stable and 
unstable manifolds of periodic solutions of differential equations. Once again, Roberto 
is writing all the matlab code and derived most of the necessary theory to carry out this 
work, which ultimate goal is to study and prove existence of chaotic dynamics.  
 
In my opinion, Roberto is a very independent researcher with strong qualities to become 
a fruitful mathematician. His broad interests in analysis, his strong background in 
mathematics and his enthousiasm in learning make him, in my opinion, a serious 
candidate for the post doct position in your department. 
 
 
 
 
 
       
 

 
Sincerely yours, 
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Periodic orbits in the 3D Navier-Stokes equations
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7KH 1DYLHU�6WRNHV HTXDWLRQV IRU D ÁXLG RI FRQVWDQW GHQVLW\ ρ FDQ EH H[SUHVVHG DV

{
∂tu+ (u ·∇)u− ν∆u+∇p = f

∇ · u = 0,

ZKHUH u = u(x, t) LV WKH YHORFLW\� p(x, t) = P (x, t)/ρ LV WKH SUHVVXUH VFDOHG E\ WKH
GHQVLW\� ν LV WKH NLQHPDWLF YLVFRVLW\ DQG f = f(x, t) LV DQ H[WHUQDO IRUFLQJ WHUP�
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'HÀQLWLRQ� $ VORZO\ RVFLOODWLQJ SHULRGLF VROXWLRQ �6236� LV D SHULRGLF VROXWLRQ y(t)
ZLWK WKH IROORZLQJ SURSHUW\� WKHUH H[LVW q, q̄ > 1 DQG L = q + q̄ VXFK WKDW XS WR D
WLPH WUDQVODWLRQ� y(t) > 0 RQ WKH LQWHUYDO (0, q)� y(t) < 0 RQ WKH LQWHUYDO (q, L)� DQG
y(t+ L) = y(t) IRU DOO t� VR WKDW L LV WKH PLQLPDO SHULRG RI y(t)�
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7KH H[LVWHQFH RI 6236 LQ :ULJKW
V HTXDWLRQ IRU DOO α > π

2 ZDV SURYHQ LQ ���� E\
-RQHV ZKR IRUPXODWHG WKH IROORZLQJ FRQMHFWXUH EDVHG RQ QXPHULFDO H[SHULPHQWV�

-RQHV&RQMHFWXUH� )RU DOO α > π
2 WKHUH H[LVWV D XQLTXH 6236 WR :ULJKW
V HTXDWLRQ�

�

In three space dimensions and time, given an initial velocity field and identically 
zero forcing term, there exists a vector velocity and a scalar pressure field, which 
are both smooth and globally defined, that solve the Navier-Stokes equations.

Millennium Prize problem

Navier (1822) Stokes (1845)

Henri Poincaré

Who cares?

From a dynamical systems perspective, 
this is not the most important question.



F(x) = 0

In any dynamical system, it is the bounded 
solutions which are most important and 
which should be investigated first.

Henri Poincaré

• Equilibrium solutions.
• Time periodic solutions.
• Connecting orbits.
• Global attractors.

Compact invariant sets
Exploit smoothness, boundedness and low dimensionality.

What shall we care about then ?



James Serrin
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VROXWLRQV IRU VPDOO WLPH�SHULRGLF IRUFLQJ f � :LWKRXW PDNLQJ DQ\ DVVXPSWLRQ DERXW
WKH VL]H RI f � 7DNHVKLWD >"@ VKRZHG WKH VDPH UHVXOW DV .DQLHO DQG 6KLQEURW� 6RPH
WLPH ODWHU� 7HUDPRWR >"@ SURYHG WKH H[LVWHQFH RI WLPH�SHULRGLF VROXWLRQV IRU GRPDLQV
ZLWK VORZO\ PRYLQJ ERXQGDULHV� 7KHQ� 0DUHPRQWL >"@ DQG .R]RQR DQG 1DNDR >"@
H[WHQGHG WKH UHVXOWV IURP ERXQGHG GRPDLQV WR R3� 7KH ODWWHU PDGH XVH RI WKH Lp

WKHRU\ RI WKH 6WRNHV RSHUDWRU UDWKHU WKDQ WKH HQHUJ\ PHWKRG� $ VLPLODU UHVXOW� UHO\�
LQJ RQ D PLOGHU FRQGLWLRQ RQ WKH IRUFLQJ IXQFWLRQ� ZDV GHULYHG E\ .DWR >"@� 2WKHU H[�
WHQVLRQV ZHUH WKRVH WR LQKRPRJHQHRXV ERXQGDU\ FRQGLWLRQV RQ FRPSDFW GRPDLQV
E\ )DUZLJ DQG 2NDEH >"@ DQG WR WKH FDVH RI D URWDWLQJ ÁXLG LQ WZR GLPHQVLRQV E\
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Computer-assisted proofs (CAPs) in dynamics
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A functional analytic approach to CAPs in dynamics 



F(x) = 0

A general nonlinear problem

• solution to an initial value problem of an ODE
• periodic orbit of an ODE
• local (un)stable manifold of a fixed point of an ODE
• normal bundle of a periodic orbit of an ODE
• local (un)stable manifold of a periodic orbit of an ODE
• connecting orbit of an ODE
• periodic orbit of a functional delay equation
• critical point of an action functional
• solution to a boundary value problem
• steady state of a PDE
• bifurcation equilibrium point of a PDE
• periodic orbit of a PDE
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F(x) = 0

A general nonlinear problem

X
to solve in a Banach space
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x7

Impossible to compute exactly !

F(x) = 0

A general nonlinear problem

X
to solve in a Banach space



Alternative: find small balls in which it is demonstrated (in a 
mathematically rigorous sense) that a unique solution exists.

F(x) = 0

A general nonlinear problem

X
to solve in a Banach space



How to find these small isolating balls ?

'HÀQLWLRQ� &RQVLGHU�WKH�DERYH�ERXQGV Y DQG Z� 7KH UDGLL�SRO\QRPLDOV DUH�JLYHQ�E\

pi(r) = Yi + Zi(r)− r, i = 1, . . . , 7.

/HPPD� (I½RI
I = {r > 0 : pi(r) < 0, ∀ i = 1, . . . , 7}.

-J I #= ∅� XLIR�JSV�ER] r ∈ I � XLIVI�I\MWXW�E�YRMUYI�½\IH�TSMRX�SJ T � ERH�LIRGI�E�YRMUYI
^IVS�SJ f � [MXLMR�XLI�WIX Bx̄(r) = x̄+B(r)�

• L = 6 � VIWGEPMRK�SJ�XMQI�JEGXSV�
• Ns = Nu = 20 � SVHIV�SJ�XLI�TEVEQIXVM^EXMSR�SJ�XLI�QERMJSPHW�
• m = 50 � ��SJ�'LIF]WLIZ�GSIJ½GMIRXW�XS�GSQTYXI�IEGL�GSQTSRIRX�SJ�XLI�&:4�

�� 0IX x̄ E�RYQIVMGEP�ETTVS\MQEXMSR�SJ f(x) = 0 MR X
GSQTYXIH�YWMRK�E�½RMXI�HMQIRWMSREP�VIHYGXMSR�

�� 'SRWXVYGX�[MXL�XLI�LIPT�SJ�XLI�GSQTYXIV�E�PMRIEV
STIVEXSV A XLEX�MW�ER�ETTVS\MQEXI�MRZIVWI�SJ Df(x̄)�

�� :IVMJ]�XLEX A MW�ER�MRNIGXMZI�PMRIEV�STIVEXSV�

�� (I½RI T (x) = x− Af(x) E�2I[XSR�PMOI�STIVEXSV
EFSYX�XLI�RYQIVMGEP�ETTVS\MQEXMSR x̄�

�� 'SRWMHIV Bx̄(r) ⊂ X XLI�GPSWIH�FEPP�SJ�VEHMYW r
GIRXIVIH�EX x̄�

�� *MRH r > 0 WYGL�XLEX T : Bx̄(r) → Bx̄(r) MW�E
GSRXVEGXMSR�QETTMRK��XSSP � UDGLL�SRO\QRPLDOV�
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F(x) = 0

DF(x̄)

F(x)
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A functional analytic approach to CAPs in dynamics 



A zero-finding problem for periodic orbits in NS

7KH DXWRQRPRXV1DYLHU�6WRNHV HTXDWLRQV XQGHU WKLV WLPH�LQGHSHQGHQW IRUFLQJ WHUP
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Spontaneous periodic orbits in the Navier-Stokes flow
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Figure 2: Density plot the vertical vorticity of the viscous equilibrium state, !˚ “ f!{p2⌫q. The
maxima (red) correspond to vortices with a counter clockwise rotation and the minima (blue)
to vortices with a clockwise rotation.

• A shift over L{2 in both the x1 and x2 directions, D.

These operations generate the group of spatial symmetries of the Navier-Stokes equation with
planar Taylor-Green forcing. In addition, the system is equivariant under translations in time.
One may reduce this continuous symmetry to a discrete subgroup by considering, for a periodic
orbit of period ⌧ , the shift by ⌧

k
in time, Pk, for some k P N (k “ 4 for the solutions studied

below).
The linear instability of the viscous equilibrium at high Reynolds number (that is at low

viscosity) has been investigated at length in the literature, for instance by Sipp and Jacquin [33].
In those studies, the emphasis is on the rapid formation of small-scale structures. In the current
context, we are interested in the first instabilities that occur when increasing the Reynolds
number from zero. Due to a classical result by Serrin [32] the viscous equilibrium is guaranteed
to be the unique limit state of the flow for any viscosity greater than

⌫s “ 4

d
8

3 `
?
13

« 1.049 pRes « 4.78q .

Below that value, linear instabilities occur, giving rise to branches of solutions for which some
of the symmetries are broken. Such bifurcating branches can be numerically approximated by
standard methods [30]. Using these methods, we found that the first instability is a Hopf
bifurcation that gives rise to a branch of two-dimensional periodic solutions. Subsequently,
this branch appears to turn unstable at a point where at least one family of three-dimensional
periodic solutions branches o↵. A partial bifurcation diagram is shown in Figure 3. In order
to di↵erentiate between the solutions, we compute the deviation from reflection symmetry by
computing the maximum of }u ´ Sx1u}E, where

}u}E

def“ 1

2

ª
u¨u dx

is the energy. We normalize this measure by the maximum it can attain, and display

max
0§t§⌧

max
0§x1§2⇡

}uptq ´ Sx1uptq}E

4}uptq}E

, (5.5)

on the vertical axis of the bifurcation diagram.
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Figure 2: Density plot the vertical vorticity of the viscous equilibrium state, !˚ “ f!{p2⌫q. The
maxima (red) correspond to vortices with a counter clockwise rotation and the minima (blue)
to vortices with a clockwise rotation.

• A shift over L{2 in both the x1 and x2 directions, D.

These operations generate the group of spatial symmetries of the Navier-Stokes equation with
planar Taylor-Green forcing. In addition, the system is equivariant under translations in time.
One may reduce this continuous symmetry to a discrete subgroup by considering, for a periodic
orbit of period ⌧ , the shift by ⌧

k
in time, Pk, for some k P N (k “ 4 for the solutions studied

below).
The linear instability of the viscous equilibrium at high Reynolds number (that is at low

viscosity) has been investigated at length in the literature, for instance by Sipp and Jacquin [33].
In those studies, the emphasis is on the rapid formation of small-scale structures. In the current
context, we are interested in the first instabilities that occur when increasing the Reynolds
number from zero. Due to a classical result by Serrin [32] the viscous equilibrium is guaranteed
to be the unique limit state of the flow for any viscosity greater than

⌫s “ 4

d
8

3 `
?
13

« 1.049 pRes « 4.78q .

Below that value, linear instabilities occur, giving rise to branches of solutions for which some
of the symmetries are broken. Such bifurcating branches can be numerically approximated by
standard methods [30]. Using these methods, we found that the first instability is a Hopf
bifurcation that gives rise to a branch of two-dimensional periodic solutions. Subsequently,
this branch appears to turn unstable at a point where at least one family of three-dimensional
periodic solutions branches o↵. A partial bifurcation diagram is shown in Figure 3. In order
to di↵erentiate between the solutions, we compute the deviation from reflection symmetry by
computing the maximum of }u ´ Sx1u}E, where

}u}E

def“ 1

2

ª
u¨u dx

is the energy. We normalize this measure by the maximum it can attain, and display

max
0§t§⌧
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on the vertical axis of the bifurcation diagram.
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5.1 Analytical and numerical background

We consider the forced Navier-Stokes equations for an incompressible, homogeneous fluid
$
&

%
Btu ` pu ¨ rqu ´ ⌫0�u ` 1

⇢0
rP “ f0,

r ¨ u “ 0,

on a cubical domain of dimension L with periodic boundary conditions. Here ⇢0 is the density
of the fluid and ⌫0 is its viscosity, while the forcing is chosen to be of the simple form

f0pxq “ �0
2

¨

˚̋
sin 2⇡x1

L
cos 2⇡x2

L

´ cos 2⇡x1
L

sin 2⇡x2
L

0

˛

‹‚,

where �0 parametrizes its intensity. This corresponds to the planar case of a family of flows
introduced by Taylor and Green [37] to study the interaction of motions on di↵erent spatial
scales. Non-dimensionalization (without introducing new notation for the new variables) leads
to #

Btu ` pu ¨ rqu ´ ⌫�u ` rp “ f,

r ¨ u “ 0,
(5.1)

on a cube of dimension 2⇡, where ⌫ “
b

32⇡3

�0L
3 ⌫0 is a dimensionless parameter and the dimen-

sionless forcing is

f “
¨

˝
2 sinx1 cosx2

´2 cosx1 sinx2
0

˛

‚. (5.2)

To be able to compare with the literature we use the geometric Reynolds number Re “
?
8⇡
⌫

in
the discussion of the bifurcation diagram below, cf. Figure 3.

The Navier-Stokes equations (5.1) under the forcing (5.2) admit an equilibrium solution for
which we have the analytic expression

u˚pxq “ 1

2⌫
fpxq p˚pxq “ 1

4⌫2
pcos 2x1 ` cos 2x2q . (5.3)

We will refer to this solution as the viscous equilibrium. The associated forcing for the vorticity
equation is given by

f!pxq “
¨

˝
0
0

4 sinx1 sinx2

˛

‚. (5.4)

The viscous equilibrium consists of four counter-rotating vortices. Its vertical vorticity is shown
in a plane of constant height in Figure 2. It is straightforward to verify that this solution is
invariant under the following symmetry operations:

• Translation over any distance d in the vertical direction, Td.

• Reflection in the x1-direction, Sx1 .

• Reflection in the x2-direction, Sx2 .

• Reflection in the x3-direction, Sx3 .

• Rotation about the axis x1 “ x2 “ 0 over ⇡{2 followed by a shift over L{2 in the x1-
direction, R.
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7KH DXWRQRPRXV1DYLHU�6WRNHV HTXDWLRQV XQGHU WKLV WLPH�LQGHSHQGHQW IRUFLQJ WHUP
DGPLW D YLVFRXV HTXLOLEULXP VROXWLRQ IRU ZKLFK ZH KDYH WKH DQDO\WLF H[SUHVVLRQ

u∗ =
1

2ν
f, p∗ =

1

4ν2
(FRV 2x1 + FRV 2x2) .

7KH DVVRFLDWHG IRUFLQJ IRU WKH YRUWLFLW\ HTXDWLRQ LV JLYHQ E\

fω GHI
= ∇× f =




0
0

4 VLQx1 VLQx2



 . Ī�ī

ħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħ

)RU y > −1� OHWWLQJ x = OQ(1 + y) OHDGV WR x′(t) = −α(ex(t−1) − 1)
ħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħ

>;LH� ����@ /HW X GHI
=

{
x ∈ C1(R,R) | x(0) = 0, x′(0) > 0 DQG x < 0 RQ (−1, 0)

}
� ,I

x ∈ X LV D 6236 WR :ULJKW
V HTXDWLRQ ZLWK SHULRG L� WKHQ LWV QRQWULYLDO )ORTXHW
PXOWLSOLHUV λ ∈ C DUH JLYHQ E\ VROXWLRQV WR WKH HLJHQYDOXH SUREOHP

z′(t) = −αex(t−1)z(t− 1)

λz(s) = −z(L)
x′(s+ L)

x′(L)
+ z(s+ L), s ∈ [−1, 0].
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>;LH� ����@ ,I α ≥ 5.67� WKHQ WKHUH LV D XQLTXH 6236 WR :ULJKW
V HTXDWLRQ�

,GHD RI WKH SURRI�

�� 2EWDLQ HVWLPDWHV RQ DOO SRVVLEOH 6236 WR :ULJKW
V HTXDWLRQ�

�� 6KRZ WKDW |λ| < 1 IRU DOO SRVVLEOH VROXWLRQV z RI WKH HLJHQYDOXH SUREOHP�
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;LH ZDV RQO\ DEOH WR REWDLQ D SURRI IRU α ≥ 5.67 EHFDXVH RI WKH GLIÀFXOW\ RI WKH ÀUVW
SDUW� WKDW LV RI REWDLQLQJ HVWLPDWHV RQ DOO SRVVLEOH 6236 WR :ULJKW
V HTXDWLRQ�

�

Taylor-Green (time-independent) forcing term

/HPPD� /HWW EH VXFK WKDW WKH YRUWLFLW\ ω LV DQDO\WLF� $VVXPH WKDW F (W ) = 0 DQG
∇ ¨ ω = 0� $VVXPH DOVR WKDW f GRHV QRW GHSHQG RQ WLPH DQG KDV VSDFH DYHUDJH
]HUR� 'HÀQH u = Mω �WKDW LV u VROYHV ω = ∇ ˆ u�� 7KHQ WKHUH H[LVWV D SUHVVXUH
IXQFWLRQ p : T3 ˆ R Ñ R VXFK WKDW (u, p) LV D 2π

Ω �SHULRGLF VROXWLRQ RI 16�

ħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħ

F(W ) =

(
FK(W )

(Fn(W ))nPZ4
˚

)
= 0.

FK = 0

ħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħ

7KHRUHP� &RQVLGHU 16 GHÀQHG RQ WKH WKUHH�WRUXV T3 �ZLWK VL]H OHQJWK L = 2π�
DQG FRQVLGHU WKH 7D\ORU�*UHHQ WLPH�LQGHSHQGHQW IRUFLQJ WHUP� /HW ν = 0.265 DQG
(ū, p̄) EH D QXPHULFDO VROXWLRQ FRPSXWHG ZLWKNx1 = Nx2 = 21�Nx3 = 0 DQGNt = 16
)RXULHU FRHIÀFLHQWV� /HW r = 2.2491 ¨10´6� 7KHUH H[LVWV D 2π

Ω �SHULRGLF VROXWLRQ (u, p)
RI 16 ZLWK |Ω ´ Ω̄| ď r DQG }u ´ ū}C0 ď r�

�������������������������������������������������������������������������������������������������������������
��

'HQVLW\ SORW RI WKH YHUWLFDO YRUWLFLW\ RI fω/(2ν)� 5HG FRUUHVSRQGV WR YRUWLFHV ZLWK D
FRXQWHU FORFNZLVH URWDWLRQ DQG EOXH FORFNZLVH�

�������������������������������������������������������������������������������������������������������������
��

:H FODVVLI\ X XVLQJ WKH ÀQLWH GLPHQVLRQDO UHGXFWLRQ PDS κ : X Ñ R3 GHÀQHG DV

κ(x)
GHI
= tq(x), q̄(x), x(1)u.

�������������������������������������������������������������������������������������������������������������
��

'HÀQLWLRQ� )L[ α P [1.9, 6] DQG D UHJLRQ K Ă R3 �QRW QHFHVVDULO\ α�H[KDXVWLYH��
7KH IXQFWLRQV &K , uK : R Ñ R DUH ERXQGLQJ IXQFWLRQV �DVVRFLDWHG ZLWK K� LI

&K(t) ď x(t) ď uK(t), IRU DOO t P R,

ZKHQHYHU x P X LV D 6236 WR :ULJKW
V HTXDWLRQ DW α VXFK WKDW κ(x) P K�

�
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Norm:

/HPPD� /HWW EH VXFK WKDW WKH YRUWLFLW\ ω LV DQDO\WLF� $VVXPH WKDW F (W ) = 0 DQG
∇ ¨ ω = 0� $VVXPH DOVR WKDW f GRHV QRW GHSHQG RQ WLPH DQG KDV VSDFH DYHUDJH
]HUR� 'HÀQH u = Mω �WKDW LV u VROYHV ω = ∇ ˆ u�� 7KHQ WKHUH H[LVWV D SUHVVXUH
IXQFWLRQ p : T3 ˆ R Ñ R VXFK WKDW (u, p) LV D 2π

Ω �SHULRGLF VROXWLRQ RI 16�
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F(W ) =

(
FK(W )

(Fn(W ))nPZ4
˚

)
= 0.

FK = 0
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:H FDQ WKHQ GHÀQH q : X Ñ (1,8) DQG q̄ : X Ñ (1,8) E\
q(x)

GHI
= z1(x) ´ z0(x),

q̄(x)
GHI
= z2(x) ´ z1(x).
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0RUHRYHU� LI x LV D 6236 WKHQ q(x) + q̄(x) LV LWV SHULRG DQG PD[
tPR

x(t) = x(1)�
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:H FODVVLI\ X XVLQJ WKH ÀQLWH GLPHQVLRQDO UHGXFWLRQ PDS κ : X Ñ R3 GHÀQHG DV

κ(x)
GHI
= tq(x), q̄(x), x(1)u.
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'HÀQLWLRQ� )L[ α P [1.9, 6] DQG D UHJLRQ K Ă R3 �QRW QHFHVVDULO\ α�H[KDXVWLYH��
7KH IXQFWLRQV $K , uK : R Ñ R DUH ERXQGLQJ IXQFWLRQV �DVVRFLDWHG ZLWK K� LI

$K(t) ď x(t) ď uK(t), IRU DOO t P R,

ZKHQHYHU x P X LV D 6236 WR :ULJKW
V HTXDWLRQ DW α VXFK WKDW κ(x) P K�
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7RROV� FODVVLFDO HVWLPDWHV IURP :ULJKW ������� -RQHV ������ DQG :DOWKHU �������

�

7KH DXWRQRPRXV1DYLHU�6WRNHV HTXDWLRQV XQGHU WKLV WLPH�LQGHSHQGHQW IRUFLQJ WHUP
DGPLW D YLVFRXV HTXLOLEULXP VROXWLRQ IRU ZKLFK ZH KDYH WKH DQDO\WLF H[SUHVVLRQ

u˚ =
1

2ν
f, p˚ =

1

4ν2
(FRV 2x1 + FRV 2x2) .

7KH DVVRFLDWHG IRUFLQJ IRU WKH YRUWLFLW\ HTXDWLRQ LV JLYHQ E\

fω GHI
= ∇ ˆ f =




0
0

4 VLQx1 VLQx2
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#

Btu+ (u ¨ ∇)u ´ ν∆u+∇p = f, RQ T3 RI VL]H L = 2π

∇ ¨ u = 0.
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7KH *DOHUNLQ SURMHFWLRQ IRU WKH VROXWLRQ S2 LV F : C61018 Ñ C61018�
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$SSO\LQJ WKH FXUO RSHUDWRU WR 1DYLHU�6WRNHV \LHOGV WKH YRUWLFLW\ HTXDWLRQ

Btω ´ ν∆ω + QRQOLQHDU WHUPV = fω RQ T3 ˆ R,

ZKHUH ω
GHI
= ∇ ˆ u DQG fω GHI

= ∇ ˆ f �
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3OXJJLQJ WKH VSDFH�WLPH )RXULHU H[SDQVLRQ RI WKH YRUWLFLW\

ω(x, t) =
ÿ

nPZ4

ωne
i(ñ¨x+n4Ωt), ñ = (n1, n2, n3) P Z3,

LQ WKH YRUWLFLW\ HTXDWLRQ \LHOGV KDYLQJ WR VROYH WKH ]HUR�ÀQGLQJ SUREOHP

Fn(W )
GHI
= iΩn4ωn + νñ2ωn ´ fω

n + QRQOLQHDU WHUPV = 0,

ZKHUH Ω LV WKH D�SULRUL XQNQRZQ WLPH�IUHTXHQF\ RI WKH SHULRGLF RUELW DQG

W =

(
Ω

(ωn)nPZ4zt0u

)
.
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Figure 3: Partial numerical bifurcation diagram of the planar Taylor-Green flow, where we
use the geometric Reynolds number as the bifurcation parameter. Solutions that appear to be
stable are shown with solid lines and unstable solutions with dashed lines. Shown on the vertical
axis is the deviation from symmetry under the reflection Sx1 as defined (5.5). For periodic
solutions, the maximal value over one period is shown. For increasing Reynolds number, the
first instability of the viscous equilibrium, represented by the blue line, is a Hopf bifurcation
(HB) to a branch of two-dimensional periodic orbits, shown in red. At the branch point labeled
BP, the two-dimensional periodic orbit turns unstable and a family of three-dimensional periodic
solutions branches o↵. The latter is stable near the branch point and turns unstable at a torus
bifurcation point (TR). The solid squares correspond to the solutions proven to exist, as laid
out in Theorems 5.1 and 5.2.

5.2 New results for 2D periodic orbits

Using a computer program in MATLAB, we computed a numerical approximation W̄ of a
periodic orbit and applied Theorem 4.23, together with the bounds of Section 4.6, to validate
this solution with explicit error bounds, see Theorems 5.1 and 5.2 below. In the appendix, we
describe how to recover errors bounds for the associated velocity u and pressure p that solve the
Navier-Stokes equations.

This validation was done for two separate orbits, represented by p1 and p2 in the bifurcation
diagram of Figure 3. These two orbits are trivially invariant under Td and Sx3 . In addition,
they are invariant under a symmetry group G of order 16, generated by the following three
symmetries:

g1 “ Sx1Sx2 , g2 “ DSx1 , g3 “ P4Sx1R. (5.6)
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5.1 Analytical and numerical background

We consider the forced Navier-Stokes equations for an incompressible, homogeneous fluid
$
&

%
Btu ` pu ¨ rqu ´ ⌫0�u ` 1

⇢0
rP “ f0,

r ¨ u “ 0,

on a cubical domain of dimension L with periodic boundary conditions. Here ⇢0 is the density
of the fluid and ⌫0 is its viscosity, while the forcing is chosen to be of the simple form

f0pxq “ �0
2

¨

˚̋
sin 2⇡x1

L
cos 2⇡x2

L

´ cos 2⇡x1
L

sin 2⇡x2
L

0

˛

‹‚,

where �0 parametrizes its intensity. This corresponds to the planar case of a family of flows
introduced by Taylor and Green [37] to study the interaction of motions on di↵erent spatial
scales. Non-dimensionalization (without introducing new notation for the new variables) leads
to #

Btu ` pu ¨ rqu ´ ⌫�u ` rp “ f

r ¨ u “ 0
(5.1)

on a cube of dimension 2⇡, where ⌫ “
b

32⇡3

�0L
3 ⌫0 is a dimensionless parameter and the dimen-

sionless forcing is

f “ fpxq “
¨

˝
2 sinx1 cosx2

´2 cosx1 sinx2
0

˛

‚. (5.2)

To be able to compare with the literature we use the geometric Reynolds number Re “
?
8⇡
⌫

in
the discussion of the bifurcation diagram below, cf. Figure 3.

The Navier-Stokes equations (5.1) under the forcing (5.2) admit an equilibrium solution for
which we have the analytic expression

u˚pxq “ 1

2⌫
fpxq p˚pxq “ 1

4⌫2
pcos 2x1 ` cos 2x2q . (5.3)

We will refer to this solution as the viscous equilibrium. The associated forcing for the vorticity
equation is given by

f!pxq “
¨

˝
0
0

4 sinx1 sinx2

˛

‚. (5.4)

The viscous equilibrium consists of four counter-rotating vortices. Its vertical vorticity is shown
in a plane of constant height in Figure 2. It is straightforward to verify that this solution is
invariant under the following symmetry operations:

• Translation over any distance d in the vertical direction, Td.

• Reflection in the x1-direction, Sx1 .

• Reflection in the x2-direction, Sx2 .

• Reflection in the x3-direction, Sx3 .

• Rotation about the axis x1 “ x2 “ 0 over ⇡{2 followed by a shift over L{2 in the x1-
direction, R.
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⌘ Nx1 Nx2 Nx3 Nt N : rN RAM (GB) CPU days
p1 1 17 17 0 11 130 265 10 6
p2 1 21 21 0 16 210 425 110 95

Table 1: Parameters for the two rigorously computed solutions of the Navier-Stokes equations
with Taylor-Green forcing (1.2). The number Nx1 , Nx2 , Nx3 and Nt define the set Ssol in (5.7).
The solutions are indicated by labels p1 and p2 in bifurcation diagram 3 and are computed for
⌫ “ 0.286 and ⌫ “ 0.265 respectively. The computations were timed on an Intel Xeon E5-1620v2
with a 3.7GHz clock speed.

Lemma 6.1. Let � P
`
C3

˘Z4

satisfy

#
r ˆ � “ 0

�n “ 0, for all ñ “ 0.

Then the map � :
`
C3

˘Z4

Ñ CZ4
constructed component-wise as

p��qn “
#

´i�pkq
n {nk if nk ‰ 0 for any k “ 1, 2, 3

0 if ñ “ 0,

is well defined, and p “ �� satisfies � “ ´rp.

Proof. To ensure that � is well defined, it su�ces to show that, for all n P Z4 and l,m P t1, 2, 3u

if nl, nm ‰ 0 then
�plq
n

nl

“ �pmq
n

nm

. (6.1)

Indeed, since r ˆ � “ 0, we have that for all n P Z4 and all l,m P t1, 2, 3u,

nl�
pmq
n “ nm�plq

n , (6.2)

which immediately yields (6.1). Therefore p “ �� is well defined, and we are left to check that
� “ ´rp. If ñ “ 0 then we have

�n “ ´ prpq
n
,

because we assumed �n “ 0 for all ñ “ 0. If ñ ‰ 0, for any l P t1, 2, 3u we distinguish between
two cases. If nl ‰ 0, then

´ prpqplq
n

“ ´inlpn “ ´inl

´i�plq
n

nl

“ �plq
n .

If nl “ 0, then ´ prpqplq
n

“ 0, but there exists an m ‰ l such that nm ‰ 0 and thus by (6.2) we

find �plq
n “ 0, i.e. ´ prpqplq

n
“ �plq

n also holds.

The above lemma can be used in the context of Navier-Stokes equations, to recover the
pressure from the velocity (we recall that the velocity itself is recovered from the vorticity via
u “ M!). We point out that an alternative (arguably more classical) approach is to define p as
the solution of the Poisson equation

´ �p “ r ¨ ppu ¨ rquq ´ r ¨ f, (6.3)
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Figure 3: Partial numerical bifurcation diagram of the planar Taylor-Green flow, where we
use the geometric Reynolds number as the bifurcation parameter. Solutions that appear to be
stable are shown with solid lines and unstable solutions with dashed lines. Shown on the vertical
axis is the deviation from symmetry under the reflection Sx1 as defined (5.5). For periodic
solutions, the maximal value over one period is shown. For increasing Reynolds number, the
first instability of the viscous equilibrium, represented by the blue line, is a Hopf bifurcation
(HB) to a branch of two-dimensional periodic orbits, shown in red. At the branch point labeled
BP, the two-dimensional periodic orbit turns unstable and a family of three-dimensional periodic
solutions branches o↵. The latter is stable near the branch point and turns unstable at a torus
bifurcation point (TR). The solid squares correspond to the solutions proven to exist, as laid
out in Theorems 5.1 and 5.2.

5.2 New results for 2D periodic orbits

Using a computer program in MATLAB, we computed a numerical approximation W̄ of a
periodic orbit and applied Theorem 4.23, together with the bounds of Section 4.6, to validate
this solution with explicit error bounds, see Theorems 5.1 and 5.2 below. In the appendix, we
describe how to recover errors bounds for the associated velocity u and pressure p that solve the
Navier-Stokes equations.

This validation was done for two separate orbits, represented by p1 and p2 in the bifurcation
diagram of Figure 3. These two orbits are trivially invariant under Td and Sx3 . In addition,
they are invariant under a symmetry group G of order 16, generated by the following three
symmetries:

g1 “ Sx1Sx2 , g2 “ DSx1 , g3 “ P4Sx1R. (5.6)
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5.1 Analytical and numerical background

We consider the forced Navier-Stokes equations for an incompressible, homogeneous fluid
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%
Btu ` pu ¨ rqu ´ ⌫0�u ` 1

⇢0
rP “ f0,

r ¨ u “ 0,

on a cubical domain of dimension L with periodic boundary conditions. Here ⇢0 is the density
of the fluid and ⌫0 is its viscosity, while the forcing is chosen to be of the simple form

f0pxq “ �0
2

¨

˚̋
sin 2⇡x1

L
cos 2⇡x2

L

´ cos 2⇡x1
L

sin 2⇡x2
L

0

˛

‹‚,

where �0 parametrizes its intensity. This corresponds to the planar case of a family of flows
introduced by Taylor and Green [37] to study the interaction of motions on di↵erent spatial
scales. Non-dimensionalization (without introducing new notation for the new variables) leads
to #

Btu ` pu ¨ rqu ´ ⌫�u ` rp “ f

r ¨ u “ 0
(5.1)

on a cube of dimension 2⇡, where ⌫ “
b

32⇡3

�0L
3 ⌫0 is a dimensionless parameter and the dimen-

sionless forcing is

f “ fpxq “
¨

˝
2 sinx1 cosx2

´2 cosx1 sinx2
0

˛

‚. (5.2)

To be able to compare with the literature we use the geometric Reynolds number Re “
?
8⇡
⌫

in
the discussion of the bifurcation diagram below, cf. Figure 3.

The Navier-Stokes equations (5.1) under the forcing (5.2) admit an equilibrium solution for
which we have the analytic expression

u˚pxq “ 1

2⌫
fpxq p˚pxq “ 1

4⌫2
pcos 2x1 ` cos 2x2q . (5.3)

We will refer to this solution as the viscous equilibrium. The associated forcing for the vorticity
equation is given by

f!pxq “
¨

˝
0
0

4 sinx1 sinx2

˛

‚. (5.4)

The viscous equilibrium consists of four counter-rotating vortices. Its vertical vorticity is shown
in a plane of constant height in Figure 2. It is straightforward to verify that this solution is
invariant under the following symmetry operations:

• Translation over any distance d in the vertical direction, Td.

• Reflection in the x1-direction, Sx1 .

• Reflection in the x2-direction, Sx2 .

• Reflection in the x3-direction, Sx3 .

• Rotation about the axis x1 “ x2 “ 0 over ⇡{2 followed by a shift over L{2 in the x1-
direction, R.
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Future work: a fully 3D spontaneous periodic orbit
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