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Section 1

Introduction and Problem formulation
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For any given

QcRY T>0 f:Q—R,
u:Q—R, wup:Zp—-R, g:Xy—R

find a function v : Q@ — R satisfying
Oru—Au=1~f inQ
u(0,-)=uy inQ
u=up onxXp
Vu-n=g onXy
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For any given

QcRY T>0 f:Q-—R,
UOZQ—>R

find a function v : Q@ — R satisfying
Oru—Au=1Ff inQ
u(0,")=up inQ
u=0 onXp
Vu-n=0 onXy
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For any given

QcRY T>0 f:Q-R,
UQ:Q—>R

find a function uv: Q — R and j : Q — RY satisfying

Oru—divj=fFf inQ

j=Vu inQ

u(0,-)=uy inQ
u=0 onXp
Vu-n=0 onXy
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For any given

QcRY T>0 f:Q-R,
up - Q—>R
find a function uv: Q — R and j : Q — RY satisfying
Oru—divj=fFf inQ
j=Vu inQ
u(0,-)=uy inQ
u=0 onXp
Vu-n=0 onXy

1 t t 1
—||u(t)||§—|—//j-Vudxdt://fudxdt+—||uo||§
2 0/ 0Ja 2
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For any given

QcRY T>0 f:Q—R,
up - Q—>R
find a function uv: @ = R and j : @ — R satisfying
Oru—divj=fFf inQ
j=Vu inQ
u(0,-)=up inQ
u=0 onXp
Vu-n=0 onXy

t t t
lu(t)[3 + /0 i3 de + /0 IVul3de =2 /0 /Q fudxdt + [luol3
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For any given
QcRY T>0 f:Q—R,
up - Q—>R

find a function uv: @ = R and j : @ — R satisfying

Oru—divj=fFf inQ

j=Vu inQ

u(0,-)=up inQ
u=0 onXp
Vu-n=0 onXy

t t t
lu(t)[3 + /0 i3 de + /0 IVul3de =2 /0 /Q fudxdt + [luol3

There is unique (u,j) solving weakly the problem.
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For any given

QcRY T>0 f:Q—R,
w:Q—R, g:RIxRY—RY

find a function v: Q — R and j : Q — RY satisfying

Oru—divj=Ff inQ

g(,Vu)=0 inQ

u(0,-)=u inQ
u=0 onXp
Vu-n=0 onXy

1 t t 1
—Hu(t)H%—l—//j-Vudxdt://fudxdt—i——||uo||%
2 0Ja 0Ja 2
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g(j,Vu)=0

Aim: to develop PDE theory
e self-contained, robust, simple, elegant
e accessible to broad scientific audience

e accessible for numerical analysis and computing

Particularly
e to avoid the assumption on the existence of measurable
selection or to avoid the dependence on specific form
e to avoid using convolution
e to avoid introducing generalized concept of solution (using
subdifferential, variational inequalities)
Beyond Fourier, Darcy, Fick, Hooke's, Navier-Stokes linear relations
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i=k(Vu) Vu =k(j)

j=|VulP?Vu Vu = j|F3
j= (1 + ‘VU‘)P—2VU Vu= (1 + |j|)p/_2j
j:(1+|Vu|2)p%2Vu VU:(1+|j|2)pT_2j

i=(vel-o)"wy | Vu=3il—o)*

Table: p € (1,4+0), p = p/(p — 1), and d,, 0, > 0. The structures
motivated by the classification of incompressible fluid models presented in
Blechta et al. SIAM J Math Analysis (2020).
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t [Vul t [Vul

Figure: Left: the step function both from j and Vu viewpoint. Obtained
by considering the v/2-periodic zig-zag function with the magnitude v/2/2
rotated by 45 degrees in (j, Vu)-plane. Right: one simple step followed by
the linear relation j = Vu. Both curves are continuous, none of then can
be written in the form j = k(Vu) or k = k(Vu).
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Assumptions on the admissible form of g

(g1) g e COYRY x R)? and g(0,0) =0

(82)
gi(i.d) >0, ga(i,d) <0, gj(i,d)—ga(i.d) >0
ga(j.d)(g;(j,d))" <0
(g3)
either vdeRY liminf g(j,d)-j >0
li|—=+o0
or VjeRY limsupg(j,d)-d <0
|d|—+o00
(g4)

jrd=a(lilf +1dP) - e

For any Q C R, T > 0,uq, f,p € (1,00), g satisfying (g1)(g4),

there is (u,j) solving the studied problem.
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Main result
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For any given

QcRI,T>0u: Q>R f:Q—R" and
G : RN 5 RN RN gatisfying  (G1)—(G4)

find a couple u: @ — RN and J : Q — R¥*N solving the problem

ou—div) =f in Q
G(J,Vu)=0 in Q
u(0,-) = ug in Q
u=20 onXYp
Jn=0 on Xy
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(G1) G € CONRI*N x RIXNYIxN and G(0,0) =0,
(G2) for almost all (J,D) € RN x Rd*N:

GJ(J7D) >0, GD(JaD) <0, GJ(JaD)_GD(JaD)>O7
and  Gp(J,D)(Gy(J,D))" <0
(G3) one of the following holds:

either VYD € RN |iminf G(J,D):J >0

[J]—+o0

or vJ e RN limsup G(J,D): D <0,
|D|—+o0

(G4) there exist c1, c > 0 such that for all (J,D) € RI*N x RIxN
fulfilling G(J, D) = 0 we have

J:D>q(J)P +|D]P) — .

14/29
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The Maxwell-Stefan system
Foru,: (0, T)xQ—-R,0<u,<1,v=1....,N N>2

Oruy, — divj, = r,(u)

N
Vu, = Z o (Updy — Uvjp)
p=1, p#v
The constants a,,, > 0 for v # p and u = (uy, ..., un).

Denoting d,, := Vu,, D :=(dy,...,dy)7 and J := (j1,...,jn)":
D = B(u)J,
where B is N x N-matrix. Then
G(J,D)=B(u)J-D

fulfill the conditions (G1)-(G3).
Note that theory is not directly applicable as G and also the

right-hand side depends on u. g
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Let Q c R Lipschitz domain, T >0, p € (1,00),
felP(0,T; V), uo € H and G satisfy (G1)—~(G4).

Then there exists a couple (u, J) fulfilling
ue LP(0,T;V,)NC([0, T]; H)
du e LP(0,T; V)
Je LP(Q; RN

(Oru, ) v, +/J :Vepdx = (f,0)y, aa tandVpeV,
Q
G(J,Vu)=0 ae. in Q

li t) — =0.
t;rg+||u() uollw =0

In addition, u is uniquely determined.
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Let G satisfy assumptions (G1)—(G4). Let
A:={J,D) e RN x RN . G(J,D) = 0}.

Then A is a maximal monotone p-coercive graph:
(A1) (0,0)c A
(A2) For any (J1,D1),(J2,D2) € A

(J1 — Jz) : (D1 — D2) > 0.
(A3) If for some (J,D) € RN x RI*N and for all (J,D) € A
(J-J):(D-D) >0,

then (J,D) € A.
(A4) There exist C1, C; > 0 such that for all (J,D) € A

J:D>G(JP +|DPP) - G.
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A:={(J,D): G(J,D) =0}

Two different approximations for € > 0:

e Let A be a maximal monotone p=coercive graph

Ao ={(J,D) e RN x RN.3(J,D) € A4, ] :3 D=D+eJ}
A = {(J,D) € RN x R¥*N,3(J,D) € A.,J =] +¢D,D = D}
e Let G satisfy (G1)—(G4). Set
G:(J,D) :=G(J —eD,D —¢J)
20/29
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AZ is a maximal monotone 2-coercive graph and 3! single-valued
mapping J* : RN — RI*N satisfying

(J,D) e A2 <— J=J(D).

Moreover, J* is Lipschitz continuous and uniformly monotone, i.e.
3G, G > 0 such that VDq, Dy € RIXN

[J7(D1) — J(D2)| < G;|Dy — Do,
(JX(D1) — J(D2)) : (D1 — D) > C1|D; — Do
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For every € € (0, 1), there is a unique couple (u®, J¢)

(u%,J%) € (L2(0, T; V) ne([o, T H)) x L2(Q;R¥*M)

(Opu®, ) v —|—/JE :Vedx ={f,¢)y aa.tandVpeV
Q

J5 = J7(Vu®) almost everywhere in Q

lim |Ju®(t) — uo|lw =0
t—04
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For every € € (0, 1), there is a unique couple (u®, J¢)

(u%,J%) € (L2(0, T; V) ne([o, T H)) x L2(Q;R¥*M)

(Opu®, ) v —|—/JE :Vedx ={f,¢)y aa.tandVpeV
Q

J5 = J7(Vu®) almost everywhere in Q

lim |Ju®(t) — uo|lw =0
t—)0+
Uniform estimates

1 t 1
SOl + [ 3 vu dxdr = [ £}y, dr + 5 Juoly
Q: 0
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For every € € (0, 1), there is a unique couple (u®, J¢)

(u%,J%) € (L2(0, T; V) ne([o, T H)) x L2(Q;R¥*M)

(Opu®, ) v —|—/JE :Vedx ={f,¢)y aa.tandVpeV
Q

J5 = J7(Vu®) almost everywhere in Q

lim |Ju®(t) — uo|lw =0
t—)0+
Uniform estimates

1 t 1
SOl + [ 3 vu dxdr = [ £}y, dr + 5 Juoly
Q: 0

JE Ve > C"~1(|Js|min{p’,2}) + |vus|min{p,2}) o C"2.
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= min{p,2}, u':=max{p’,2},
v:=min{p’,2}, v :=max{p,2}.

Josef Malek

felt(0,T;V))
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AS€—>O+,

u® —u  weakly in L¥(0, T; V,)
J—~J  weakly in L(Q;RY*N)
u® —=*u weakly” in L°(0, T; H)
Oru® — Oru weakly in LY(0, T; V)

The evolutionary governing equation is fulfilled.
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As (J5,Vu®) € AS a.e. in Q satisfy
/ J®: Vu®dxdt < C uniformly with respect to ¢.
]
Then 3J € LP'(U; RY*N), Vu € LP(U; RI*N):

JF =) weakly in LMM2P (g RIXNY,
VU = Vu  weakly in LMM2PH(y; RN,

25
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As (J5,Vu®) € AS a.e. in Q satisfy
/ J®: Vu®dxdt < C uniformly with respect to ¢.
U

Then 3J € LP'(U; RY*N), Vu € LP(U; RI*N):
J—~J  weakly in LMM2PH(y RIXN)Y,
VU = Vu  weakly in LMM2PH(y; RN,

Moreover

Iimsup/JE:Vudedtg/J:Vudxdt
U U

e—04
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As (J5,Vu®) € AS a.e. in Q satisfy
/ J®: Vu®dxdt < C uniformly with respect to ¢.
U

Then 3J € LP'(U; RY*N), Vu € LP(U; RI*N):
JF =) weakly in LMM2P (g RIXNY,
VU = Vu  weakly in LMM2PH(y; RN,

Moreover

Iimsup/JE:Vudedtg/J:Vudxdt
U U

E—)0+
Consequently,

JF: VU —J:Vu weakly in L}(U)
(J,Vu) e Aae. in Q
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felf(0,T; V)

There exist {f™}mey C L¥(0, T; V)

f™ — fin LP'(0,T; V)

26
Prague (2020) Josef Malek Nonlinear parabolic systems /291



Prague (2020)

Josef Malek

Section 4

Final notes

Nonlinear parabolic systems

27/29



Many results: there exist a convex ® : RN — R and its convex
conjugate ®* : RN — R such that

GU,D)=0 <=  J:D=o()+o*D)
Then the condition “G(J, Vu) = 0 almost everywhere in Q" can be
equivalently replaced by
1d
salulbs [0Q)+ &' (Vwax < (F. YUy, ()
2 dt 0 b
e + easy to take limit

e — required potential structure has its limitations
e — requires the admissibility of u as a test function in governing

equation
A. Abbatiello, E. Feireisl: On a class of generalized solutions to

equations describing incompressible viscous fluids. Ann. Mat. Pura
Appl. 199 (2020) 1183-1195. -
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Note 2 - open problem

non-monotone relation and hysteresis processes
i i

|[Vu| |Vul

Vu= (oz(l+5|j|2)s+'y)j 5s< —%

A. Janecka, J. Malek, V. Prusa, G. Tierra: Numerical scheme for
simulation of transient flows of non-Newtonian fluids characterised by
a non-monotone relation between the symmetric part of the velocity
gradient and the Cauchy stress tensor Acta Mech. 230 (2019)
729-T747.
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